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Preface 


Several of those who wrote reviews of my book X-ray crystallography 
expressed the hope that it would be followed by another volume, in which 
the methods of finding the locations of the atoms in the cell would be 
discussed. Many other readers also expressed the same hope privately. 
There were, of course, several books already available which treated the 
subject, but at that time these treatments were contained in more general 
works on crystals and their investigation. There were no books designed 
to furnish the reader with specific equipment for handling a problem in 
crystal-structure analysis. 

Nevertheless, I did not seriously entertain the idea of writing such a 
book until I found myself, immediately after the war, with a compara¬ 
tively large number of students and postdoctoral fellows whose main 
interest was the study of crystal-structure analysis. It then became 
important for me to formulate for them, in some way, the methods used 
and the theories back of them. From time to time, therefore, I wrote 
notes on various limited parts of the field, and eventually it seemed 
desirable to complete these and to put them into a more convenient form. 
This book is the result. I hope it will serve as an introduction to the 
subject of crystal-structure analysis. 

This book does not contain a development of the Patterson synthesis 
and vector space, because a companion volume‘s (which is really volume 
two of this book) has already been published. The ciystal-structure 
analyst will find several other topics not included. Most important of 
these is reflection statistics. This is a somewhat advanced topic, and, in 
any case, is a large and self-contained subject and deserves to be treated 
in a separate monograph by an expert in statistics. The subject of 
optical Fourier transformers, such as the “fly’s eye,” and their applica¬ 
tion, was omitted (although written in an early draft) because, with the 
increasing importance of numerical values and the increasing use of high¬ 
speed digital computers to produce them, the use of optical analogue 
methods is waning. But most of the other subjects which are normally 
encountered in a crystal-structure analysis are included. Each chapter 

I M. J. Buerger. Vector space and its appkeatCon in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) 
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ends with a literature list, usually subdivided according to the topics 
considered. These are reasonably complete, especially as regards recent 
literature, so that those who wish to browse further are supplied with a 
guide. 

1 am indebted to several persons for help in preparing the manuscript. 
Mrs. Jean Breaghy and Mrs Delphine Radcliffe prepared various drafts 
of the difficult typescript, and Mrs. Radcliffe checked most of the tables 
in proof. Mr. Tibor Zoltai patiently made many versions of the final 
drawings from my rough pencil sketches. The typescript was read by 
Mr. Bernhardt Wuensch, to whom I am also indebted for suggesting im¬ 
provements in the mathematical form in many places. Parts or all of the 
typescript were also read by Prof. Leonid V. Azaroff, Prof. I Pankuchcu, 
and Dr. Howard Evans, all of whom contributed to its improvement 
Professors Azaroff and Fankuchen again read the book in page proof. I 
am indebted to all of these friends for their interest and help. 

Martin J. Buerger 

Maafiachiiactts Institute of Technology 

May 1960 
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Introduction 


Historical background 

Early crystallography was a rather empirical science. It was largely 
supported by laws which were generalizations of observations, such as 
the law of constancy of interfacial angles, the law of rationality of inter¬ 
cepts, Bravais’s ^daw’^ of prominence of crystal forms, Mallard's laws of 
twinning, etc. Fortunately a few crystallographers concerned themselves 
with the reasons for the laws. These thinkers succeeded in erecting a 
framework of theory which associated the unique properties of a crystal 
with an orderly pattern of molecules which they supposed to constitute 
the ultimate structure of the crystal.^ This phase of crystallography 
was complete before the turn of the twentieth century. By about 1890 
it had already been thoroughly established that, if crystals were indeed 
composed of molecules in ordered array, such three-dimensional patterns 
were limited to 230 possibilities. This conclusion had been reached 
independently and about the same time by Fedorov, ® Schoenflies,^ 

and Barlow.®' 

This result was an enormous extrapolation based upon pyramided 
theories. At its foundation was the conjecture that the properties of 
crystals were to be accounted for by the symmetrical ordered arrange¬ 
ments of their molecules, yet nobody had as yet proven that there were 
such things as molecules. This aspect of crystallography was therefore 
highly theoretical. 

The big turning point in crystallography came in 1912. At that time 
an exceptional group of scientists was in residence in Munich. This 
included Professor Paul von Groth (the dean of crystallographers). 
Professor Wilhelm Conrad von Rontgen (the discoverer of x-rays), and 
Professor A. Sommerfeld. In addition there were a number of instruc¬ 
tors, assistants, and graduate students. These included Privatdozent 
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Max Laue, P. Debye (who was Sommerfeld's assistant), P. P. Koch and 
E. Wagner (who were Rdntgen's assistants), W. Friedrich and P. 
Knipping (graduate students who were doing experimental work towards 
their doctor's degrees in Rontgen's laboratory), P. P. Ewald (who was 
writing his doctor’s thesis under Sommerfeld), as well as P. S. Epstein and 
0. R. Glocker. The assistants and graduate students usually had coffee 
at Cafe Lutz in the Hofgarten near Odeonsplatz. Undoubtedly each of 
these scientists had his background of knowledge colored by the knowl¬ 
edge and ideas of the others. For example, Groth was a protagonist of 
the crystallographic theory of the periodic arrangement of molecules in 
crystals. Crystals were supposed to be composed of three-dimensional 
patterns, and by this time there was some evidence that the chemical 
molecule ought to have dimensions of the order of 10^^ cm. 

In his thesis, Ewald was attempting to account for the optical proper¬ 
ties of crystals. Specifically he was studying the behavior of a set of 
dipoles in the anisotropic environment of an orthorhombic crystal. He 
had derived rigorous equations for the interaction of such an array with 
light. When he consulted Laue about his manuscript, Laue raised the 
question as to what might be expected if the wavelength of the light were 
of the same order as the separation between dipoles. 

Meanwhile, Sommerfeld and Koch believed that x-rays were wave-like 
radiations, and their discussion of Walter and Pohl’s experiments on 
passing these rays through various slits led them to the view that x-rays 
probably had wavelengths of the order of 10~^ cm. With this environ¬ 
ment of ideas, Laue thought it would be interesting to see how x-rays 
would interact with a crystal. 

Friederich and Knipping performed the experiment suggested by Laue 
and, after a first disappointment, obtained the remarkable result that 
x-rays were indeed diffracted by crystals of copper sulfate. In one 
stroke, then, crystals were shown to be triperiodic arrangements of matter 
with the periods on a molecular scale, and x-rays were proved to be wave¬ 
like radiation similar to visible light. 

This was not only a turning point in crystallography, it was a landmark 
in modern science as well. For from this time forth matter of molecular 
dimensions could be probed by studying the way it scattered x-rays. 
Bragg^®"-^^ quickly improved on the Laue experiment, chiefly by sub¬ 
stituting monochromatic for polychromatic x-radiation, but also by 
simplifying the theory of the scattering experiment. With these tools a 
number of simple crystal structures were completely analyzed. 

In his early work, Bragg was fortunate in being able to build upon a 
foundation which had been unused for about a generation. Barlow, 
one of the three who had independently developed the theory of space 
groups, had applied his own ideas to suggesting specific structures for 
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some simple compounds. In particular, he derived likely models of 
the crystal structures for compounds like NaCl, CsCl, and ZnS. Barlow^s 
structures contained no discernible molecules in spite of the view, then 
current, that such compounds were composed of molecules. In attempt¬ 
ing to find a reason for the differences in the intensities of the spectra 
caused by the diffraction of x-rays by ZnS, and later the alkali halides, 
Bragg was urged by Pope^^ to consider the Barlow models of these simple 
structures. Bragg then investigated the diffraction intensities to be 
expected from Barlow’s models and found them to check the observed 
intensities. In this way the correctness of Barlow’s generation-old 
conjectures about simple crystal structures was confirmed, and the science 
of crystal-structure analysis was established. 

The early crystal-structure investigations made a minimum of use of 
the beautiful space-group theory which had been developed many years 
earlier. The reason for this was partly that the results had not been 
tabulated in a very useful form, and partly that no method had been 
devised for distinguishing space groups from one another experimentally. 
Crystallographers are indebted to Niggli^^ for showing how the space 
group of a crystal could be determined with the aid of extinctions (_Aus- 
loschungen) of certain classes of spectra. He also first compiled the 
results of space-group theory in a form useful for x-ray diffraction pur¬ 
poses. Niggli effected a fortunate redirection of crystal-structure 
analysis, and now it is a part of normal routine to first determine the unit 
cell and space group of a crystal preliminary to any attempt to locate its 
atoms. 

With the tools of diffraction theory and space-group theory in its pos¬ 
session, modern science as we know it unfolded rapidly in the hands of 
many who played the part of crystallographers. They were recruited 
from the ranks of physics, chemistry, metallurgy, and mineralogy. 
Between the two world wars, thousands of simple crystal structures were 
completely established by x-ray diffraction. The results had impacts 
upon every science, but they especially changed the course of chemistry. 
In fact, chemistry, metallurgy, and mineralogy, as we know them today, 
have a solid core of classified knowledge which is based specifically on 
arrangements of atoms as revealed in crystal-structure studies. The 
chemistry of molecules gave way to the chemistry of interatomic relations, 
in which measured interatomic distances and bond angles became impor¬ 
tant parameters. Theories of chemical (including metallic) bonding have 
been completely revised in the light of the revelations effected by crystal- 
structure analysis. 

The spread of knowledge stemming from x-ray crystallography was 
rapid during this interwar period. But during the Second World War 
x-ray crystallography really came into its own. The urgency of getting 
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results pressed the crystallographer into the service of industry as well 
as science. The ability of the crystallographer to produce results of 
importance during this period is evidenced by the great increase in the 
membership of societies at this time The American Society for X-Ray 
and Electron Diffraction (succeeded in 1950 by the American Crystal¬ 
lographic Association) was initiated in 1942 with 133 charter members. 
At the end of the war it had some 600 members. A similar increase in 
interest in crystallography had developed in other countries, and, as a 
consequence, an International Union of Crystallography arose from an 
international gathering of delegates in London in 1940. The 1951 
congress of this Union in Stockholm was attended by some 3000 members 
from all parts of the world. 

Crystallography was once an obscure science; now it is a very promi¬ 
nent one. What caused this change in position? The reason is appar¬ 
ently that once crystallography was a pedantic discipline; now it is an 
experimental science dealing with the matter of the universe. As such 
it has made important contributions to the status of science as a whole, 
and has also been applied to many problems of industry. This change 
was brought about by one tool, x-ray diffraction. It is with this tool that 
this book is concerned. 

It should not be supposed that crystal-structure analysis is a dead 
science because it is essentially a completed framework. This is far 
from true. It will become evident in subsequent chapters that crystal- 
structure analysis struggles with a problem in which it has only half of 
the data. It attempts to find a crystal structure from diffraction spectra. 
The structure can be determined almost as a routine from a knowledge of 
the intensities and phases of the diffraction spectra. But only the 
intensities can be found experimentally. The problem appears, offhand, 
to be indeterminate by reason of the missing phases. This constitutes 
the so-called “phase problem” of present-day crystallography, discussed 
in more detail in one of the chapters of this book. This is a fascinating 
field in which many crystallographers have made contributions. Because 
of their efforts, not only have a number of methods been discovered for 
the direct solution of fairly simple crystal structures, but our knowledge 
of crystallography in general has been enriched and deepened. 

Plan of the book 

In order to introduce the connection between diffraction and the struc¬ 
ture which produces it, this book starts with an elementary treatment of 
diffraction in Chapters 2 and 3. With this as background, the general 
steps in a crystal-structure analysis are outlined in Chapter 4. In Chap¬ 
ters 5 through 8 the student is taken through the necessary stages of 



Introduction 


D 

gathering data and transforming it into a useful form. He is then in a 
position to carry out a crystal-structure analysis for his particular crystal. 
If his crystal has a simple structure, he may be able to so We it with the aid 
of the additional matter discussed in Chapters 10 and 11. Chapter 12 is 
devoted to some examples of structure determination utilizing only quali¬ 
tative considerations, which are adequate for certain simple structures. 

Most simple structures have already been solved, however, so the 
crystal-structure analyst is usually faced with problems requiring the 
use of Fourier syntheses and, more generally, an understanding of recipro¬ 
cal space. A discussion of various aspects of reciprocal space and how 
it is used in crystal-structure analysis occupies most of the remainder of 
the book. 

In a book of these small dimensions, the treatment cannot be complete. 
An attempt has been made, therefore, to provide the student with an 
introduction to the topics considered most useful. On the other hand, 
each chapter ends with a list of relevant literature, and it is believed 
these lists are reasonably complete and up-to-date. Thus, if the student 
wishes to go further into the subject matter of the chapter, the direction 
of further study is indicated. (Incidental references, not properly part 
of the literature of the chapter, are given in footnotes.) 

The determination of the unit cell and space group is not considered 
part of the subject of this book. It is assumed, therefore, that the reader 
already has the background given in the author^s earlier volume.'^ Refer¬ 
ences are occasionally given to subject matter already developed there. 
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Some fundamental 
diffraction relations 


This chapter is designed as an introduction to the theory of diffraction, 
as used in crystal-structure analysis, but, as far as possible, stripped of a 
number of technical matters which are reserved for subsequent chapters. 
Diffraction can be briefly described as the scattering of waves by various 
parts of an object, and the recombination of the scattered waves in vari¬ 
ous directions. A discussion of diffraction, therefore, requires a technique 
for studying the combination of wave motions. 


Description and combination of waves 

Wave motion. As a wave advances past a point, its effect at the 
point can be studied in terms of a vector of length / rotating at a constant 



Tig. 1. 

angular rate co, Fig. I A. For example, in an elastic medium, the dis¬ 
placement at the point varies sinusoidally, that is, as the projection of 
the rotating vector. Fig. IB. The angle which the rotating vector makes 
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with the origin line is said to be its phase. If the phase of the wave is 
initially 0, then at the end of time t it is 

If several waves are advancing past a point, the amplitude and phase 
of the resulting wave can be derived from vectors on such a diagram. 

For example, suppose there are two waves 
whose amplitudes, initial phases, and 
angular phase changes are /i, 0i, and cvit, 
and / 2 , <^> 2 , and co 2 ^. Then the resultant 
wave can be represented by the resultant 
R of the vectors which represent the 
individual waves, Fig. 2. 

In diffraction problems the several wave¬ 
lets to be combined arise from the scatter¬ 
ing of the same original wave by different 
points of the object, so that a? is constant 
for the problem. If one is interested 
merely in the general way that the wavelets 
combine, he is interested in the resultant 
of the vectors representing the individual 
amplitudes, and not in the variation of the projection with time. In 
this case the term oit can be neglected. For this purpose a wave of 
amplitude / and initial phase can be represented by the static vector 
shown in Fig. 3, and two such waves can be combined as shown in 
Fig. 4. 




Fig. 3. Fig. 4. 


Notation of the complex plane. It is customary to regard the 
vectors representing waves as occurring in the complex plane. Not only 
does this divorce the phase from any connection with the coordinates of 
ordinary space, but it offers a compact notation. Since this is the usual 
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way of treating combinations of waves, the reader is advised to review 
the algebra of the complex plane. 

A set of wave vectors in the complex plane can be resolved into their 
real and imaginary components. In Fig. 5, the real component of each 
wavelet has the form / cos (j>, and the imaginary component has the form 



if sin (f). The complex resultant R can also be expressed in terms of its 
real and imaginary parts: 

i? = ISl cos <l> + i\R\ sin cj), (1) 

Since 

|i 2 | cos <^> = /i cos <t>i + /2 cos (j)2 H” fz 03 , ( 2 ) 

and 

i|i2| sin 0 = if I sin 0 i + if^ sin 02 + ifz sin 03 , (3) 

it follows from ( 1 ) that 


R — fl cos 01 + /2 cos 02 + fz cos 03 
+ if I sin 01 + ^/2 sin 02 ifz cos 0 $, 

= /i(cos 01 + i sin 0 i) 

+ f2(008 02 + i sin 02 ) 

+ fzioos 03 + i sin 03 ). (4) 

Now, Euler's relation provides that 

= cos 4 > + i sin 0 , (5) 

so that (4) can be more compactly represented by 

R +/ 2 e'^^+/ 3 e^^ ( 6 ) 


R = 


( 7 ) 


or, more generally, as 
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The factor The nature of relations like (6) are readily appre¬ 
ciated if it is recognized that the factor e®* behaves as an operator which 
rotates the other factor of the term through the angle 4>- To see this, 
first consider a real quantity/, represented in the complex plane by a vec¬ 
tor of length /, parallel to the axis of reals. If this term is multiplied by 
the meaning of the new quantity /e“^ can be appreciated by multi¬ 
plying the left and right of (5) by /: 

/e*'^ = / cos <p if sin cj}. (8) 

This expresses the fact that the quantity fe^* has a component / cos ^ 
along the axis of reals, and a component / sin <j> along the axis of imagi- 
naries. That is, the quantity /e®* can be represented in the complex 
plane by a vector whose magnitude is/and which makes an angle <t> with 
the axis of reals. Thus, if the real quantity / is multiplied by the 
effect is the same as if the vector of length / were rotated through angle 4>. 

Not only does the factor e*^ have this effect upon a real quantity; 
it affects a complex quantity in the same way.’ Consider the complex 
quantity It has just been shown that this can be represented in 

the complex plane by a vector of length / making an angle <^>i with the 
axis of reals. Let this complex quantity be multiplied by The 

result is 

( 9 ) 

— ( 10 ) 

According to (8) and the discussion following it, the right of (10) can be 
represented by a vector in the complex plane whose magnitude is / and 
which makes an angle with the axis of reals. Since/c* ^ is a vectoi 

making an angle 4*i with the axis of reals, the term c on the left of (9) 
has the property of rotating the vector /e®^‘ through angle <^> 2 . This prop¬ 
erty of the factor can accordingly be summarized as: 

Theorem 1: The factor e“* behaves as an operator which rotates the other factor 
of the term through angle <p in the complex plane. 

Diffraction by one-dimensional patterns 

Some of the fundamental features of diffraction which permit its use 
in the study of crystal structures can be appreciated with a minimum of 
complication by considering diffraction in a plane by a one-dimensional 
pattern. The basic ideas can be readily generalized to diffraction by a 
three-dimensional pattern of atoms. 

Diffraction by a row of translation-equivalent points. Consider, 
first, a row of equally spaced, identical points each capable of scattering 
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a wave, Fig. 6 . First, suppose that the wave front is parallel to the row, 
and let the amplitude of the wavelet scattered by a point be /. How do 
the wavelets scattered by the several points interact with one another? 



Fig. 6. 


Consider the phases of these wavelets along a wave front in some 
arbitrary direction defined by an angle v. Fig. 6 J.. These phases are 
proportional to the distance of the 
wave front from the scattering points, 
and therefore increase linearly with 
the distance of the point considered, 
from some location whose phase is 
taken as a reference phase. Suppose 
that the phase difference between 
waves scattered by neighboring points 
is i/'. Then if the phase of the wave 
scattered by one of the points is 
the phase of the wave scattered by its 
first neighbor is and that scat¬ 

tered by its nth neighbor is (^>+n^. 

The resultant of the wavelets scattered by the series of points can be 
studied by plotting in the complex plane the vectors representing the 
amplitudes and phases of the wavelets, that is, by plotting an Argand 
diagram. This is shown in Fig. 7. The resultant can also be repre- 
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sented analytically by using the notation of the complex plane. In this 
case the resultant wave, according to (7), is represented by 

jcj _ _j„ . . . _j_ 

N~1 

=/ y (11) 

n =0 


By manipulating the exponents according to the rules of ordinary algebra, 
this can be written 

N-l 
/g = / ^ 

n ~0 
N-1 

= /e^'* J e*"'^ (12) 

n =s0 


= /e** P, 

(13) 

JV-l 


where P = T 

(14) 

n = 0 



iV-l 

The term ^ in (12) is a function well known in diffraction theory. 

rt = 0 

It can be easily evaluated as follows: In the complex plane, Fig. 8, this 
function represents the resultant of N unit vectors, each making an angle 
)p with its neighbor. The resultant P, and the individual unit vectors, 
are related to the radius r of the circle enclosing the partial polygon of 
vectors as follows: 



sm—= 



f 


r = 


r = 


IS 

. 'p’ 
sm- 

(15) 

hP 

. Ni 

(16) 


sin- 


If r is eliminated from (15) and (16), the value of the resultant is seen 
to be 




P - 


(17) 
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It is apparent from Fig. 8 that the phase of the resultant, P, is the same 
as that for the middle vector in the sequence when N is odd, or the average 
of the two middle vectors when N is even, that is (N —This phase 
information can be combined with (17) by writing 


p _ sin 2 Nf 

sin ^ 


( 18 ) 


In (17), P is a magnitude; in (18) it is a complex quantity. 



Fig. 8. 


For the purpose of studying the properties of this function it is con¬ 
venient to scale it so that its maximum value is unity. This is done by 
dividing both sides of (17) by N, which gives 


P _ sin N\p 
N N sin 


(19) 


The function ^ Function (19) has the form (smnx)/ 
N sin if 

(nsinx). Some properties of this function and its square are shown 
in Fig. 9. Figure 9A shows the numerator part of the function, 
namely sin nx, and Fig. 95 shows the denominator part of the func¬ 
tion, namely n sin x. Their quotient, (sin nx)/(n sin a;), is shown in Fig. 
9C. This has a relatively large maximum at a; = 0 and then drops 
rapidly to zero, becomes negative, and subsequently oscillates between 
positive and negative values with decreasing amplitude. The oscillation 
behavior follows that of the numerator, sin nx, except that the amplitude 
at all points is scaled down by a factor 1/(n sin x) due to the denominator. 
Thus the general location of peaks, troughs, and zeros follows that of the 
numerator. The zeros occur whenever sin nx = 0. These occur for 

nx = mir (where mis an integer), so that zeros occur at locations X = mw/n. 
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The peaks and troughs also occur in the neighborhood of peaks and 
troughs in sin nx, except that the peak of sin nx next to the origin is not 
separately represented in the function (sin nx )/(sin x), but is part of the 
main peak. 

It is interesting to follow the geometrical behavior of P as the function 
passes through zero. It was noted in the last section that the phase of 
P is the same as the phase of the middle vector of the sequence, that 
is, (N — Therefore the phase of P increases linearly with tj/. 

When the sequence of little vectors just closes in an approximation to a 








Fig. 10. 


circle, Fig. 105, the resultant is zero. Just before closing. Fig. lOA, the 
resultant is small and positive, and its phase just less than tt. Just after 
closing, Fig. 10(7, if the phase is regarded as increasing linearly, it is just 
greater than tt, and the resultant must be regarded as negative. But if, 
as the arc closes, the phase should be regarded as changing discon- 
tinuously from tt to 0, the resultant is positive. This situation is annoy¬ 
ing at = 2 t: When N is odd, a large maximum occurs which is a dupli¬ 
cate of that at i/' = 0, but when N is even, there occurs a corresponding 
minimum. This situation is avoided if one wishes merely the absolute 
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value of the resultant. This can be obtained by using 


instead 


of-The squared function is shown plotted in Fig. 9D. It 

n sm X 

is characterized by a large central peak at z = 0. This is flanked by 
a series of rapidly declining small satellitic maxima, the greatest of which 
has a magnitude of only a few per cent of that of the main peak. 

The number of scattering points in the grating is the integer N of (17) 
and (18). For N = function (18) has a value of zero everywhere 
except Sit \p = m27r when the absolute value is unity, as shown in Fig. 11. 
For moderately large values of N, the function behaves very nearly the 
same as when AT = co, The behavior of the function in ordinary prob¬ 
lems concerned with the diffraction of x-rays by crystals, where N is 10® or 
more, is substantially the same as if N were oo. When N is so large, each 


r 

N 

0 27r Air 

i 

Fig. 11. 

of the contributing vectors in Fig. 8 is so small that together they con¬ 
stitute a virtually smooth curve. The angle ^ opposite each vector is so 
small that ^ Under these circumstances sin (t/'/2) in (17) 

can be replaced by so that a very approximate form of (19) is 


P sin ^ Nyp 
N ^ 


(19A) 


Tables of the numerical value of this function are available.^ 

When (19) has the value unity, the geometrical reason is that all the 
vectors in Fig. 7 or 8 are aligned parallel to one another. This occurs, 
for example, when ^ = 0, but it also occurs when \l/ = m(27r). For all 
values of ^ other than ^ = m(27r), the vectors of Fig. 7 have a relatively 
uniform distribution in all directions, and their sum is substantially zero. 
Under these circumstances, the points of the grating of Fig. 6 scatter in 
such a way that their wavelets give rise to destructive interference. But 
for those directions p for which xf = m(27r), the wavelets reinforce one 
another to cause constructive interference^ and a maximum is produced. 
The maximum is given a designation corresponding with the value of m. 
When m = 1, the maximum is said to be a first-order maximum; when 
m = 2, it is said to be a second-order maximum; etc. 
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Directions of maxima. It is easy to relate the direction v to the 
phase angle expressed in terms of the wavelength X of the wave. When 
the mth-order maximum is produced so that yp = m{2ir), the path differ¬ 
ence from neighboring scattering points to the wave front is mX. If the 
translation period in Fig. 6 is a, then 

mX 

cos V -- 

a 

More generally, Fig. 65, if the normal to the incoming wave front 
makes an angle ju with the row of scattering points, and the normal to the 
diffracted wave front makes an angle v with the row, then the condition 
that wavelets be in phase along the scattered wave front is 


a cos V — a cos jX = mX 

(21) 

mX 

(22) 

cos p — cos /z = — 


a 


The nature of more general one-dimensional patterns. The 

pattern of points whose scattering has just been considered was specialized 
in that all points were identical and 
equally spaced along a line. In other 
words, the points were translation 
equivalent with respect to a one¬ 
dimensional lattice. Such a set of 
points may be called a lattice array. 

In the more general one-dimen¬ 
sional pattern there are several non¬ 
identical points per translation period, 

Fig. 12. Let any desired location 
along the line of points be chosen as 
the origin. Then the absolute coor¬ 
dinate of the jth point with respect to 
the origin is Xj. If the translation 
period is a, then there are translation- 
equivalent points at Xj'+a^ Xj+2a 
• • • Xj+ma. 

Scattering by general one¬ 
dimensional patterns. It is evi¬ 
dent that each set of translation- 
equivalent points scatters independ¬ 
ently as in Fig. 6, and that its inde¬ 
pendent behavior is described by a relation like (12). Each such grating, 
however, has a 0 characteristic of its location with respect to the chosen 
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origin, and, in general, a scattering power fj characteristic of the jih 
scattering point. The combined wave is accordingly described by 

N~1 N-1 N-1 

2 + /a J ■ ■ ■ fj ^ 

n =0 n —0 n =0 

V-l 

= if I + /a ■ ■ ■ + fj e‘*^) J (23) 

n = 0 

The expression in parentheses represents the combination of wavelets 
from the points within a translation period of length a. Let this com¬ 
bined wave of the mth maximum be represented by Fm, so that the wave 
scattered by a single period of the pattern is 

Fm = fi + /2 6^^-^ •••+// (24) 

The combination of contributions from different periods is given by the 
summation term in (23). This is the same as P, which was defined in 
(14) and evaluated in (17). With these abbreviations, (23) can be 
expressed 

P - • P. (25) 

In order to evaluate the term in parentheses in (23), it is necessary to 
relate the scattering phases 0, of the several sets of points, to the coordi¬ 
nates X of the points. This can be done as follows. 

For the mth-order maximum, neighboring translation-equivalent points 
scatter with a phase difference of m(27r). These points have a linear 
separation a. The question is, what phase <!> corresponds to a linear 
separation X? Since phases are obviously proportional to linear separa¬ 
tions, it is evident that 

0 m(27r) 

X ^ a ' 

so that 

0 = m — 27r 
a 

If this value is substituted into (24), the result for the mth maximum is 

= /l g^m(Xj/a)2T^ ^28) 

This expression is simplified if the scattering points are referred to 
coordinates expressed as a fraction of the period a. These fractional 
coordinates x are defined by 

X 

X = 

a 


(26) 

(27) 


(29) 
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and the diffracted wave is represented, in terms of it, by 

Fm = fi + /2 ^" • • • + /s 2". (30) 

Interpretation of the scattering expressions. The expressions 
just derived show that the scattering by a general one-dimensional pattern 
has something in common with the scattering by a simple lattice array of 
identical scattering points. The last factor in (12) and (13), and (23) 
and (25) is 

iV-l 

(14): P= 

For gratings with a reasonably large number N of translation periods, 
this expression is zero except for xf/ = m(27r), when a maximum occurs. 
This means that both the simple one-dimensional lattice array and the 
general one-dimensional pattern have maxima in the same directions, 
namely those defined by (22), specifically 

mX ^ V / ^ 

cos V = Gosji -\ -(m = 1, 2, 3, • • * )• 01) 



This interpretation, generalized to three dimensions, would correspond 
to saying that the directions of maxima depend only on the dimensions of 
the unit cell, and not on the arrangement of the atoms in the cell. 

Now, comparing the remaining term in (12) and (23), but substituting 
the atomic coordinates x for <^, according to (27) and (29), the terms for 
the two cases turn out to be: 


Lattice array: 


Fm = 


General pattern: 

Fm = fi + /2 




(32) 

(33) 


These expressions give the amplitude of the resultant wavelet scattered 
by the set of points within one translation period. Fig. 13. The resultant, 
Fmj is a complex quantity with both magnitude, \Frt\j and phase. In the 
case of the simple lattice array, (32), all maxima have the same magnitude 
because 

\F„\ = 


= /. 


(34) 


But for the general pattern, (33), the various maxima have different mag¬ 
nitudes because the angles between the vectors of Fig. 13 depend on the 
0's of the vectors, and these, in turn, depend upon the coordinates of the 
corresponding points, according to (27). It follows that the amplitudes 
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Fm of the various maxima diffracted by a general pattern are, in general, 
different and are characteristic both of the order m and of the coordinates 
of the set of scattering points in the translation period. This interpreta¬ 
tion, generalized to three dimensions, would correspond to saying that the 

amplitudes of the maxima depend on the rela¬ 
tive arrangement of the scattering points in 
the unit cell, and not on the dimensions of 
the cell. 

It is this correspondence between coordi¬ 
nates of the scattering elements and the 
amplitudes of the maxima which gives rise to 
the possibility of finding the first if the second 
is known. If the complex amplitudes Fjn are 
indeed known, it is a routine matter to find 
the distribution of scattering matter in a 
translation period, as will be seen from Chapter 13. But only the 
magnitudes, \fJ\j of the complex amplitudes, Fm, can be experimentally 
observed, so that complete advantage cannot, in general, be taken of 
this relationship. This is the epitome of the phase problem^ discussed 
in Chapter 21. 

Diffraction by three-dimensional patterns 

The scattering by a three-dimensional pattern has a number of funda¬ 
mental features in common with that of the simple one-dimensional 
pattern just discussed. Certain complications occur, however, which are 
characteristic of the additional number of dimensions involved. 

Diffraction by a lattice array of points. The simplest kind of 
three-dimensional pattern is a set of points, each point located at a lattice 
point. Such a simplified pattern is called a lattice array. Let each point 
be capable of scattering identically. In order that all the points of a 
lattice array scatter in phase, it is necessary that a condition like (22) 
be satisfied along each of three non-equivalent rows of the array. These 
rows may be taken along the translations of the lattice which are used to 
define the edges of the cell. In this case the rows have periods a, h, and c, 
and the three conditions to be satisfied are 

h\ 

cos V(i cos [Xq, — J 

a 
k\ 

cos vb cos Jib = 

0 



l\ 

cos Pc — COS Pc = — 
C 


( 35 ) 




Some fundamental diffraction relations 


21 


wavelengths path difference from the original wave front to the diffracted 
wave front for the rows a, 6, and c respectively. It is shown elsewhere^ 
that this condition is equivalent to the first-order Bragg reflection of the 
incoming wave by a plane having indices {hid). 

The nature of more general three-dimensional patterns. In 
more general three-dimensional patterns, there are several sets of points 
which are not translation equivalent. But all points of each set are 
translation equivalent. That is, each set lies on a lattice. This means 
that the general pattern may be thought of as several lattice arrays which 
are parallel but mutually displaced. 




Let any desired point in the space occupied by the pattern be chosen 
as the origin. Then a unit cell can be chosen with the three cell edges a, 
5, and c as coordinate axes, radiating from this origin, Fig. 14. The 
absolute coordinates of the jth point with respect to these axes are 
Xj Yj Zjj while the fractional coordinates, each referred to the magnitude 
of the translation in its direction as unity, are 





a 



The phase of a wavelet scattered by a point in a pattern. Since 
a maximum hkl is equivalent to a first-order reflection from a plane {hkl), 
the spacing dhki corresponds to a phase difference of 27r, Fig. 15. The 


t M. J. Buerger, X-ray crystallography. (John Wiley and Sons, New York, 1942) 
42-43. 
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phase scattered by any irrational plane between the origin and the first 
rational plane, is directly proportional to the distance of the irrational 
plane from the origin. Since the scattering point Pj lies in a plane whose 
distance from the origin is the projection of its vector, on d, the pro¬ 
portion can be written 

27r dm ^ ^ 


= “(proj. Pj). (38) 

Cihkl 

It is convenient to express the right of (38) in vector notation. The 
vector of length 1/dhkh and having the direction of dhku is the vector in 
reciprocal space from the origin to the reciprocal-lattice point hid; this 
vector is customarily written (Tm- The right of (38) is the scalar product 
of this vector with p^, so that (38) can be written 

~ == ^hki * Pr (39) 


To find the numerical value of this, one can substitute the values of am 


and p^ in terms of their components: 

(Thki = + kh* + te*, (40) 

Pj XjdL + y:,h + ZjC, (41) 

The scalar product of these is 

^ThkvVj = (^a* + kh* + Zc*) • (xj a, + + z^o) 

== hXj + kyj + Izy (42) 

If this is substituted in the right of (39), then the value of the phase 
scattered by the jth. point is seen to be 

<t>j = 2Tr(hXj "f kijj + Izj). (43) 


Scattering by general three-dimensional patterns. If the 

amplitude of the wavelet scattered by thejth point of the pattern is/j, 
then the scattered wavelet is described in amplitude and phase by the 
term /y maximum of the spectrum hkl the wave 

scattered by all the atoms in one unit cell is accordingly described by 

Phkl = fl + /2 ^ ^^2T(hxJ-\rkyJ-^lzJ) 

(44) 

^i2t( hXj+kyj-{-lZj) 

3 



(45) 
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The expreswioii in (44) corresponds to the one for the one-dimensional case 
in (33) The two expressions are analogous, and the comparative com¬ 
plexity of (44) is due to the two additional dimensions. 

Application to crystals 

The amplitude scattered by a ‘^point.” The discussion in this 
chapter has been carried out without regard to the specific nature of the 
‘^scattering points,” and without supplying a mechanism for scattering. 
The details of scattering are considered in the next chapter, where it is 
shown that the individual electrons of the atoms of the crystal are the 
scattering units. 

It is usually more convenient, however, to think of the scattering units 
of a crystal as its chemical atoms. Of course, the electrons of an atom 
are responsible for its scattering power, so, to first approximation, the 
scattering power of an atom is proportional to the number of electrons it 
contains, that is, to its atomic number Z. This approximation was com¬ 
monly used in the early days of crystal-structure analysis. Actually, the 
separation of the various electrons within the volume of the atom causes 
phase differences among the wavelets they scatter, so the scattering 
power of an atom is, in general, less than that of Z electrons. The 
amplitude scattered by an atom falls off with (sin 6)/\, A further dis¬ 
cussion of the scattering power of an atom is given in Chapter 10. 

The possibility of crystal-structure analysis by diffraction. 
The discussion following (34) can be readily generalized to three dimen¬ 
sions and applied to (44): The wave scattered in each maximum hkl is 
characterized by the complex quantity Fhki^ This can be written as an 
explicit function of the coordinates of each of the / atoms in the unit cell. 
For a particular set of such coordinates, a specific set of the several 
is determined. This implies that for a particular arrangement of atoms 
in a cell, there is a specific set of diffraction spectra Fhki- 

Suppose that, in studying the arrangement of atoms in a given crystal, 
a particular model is proposed. The set of the Fhki’^ of the model can 
be computed by (44). A necessary condition for the model to be the 
correct one is that the calculated maxima match those which are experi¬ 
mentally observed. It will appear that this is also a sufficient condition, 
so that one can state: 

Theorem 2: The necessary and sufficient condition for a crystaFstructure 
model to be correct is that the set of Fhki’s computed for it match the observed 

This statement contains a misleading feature. Each Fhu is complex; 
that is, it is characterized both by a magnitude, \Fhki\, and a phase, (phkh 
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The magnitude can be experimentally observed, but so far no means has 
been found to observe the phase. If means could be found, every crystal 
structure could be solved as a routine by using the methods of Chapter 13. 
On the other hand, the situation is not quite so serious as this might 
appear to imply; indeed in Chapter 21 it will be pointed out that, except 
for certain “homometric mates,’^ the magnitudes alone of the set of 
Fhki^, determine a unique arrangement of atoms. This permits state¬ 
ment of a further theorem: 

Theorem S: Except for homometric mates, a necessary and sufficient condition 
for a crystal-structure model to he correct is that the magnitude of the calculated 
maxima match those which are experimentally observed. 

By one means or another, then, crystal-structure analysis requires 
finding a model for which calculated [F/iifczps match the set experimentally 
observed. How the model is arrived at is immaterial. It can be found 
by clever guess work, by trial-and-error, or by a systematic study. Most 
of this book is concerned with the theory and practice of systematic 
study. 
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Some quantitative aspects 
of the diffraction 
of x-rays by crystals 


In the last chapter a picture was sketched of the general nature of dif¬ 
fraction as divorced from most of its technical details. In this chapter, 
the diffraction of x-radiation by crystals is examined somewhat more 
closely. This introduces the technical details in their most general form, 
and provides a background for understanding how allowance can be 
made for some of the factors which affect the intensities of spectra.® 

Unfortunately, one cannot conveniently observe the absolute value of 
the diffraction amplitude, \Fhki\- Instead, a related quantity commonly 
known as the integrated intensity is customarily observed. In this chapter 
the relation between amplitude and integrated intensity is developed, 
and in Chapters 7 and 8 some routine devices for deducing one from the 
other are described. A further purpose of this chapter is to put the 
matter of x-ray diffraction on a somewhat more quantitative basis. This 
requires a knowledge of how a single electron behaves in an x-ray beMn. 
With this background, the combined behavior of all the electrons* dm-ithei 
crystal can be considered. 

Scattering by a single electron^ 

If an electron is located in the path of an x-ray beam, it i^. 
into oscillation by the electromagnetic field of the x-rays impinging* u|>^ni 
it. Due to this acceleration, the electron in turn becomes a soufcoo’oL 
radiation, and in this way, the electron is said to scatter the impinging 
radiation. 

Suppose that the intensity of the electric vector of the primary x-ray 
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beam is So. The force experienced by the electron of charge e is So e, 
and the acceleration as the result of this force is 


So e 
a = —r? 
m 


( 1 ) 


where m is the mass of the electron. The electron may now be supposed 
to undergo forced oscillation in which the acceleration vector follows the 
vector of the electromagnetic field. 


z 



Tig. 1. 

Now an accelerating charged particle is itself a source of electromag¬ 
netic radiation, which spreads as a set of spherical waves from the source. 
In Fig. 1, let the electron be located at 0, and let it have an acceleration 
a along the Z axis. At any point P, both an electric and a magnetic field 
are experienced due to the accelerating electron. Let P be at a distance 
r from the electron, and let the vector from the electron to P make an 
angle <j> with the Z axis. The directions of the electric- and magnetic- 
field vectors at P are as shown in Fig. 1, and their magnitudes are given, 
according to classical theory, by 


ae . 
— sm 


S = H = 


( 2 ) 
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where c is the velocity of light. The value of a is given by (1), so (2) 
may be written 


. Soe^ . 

6 =-„ sm <t>. 

rmc~ 


(3) 


The energy per unit cross-sectional area of a beam, known as its intensity, 
is proportional to the square of the electric vector, and specifically equal 
to 


I - 



(4) 


Thus, the ratio of the intensities of the original x-ray beam and the 
scattered beam is 


I_ 

h 



/Soj 


rmc^ 


; sin (j) 



(5) 


The polarization factor 

In the discussion just given, it was assumed, for simplicity, that the 
electric vectors of all the x-rays impinging on the electron are confined 
to a single direction, i.e., that the original x-ray beam is plane polarized. 
In all the usual experimental arrangements, however, the x-ray beam is 
unpolarized, which means that the azimuth of the electric vector assumes 
all directions with time. The effective amplitude of the radiation after 
it is reflected by the crystal at the angle 26 consists only of the 
components of these azimuths after reflection. This feature has the 
effect of reducing the intensity of the x-ray beam by a factor, p, known as 
the polarization factor. 

Let the primary beam striking the crystal be assumed to be unpo¬ 
larized; that is, the electric vector of the direct x-ray beam is in a random 
direction. Let this vector be represented by 8o, Fig. 2. Resolve 8o into 
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its components perpendicular and parallel to the plane of the direct beam 
and the reflected beam, namely So,j, Soji- Since So is random, these 
two components occur with equal frequency, and the intensities associated 



with these component 8^s are equal. Since the sum of the two intensity 
components is equal to the total intensity, 


•^o,x = -^o.H = i-^o, (6) 

and 

7oa + /o,ii = /o. (7) 

According to (5), the intensity scattered by an electron depends on 
the angle 0. For scattered intensities Jj_ and /ji these are 


= h,x{ -2) 

\rmc^/ 


( 8 ) 


Substituting for 7o,x from (0), and also substituting 90° for gives 


?• 


Also, 

f ,, 



(9) 

( 10 ) 


Substituting for 7o,|i from (6), and also substituting 90° — 26 for <)!)|| gives 


■ Ijitl! •! 
(III M ' 


^11 


= 4/ 


■j-r 0 



cos^ 26. 


( 11 ) 
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The total intensity of the reflected beam is 
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■^reflected ^± -^1] 



where p = cos^ 26. (14) 

Now the term in square brackets in (12) is the magnitude the intensity 
would have if there were no reduction of intensity due to reduction of the 
component of 8|[ with the angle </> = 90° —2^. The term in parentheses 
gives the factor by which the intensity of the reflected beam is reduced 
due to this effect. It is called the polarization factor and varies only in 
the limited numerical range of 1 to Note that the polarization factor 
depends only on the angle 6 (or 26) and is unaffected by the x-ray method 
employed. 

The reflected x-ray beam does not have its electric vector in a random 
direction. Rather there is an excess of intensity having its electric vector 
perpendicular to the plane containing the direct beam and the reflected 
beam. In other words, the reflected beam is ^^polarized.’’ The efficiency 
of polarization can be measured by the excess of one component over the 
other, compared with the total intensity, namely 


I ^x+I\\ 


(15) 


This ratio varies from 0 when 26 is 0° or 180°, to 1 when 26 is 90°. In 
other words, at 26 = 90°, the reflected x-ray beam is 100 % polarized. 


The scattering by a crystal^ ^ 

Resolution of a crystal into planes. The theoretical amopnt of 
radiation scattered by the entire crystal can be found by several method?. 
A convenient treatment is to regard the three-dimensional pattern of the 
crystal as resolved into a sequence of parallel planes of translatiqiq- 
equivalent atoms. Then each plane behaves as a plane diffracting,SjQurc^, 
and can be referred to Fresnel-zone theory.^* This approach haf^ithe 
advantage of being rather readily pictured, and of being rela|t^^4 
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ordinary optical diffraction theory. This is also the classical treatment 
of Bragg, James, and Bosanquet.^*^ 

Fresnel-zone theory. In Fig. 3, light emanating from point 0 
impinges on a plane. Each point of this plane acts as a new source giv¬ 
ing rise to a new wavelet. Fresnel diffraction theory considers the 



O N ^2 P 


Fig. 4. 
M 



Fig. 5. 


resultant of all these wavelets as received at a point, P, beyond the plane, 
and on a line from 0 at right angles to the plane. Since the various paths 
OMP have various lengths, the phases of the wavelets reaching P along 
these paths represent a variable which must be evaluated before the 
resultant effect at P can be found. 

Figure 4 is a section in plane OMP of Fig. 3. The path length OMP 
is greater than that of the straight line ONP by the amount 5, which is 
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composed of two parts, 5i and 52- The magnitude of Si can be deter¬ 
mined with the aid of Fig. 5, which shows only the left side of Fig. 4, 
with the angle NOM = a exaggerated. In Fig. 5, draw the chord NN' 
perpendicular to the bisector of ZNOM. Then 


ZN'NM = 

2 


ZN'iMN = - - a, 
2 


and consequently 


/XT- \ a IT , a 

V2 / 2 2 ^ 2 


AMN- 

Applying the law of sines to the scalene triangle NN'M, there results 
5i 


sin {a/2) 


(i+f) 


a 

cos — 
2 


. OL 

sm - 

^ 2 a 

p -= p tan — 

a 2 

cos - 
2 


(16) 


(17) 


Provided that angle a is small, its tangent is approximately equal to the 
angle, so that a good approximation is 


Figure 5 shows that 


tan - ^ k tan a. 
z 


^ tan a = ^ — 
ri 


(18) 


(19) 


Substituting (18) and (19) in (17), there results 


so that 


a p 

5i — p tan - Rj p ^ ? 

2 


2ri 5i. 


( 20 ) 

( 21 ) 
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A similar relation applies to the right side of Fig. 4, namely 


And, since 
it follows that 



( 22 ) 

(23) 


(24) 

(25) 


This relation provides the phase difference, 5, as a function of the dis¬ 
tances, r*! and r 2 , from the plane to the source and to the point, and as a 



function of the distance, p, of the scattering point from the axis. When 
the plane is normal to OP, evidently points of equal retardation, occur 
on a circle of radius 




The first Fresnel zonCj Fig. 6, is defined as the area (in this case, a circle) 
within which the retardation 8 ranges between 0 and X/2; the second 
Fresnel zone as the area (in this case, a ring) within which 5 ranges 
between X/2 and 2X/2; and, in general, the nth Fresnel zone as the area 
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(in this case, a ring) within which 5 ranges between (n—l)X/2 and nX/2. 
Thus, for the outer edge of the nth. Fresnel zone, 

= (27) 


The radius of this edge in terms of X is given by substituting (27) in (26): 


Pn 


4 


Ti r 2 n\ 
ri+r^ 


The area of the nth zone is 

— 2 2 
Cfn — T^Pn T^Pn — l 

TiT^nX rir2(n~l)X 

~ TT - — 71- 

^ 1+^2 ^1 + ^2 

^1+^2 



(28) 


(29) 


This indicates that all zones have approximately the same area. In the 
same way, it can be shown that if a zone is subdivided into zonelets whose 
edges correspond with a chosen retardation difference other than the 
fraction X/2 (used to divide the plane into Fresnel zones), the areas of 
these zonelets are equal. This equality depends on the approximation 
used in (18). Actually, if the characteristics of this approximation are 
taken into account, it becomes evident that the zones shrink in area at an 
ever-increasing pace with increasing 5. 

Now, suppose that the first Fresnel zone is subdivided into zonelets 
whose edges correspond to the same retardation, 5. Each of these zone- 
lets is at substantially the same distance, ri, from the source, 0, Fig. 4, 
so that the radiation from the source has substantially the same amplitude 
as it reaches each zonelet. Furthermore, each zonelet has the same area 
(to the first approximation), so that all zonelets scatter radiation with the 
same resultant amplitude. But the phase of the radiation received at P 
from any zonelet differs from that of its neighboring zonelet by some small 
angle 
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The resultant scattering reaching P from all the zonelets can be found by- 
plotting on the Argand diagram the equal amplitudes received from each 
zonelet at phase angles which increase uniformly by the amount given in 
(30). This summation is shown in Fig. 7. The phase of the wavelet 



contributed by the last zonelet of the first zone differs from that of the 
first zonelet of the first zone, according to (30), by an amount 

=z ~ 2Tr = T. (31) 

X 

In this discussion, the first Fresnel zone was assumed to be divided into 
zonelets of finite width differing in phase according to (30). If the zone- 
lets are taken to be delimited by an infinitely small phase difference, 
the separate arrows of Fig. 7 become infinitely small and their con¬ 
catenation becomes a semicircle. Now the ratio of the resultant ampli¬ 
tude actually scattered by the zonelets of the first zone, to the amplitude 
they would scatter if they did so with no phase difference, Fig. 7, is the 
ratio of the diameter of a circle to half its circumference, namely 

A actual __ 2 

A ^ 

phase ^ 

If A 1 is taken to represent the resultant amplitude scattered to P by the 
first Fresnel zone, (32) can be rewritten 

Ai=-XAA. (33) 

TT 

As mentioned above, it has been assumed that the amplitudes con¬ 
tributed by the various zonelets are equal. This followed partly because 
the zonelets have approximately the same area, as indicated by (29). 
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A more exact treatment shows that the area decreases with increasing 
zonelet number, at first slowly, but at an ever-increasing pace. As a 
consequence, the decreasing amplitudes of the zonelets cause the sum¬ 
mation curve of Fig, 7 to spiral toward the center of the circle, as shown 


in Fig. 8. Ihis causes the result¬ 
ant to have a simple form, which 
can be expressed as follows: 

Theorem: The resultant amplitude 
due to all the Fresnel zones is half the 
resultant due to the first Fresnel zone. 

Suppose that the diffracting 
plane is tilted out of normal to the 
axial line of radiation, OP, Fig. 9, 
so that the plane makes an angle 6 
with that line. Then a point on a 
circle on the normal plane, and its 
projection on the ellipse of the 
tilted plane, have substantially 
equal retardations, 5, because 01 
Fresnel zone on the tilted plane has 



P « O'Af'P', Fig. 10. Thus, the 
an elliptical border, and its area is 


^tilted 


^normal _ *^Dormal 

/x \ sin 6 


According to (29), this area is specifically 


xXri r2 1 
vi+T^ sin 6 


= x\ 



(34) 


(35) 


Because the direct beam and the reflected beam are symmetrical with 
respect to the reflecting plane, as shown in Fig. 11, this relation is directly 
applicable to reflection. 

Diffraction by a plane of atoms. Since atoms contain electrons, 
and electrons scatter x-radiation as discussed in the first section of this 
chapter, it follows that a plane of atoms scatters x-radiation. Consider a 
plane of atoms in lattice array. Although the scattering matter is dis¬ 
tributed non-uniformly in the plane, in the application of Fresnel-zone 
theory the distribution of matter may be regarded as essentially uniform. 
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Fig. 9. 



Fig. 10. 



This is because the distances between neighboring atoms on the points of 
the two-dimensional lattice in the plane are very small compared with 
the distances, ri and r 2 (of the last section), which actually arise in 
practical experiments. Let S equal the area of a cell of the two-dimen¬ 
sional lattice in the plane. Then the density of lattice points (and of 
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atoms in a lattice array) is one per cell area, or l/S. If the scattering 
amplitude of the atom is/, the scattering amplitude of a unit of area of the 
plane is//>S. 

The nature of / will be discussed in more detail in Chapter 10. It 
is essentially the ratio of the amplitude scattered by the atom to the 
amplitude scattered by a single electron. If all electrons in the atom 
scattered in phase with one another, / would equal Z, the number of 
electrons in the atom. Actually, at all angles except 0 = 0 there is a 
phase difference in the scattering by electrons in the several regions of 
the atom, and this feature reduces the effective scattering of the collection 
to some fraction of the arithmetic sum Z. Thus, for 0 = 0, / = Z, but 
the value of / declines continuously for increasing angles 0. As a conse¬ 
quence of this situation, if Ae is the amplitude scattered by a single elec¬ 
tron under a given set of conditions, and is the amplitude scattered 
by an atom of Z electrons, 

Aa = fAe. (36) 

In the first section of this chapter, the magnitude of the electric vector 
of the radiation scattered by a single electron was derived. For present 
purposes, it is convenient to speak of amplitude instead of electric vector, 
and with this change of language, the amplitude A^ at a distance ra 
scattered by a single electron is provided by 


If the ratio of 7’s is obtained from (5), and recalling that the averaging 
of sin <^> over all azimuths results simply in the polarization factor p 
of (14), the value of Ae is given by 


A. = A 


0- 2P' 

ro me 


This gives the amplitude due to a single electron. According to (36) the 
amplitude scattered by the entire atom is therefore 


Aa=/Ao -2?)^. (39) 

ra me 

There is one atom to every S units of area of the plane, where S is the 
area of the cell of the plane lattice on which the atoms are located. Thus 
the density of atoms per unit area is 


a 


( 40 ) 
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The scattering amplitude of a unit area of the plane is therefore 

Au = afAo - 2 2 ^^' 

r2 me 

The scattering amplitude of the entire plane Ap is equal to half that due 
to the first Fresnel zone: 

Ap = ^A^one 1* (42) 

According to (33), the resultant of this first Fresnel zone is 2/7r times the 
arithmetic sum of the scattering from all the units in the area, i.e., 


where, from (35), 


3 1 — Ay^ “ CTjione Ij 
TT 


<^2one 1 



(43) 

(44) 


Starting with (42) and successively substituting necessary values from 
(43), (41), and (44), the amplitude, Ap, scattered by the entire plane at a 
distance is 



In practical experimental work, the distance of the crystal from the source 
of x-rays is so large that 1/ri can be taken as zero. With this simplifica¬ 
tion, (45) reduces to 


Ap = 


mc^ 


sin. 9 


(46) 


Diffraction by a sequence of identical planes. A sequence of 
parallel identical planes of interval d diffracts x-radiation so that all planes 
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scatter in phase at the Bragg glancing angle conforming to Bragg^s 
law, 

n\ = 2d sin (47) 

The contribution from all the s planes of the sequence is 5 times that from 
a single plane, given by (46), namely 

Al = sAp = sAo/-^ -At* (48) 

me sin 9 

Diffraction by a crystal. Actually, the stack of lattice planes just 
considered, Fig. 12A, represents an oversimplified crystal structure. In 
general, crystal structures are much more complex than this, but can 
always be resolved into a set of J such stacks, where J is the total number 
of atoms in the unit cell. This is illustrated for a comparatively simple 
structure in Fig. 125. Each lattice stack of the entire collection scatters 



A B c 

Fig. 12. 


in phase according to (47), but the phases'scattered by the separate lattice 
stacks differ. Fig. 12C shows a pair of planes of each of two stacks. It 
will be noted that, according to the Bragg-law derivation, a pair of neigh¬ 
boring planes of a stack, namely 1 and V of Fig. 12C, separated by spac¬ 
ing d, reflect x-rays with a path difference of X and a phase difference of 2t. 
A pair of planes 1 and 2 of separation Ad reflects x-rays with a path differ¬ 
ence AX and a phase difference supplied by the proportion 


from which 


^ ^ _ M 

27r X d ^ 


Ad ^ 

A0 = ~"r ‘27r. 

d 


(49) 

(50) 


To find the composite scattering from the atoms in the separate stacks, 
first consider the scattering due to a single cell. This cell contains J 
atoms of scattering power /i, / 2 , /s * * * //• Since, in general, these 
atoms occur on planes of different levels, they scatter with different 
phases. The net scattering from the cell can be found by compounding 
the amplitudes, /, at phases, 0 , on the Argand diagram, as shown in 
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Fig. 13 of Chapter 2. The resultant scattering is F, a complex number 
involving both magnitude and phase. Analytically, F can be com¬ 
pounded as follows; 

F = fi + /, • +fj (51) 

= (52) 

J 

Returning now to the scattering by the collection of stacks, evidently 
this consists of different components each like (48), but with the separate 
components phased in a manner identical with the/’s of (51). Therefore, 
the composite scattering of the several stacks is 


= 

= Ao ^ 


— 
me sm 


s\e 

—2 V 
me sin 


m 6/ 

“V. 

in 6/ 




(53) 


It is convenient to replace a, the number of pattern units per unit area, 
by a function of the pattern units per unit volume. This transformation 
is 

units units 

area volume/spacing 


/ units 


\ volume/ 


V 


spacing 


(54) 


where N = the number of pattern units in a unit volume 


It is convenient to define q == A/Aq. When this transformation is made, 
(53) takes the form 


Q 


A (sNd ^ 

— = ( —- X —: p ) F. 
Aq \sm 6 mc^ / 


(55) 


It is desirable for subsequent development to define the relative 
amplitude reflected from a unit slab, for which 5 = 1. This is, in effect, 
the relative amplitude A, reflected from a beam of amplitude Aq by a 
unit slab which, if repeated s times, would comprise a crystal composed 
of s sheets, each of spacing d. For such a unit slab, 5 = 1, and 


go = 


Agasi 

Ao 


Nd ^ 
sin Q mc^ 




(56) 


The integrated reflection. The square of (55) is the ratio of the 
intensity of the reflected beam to the intensity of the incident beam. It 
represents the reflecting efficiency of a tiny piece of crystal so small that 
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absorption and other complications are not involved. Unfortunately this 
measure of reflecting efficiency is not a good one to use experimentally. 
A major reason for this is that it applies to a crystal composed of abso¬ 
lutely parallel volume units. But real crystals differ in respect to this 
kind of perfection. If imperfection exists, adjacent volume units depart 
slightly from parallelism, and the 

crystal must be turned slightly to \ ^ 

bring each such volume unit into 
perfect Bragg-reflection condition. 

This causes the reflection peak to 
be drawn out over an angular range 
due to angular imperfection of the 
crystal. Furthermore, the degree 
of this imperfection may vary with 
direction in the crystal and, there¬ 
fore, differ for reflections from 
different crystal planes. Conse¬ 
quently the ^^peak” intensity is not 
a very reliable measure of \Fhki\^. 

A better measure of the reflecting power can be obtained by adding 
the reflections as the crystal is set at various positions near the Bragg 
angle, or, more elegantly, by integrating the reflection as the crystal 
is uniformly rotated through the region of the Bragg reflection. In 
this way, the contribution of each volume unit in even an imperfect 
crystal can be counted. 




Fig. 14. 

To develop the relations involved in this method, return to the tiny 
perfect piece of crystal whose amplitude efficiency q was given by (55). 
The maximum intensity of reflection occurs at the ideal Bragg angle, 0o, 
given by the Bragg law 

n\ = 2 d sin 0o* (57) 

Suppose that the orientation of the crystal is displaced from this orienta¬ 
tion by a very small angle, e, Fig. 13. The planes now reflect at a glanc- 
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ing angle do+e. Under these new conditions the path difference between 
planes, which is ideally nX, is changed. The original path difference for 
glancing angle is MNQ^ Fig. 14, while the new path difference for 
glancing angle do+e, is M'NQ'. If p is the length of the path, then 

p = 2 d sin ^ (58) 

The change in p due to a change in B is 


so that 


— = 2 d cos 6, 
de 

Ap = 2 d Ad cos 6 
= 2 d € cos 6, 


m 


(60) 


In the notation of (30) this corresponds to AX. Thus, the change in 
phase occasioned by the change in path, according to (30), is 


where 


2d € cos Bo 

0 =- '2'ir 


_ ^2t d cos Bq 
- £ 


B = 


= 2Be, 

2ir d cos ^0 


(61) 


(62) 

(63) 


Each of the s different planes of the crystal now scatters slightly out of 
phase with its nearest neighbor by a phase difference 5, and the first and 

nth plane scatter out of phase by the phase 
difference (n—1)5. The resultant scattering 
due to these 5 different planes can be readily 
represented on the Argand diagram, Fig. 15. 
For convenience, let the amplitude scattered 
by each plane of the crystal be represented 
by a vector of unit length. The amplitudes 
of the s different planes combine to form an 
arc of length A and radius r, whose resultant 
is the chord C, This chord and arc subtend 
an angle s8 at the center of the circle of which 
the arc is a partial circumference. The mag¬ 
nitude of the resultant C is given by (17) of Chapter 2, which can be 
rewritten in terms of the symbols used here, as 
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sin ” 
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(64) 


Since 5 is a very small angle, a convenient approximation, following that 
of (19A) of Chapter 2, for the integration to be given beyond is 

. sb 
sm — 

C = —(65) 
2 


The derivation of (64) was based upon amplitude vectors of unit length. 
The actual length of a vector of interest is the relative amplitude go? 
reflected by a single slab of the crystal, (56). Applied to the result in 
(65), this would scale up the resultant, C, by the factor go? to a quantity 
which will be designated Z). Making this scale change in (65) and also 
substituting the value of 5 given by (62) provides the particular resultant 
amplitude reflected from the crystal as a function of the angle of devia¬ 
tion, €, from the ideal Bragg angle, • 


_^ As^i sin sBe 

Aq Aq Be 


( 66 ) 


= qo 


sin sBe 
Be 


(67) 


This is the amplitude of the reflected radiation. Its intensity is 

I _ Af=i sin^ sBe Is^i sin^ sBe 

io ”"17 {BeY {BeY 


= go 


2 


sin^ sBe 


( 68 ) 


A standard way of measuring the relative reflecting powers of various 
crystal planes is to rotate the crystal at a constant angular velocity of w 
radians per second about an axis in the plane and perpendicular to the 
plane of the incident and reflected beam, Fig. 16. The reflected radiation 
is allowed to fall on photographic film or quantum counter as the plane 
passes through the neighborhood of the position corresponding to the 
Bragg angle 6q. Figure 16 shows a broad parallel beam striking an 
extended crystal surface and being reflected toward a device arranged to 
receive the radiation and record it. Consider a small area, (?, on the 
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receiving device and at right angles to the direction of the reflected beam* 
The total energy received in area G is measured while the reflection waxes 
and wanes as the angle made by the reflecting plane approaches and 
recedes from the ideal Bragg-reflection condition. That part of the crys¬ 
tal having G as a base and extending backward along the reflection 
direction is the only part concerned in contributing reflected radiation 
to the area G. 



Fig. 16. 


If the rate of rotation is w, then the plane turns through the angular 
range de in time de/o^. The total energy reaching the area G in this time 
is then the intensity times the area, times the time, namely, 

d t 

dE^IG-- (69) 

(0 


According to (68), 



Substituting this in (69), 
dE 



sin* sBeN 



Cd 


(70) 


( 71 ) 
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The total energy reflected to area G as the crystal passes through the 
Bragg-reflection region is therefore 


E 


= J dE = J loqo^- 


sin^ sBe ^ de 


(Bey 

Since IqG and w are constant, this can be written 


G- 


E = 


hG 

CO 

hG 
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qo^ s 


(Bey 

sin^ sBe 


de 


d(sBe). 


(72) 


(73) 

(74) 


Reference to (56) shows that qo is actually a function of 6, and therefore 
of e, since 6 — Oq == e. For practical purposes, the reflection is complete 
in a very small range of during which time 6, and hence g, are sub- 
stantially constant. Also, s is a constant. Thus (74) can be reduced to 


E = 


7o Gqo^ s r sin^ {sBe) 
o>B J {sBeY 


(75) 


For the same reason, the limits of integration of (75) are unimportant, 
since the function only has appreciable values when e is very small. 
Since 



sin^x _ 

-r— dx = TT, 


(76) 


in integrating (75) where sBe = a;, it is convenient to choose the limits 
— 00 to + oo. The integration of (75) thus gives 


_ /q GqY s 
c^B 


(77) 


The terms go and B are merely shorthand for the lengthy expressions in 
(56) and (63). When these values are introduced, (77) becomes 
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CO 
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CO 
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\sin 6 mc^ / \2wd cos 6/ 

^4 


Sir 


Vcom^c^^^ ^ y2sin^cos0^'^l Vsin ^ ^ 

Figure 16 shows that the volume of the crystal which contributes reflected 
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radiation to the area G is 

sm d 


(79) 


For this term may be substituted, therefore, dF, the volume of the crystal 
concerned with the experiment. When this substitution is made and 
also the substitution sin 26 for 2 sin 6 cos 0, (79) takes the form 


E - 


IpN^X^e^ 1 
CO sin 26 


p\F\^-d\ 


(80) 


where 



CO 


Q = 


1 

sin 26 


p\F\\ 


(81) 

(82) 


A quantity which has a form invariant with some of the conditions of 
the experiment is defined by rewriting (81) as 

Eoi 

— ^QdV, (83) 

h 

The quantity Eoo/Iq is known as the ‘integrated reflection.^’ In (80), if 
the rotation rate is doubled, the energy, B, received from the volume dV, 
is halved, but, in (83), the product Eo) remains unchanged. The quan¬ 
tity Eo) has the dimensions energy-radians/time == power-radians. 
Thus Eg) represents power integrated over an angular range, and could 
be called appropriately the integrated power of the reflection. 

Practical forms of the relation between E and F, Another 
arrangement of (80) is important for many present-day experimental 
purposes. The E of (80) is the total energy reflected by the volume dV 
in the course of a single pass of the crystal through the region of the 
Bragg reflection. Let Ei specifically represent this total energy reflected 
by dF in a single pass. Then, by rearranging (80) so that experimental 
constants are placed together in a group (the terms in the second paren¬ 
theses), and also by letting 1/sin 2^ = L (since this geometrical factor 
will be shown in Chapter 7 to be the “Lorentz factor”), this important 


relation can be written 




(jXlp\f\^ 

(84) 

\ 0) / 

\m^ c J 


= K,Lp\F\\ 


(85) 
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where iii = ( 1 

\m^ c V 

(86) 



Some quantitative aspects of diffraction 


This relation between Ei and \F\ ^ is convenient for certain experimental 
arrangements (such as measurement of the energies reflected from the 
several planes of a single crystal by means of a quantum counter) where a 
single pass of the plane through the reflecting condition produces sufficient 
energy to be detected. 

The energies in the several x-ray reflections hkl are commonly recorded 
by photographic means. In order to cut down absorption errors and 
other disturbing effects, a crystal is ordinarily selected which is as small 
as is convenient to handle. Since the energy of the reflection is propor¬ 
tional to dV, which is the volume of this crystal according to (84), and 
since the volume is deliberately chosen very small, the energy of the 
resulting reflection is usually not sufficient to give a reasonable blackening 
on the film in one pass through the reflecting condition of each plane. 
But the energy can be built up, and the blackening on the film therefore 
enhanced, by causing the crystal to pass through the condition for reflec¬ 
tion many times, i.e., by many rotations. Then the total energy reflected 
in these n rotations of the crystal is obviously n times that given in (84), 
namely 




LplFl^n. 


This can be put in simpler form by expressing the rate of rotation as 


radians 2Tn 


where t is the duration of the experiment. If this is substituted in (84) 
there results 


I,X^N^dV\/ 




Io\^NHdV\/ e 


Lp\F\^n 


LpW 


where Kn = 


= KnLp\F\^^ 

/h\^N^tdV\f 


The practical utilization of (89) will be discussed in other chapters. The 
meanings of the symbols involved in the results given in (84), (86), (89), 
and (91) are as follows: 
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e = the charge on the electron, 
m = the mass of the electron, 
c = the velocity of light, 

Jo == the intensity of the radiation striking the crystal, 

X = the wavelength of the x-radiation, 

N == the number of the unit cells per unit volume, 
dV — the volume of the crystal (assumed to be very small so that absorp¬ 
tion, extinction, etc., which are discussed in Chapter 8, can be 
neglected), 

t — the time of the experiment, 

0 ) = the rate of rotation of the crystal, 

L = the ^^Lorentz factor^^ (discussed in Chapter 7), 

, , . . . l-hcos^20, 

p = the polarization factor,- - - 

F = the factor representing the resultant scattering by a single unit 
cell, (52). 
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Outline of 

a crystahstructure analysis 


The last two chapters have dealt with the basic theory of x-ray dif¬ 
fraction by crystals. In Chapter 2 it was seen that each crystal structure 
is characterized by a set of diffraction spectra hkl Crystal-structure 
analysis consists in finding a structure whose diffraction spectra match 
the observed set. More specifically, the absolute magnitudes of the 
Fhki^ can be derived from x-ray diffraction experiments, and the analysis 
comprises finding a structure model vrhich would duplicate them. 

In Chapter 3 it was seen that the kind of diffraction experiment to be 
performed provides a set of integrated reflections^' for the various hkVs. 
These cannot be used as they stand, but must be corrected in various 
ways to provide an appropriate starting point for analyzing the structure 
of the crystal. To the uninitiated, the procedure may seem a complicated 
one, and many technical points must be considered in some detail if the 
matter is to be handled intelligently. Before taking the plunge into these 
technical questions and procedures, it seems appropriate to pause and 
consider the course ahead in outline. This should provide the crystal- 
structure analyst with perspective. 

While the analysis may be varied a great deal to fit the case, most 
present-day analyses of crystals of moderate complexity follow a stand¬ 
ard pattern which may be divided into several stages. 

1. Before any experimental work is done, an appropriate crystal, 
upon which all the subsequent work will be based, must be selected. 
The importance of this stage is not frequently emphasized, and it is all 
too frequently slighted by the uninitiated. If one does not start with 
appropriate material, then what follows may well be labor in vain. The 
selection and preparation of the crystal are discussed in Chapter 5. 

2. Before the investigation of the structure proper is undertaken, the 
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unit cell and space group of the crystal should, if possible, be known. 
Before any part of the actual work of crystal-structure analysis begins, 
it is a good plan to consult the available references to see if unit-cell 
and space-group information is available, since these data have been 
recorded for many crystals whose structures have not yet been deter¬ 
mined. A general reference for such information is Crystal data.'^ Data 
for minerals are recorded in more detail in Dana^s System of mineralogy} 

Since so much depends on the correctness of this basic information, 
data found in compilations should be regarded as preliminary, and should 
be checked by experimental work before the crystal-structure analysis 
proceeds. The theory and practice of unit-cell and space-group deter¬ 
mination is thoroughly discussed elsewhere.'^ ^ It should be observed 
that unit-cell and space-group information can be obtained without 
quantitatively accurate intensity control. In order to record any weak 
spectra, therefore, it is wise to overexpose photographs made purely for 
unit-cell and space-group information. The crystal which is used for this 
purpose, however, may be the same one which is to be used later for the 
accurate intensity record. 

3. The experimental part of a crystal-structure analysis consists in 
the gathering of accurate values of the intensities of the many spectra. 
This stage is discussed in detail in Chapter 6. 

4. It is most convenient to work with a set of amplitudes, of the 

spectra rather than the intensities themselves. This requires the con¬ 
version of intensities to amplitudes for all spectra. Unfortunately the 
'Integrated intensities” derived from the experiment are not merely the 
squares of the corresponding amplitudes. They contain, in addition, 
several factors which must be allowed for. These can be classified into 
certain factors having a geometrical basis and certain others having a 
physical basis. The origins of the geometrical factors are discussed in 
Chapter 7, and the origins of the physical factors in Chapter 8. These 
chapters also discuss practical ways of allowing for the factors. After 
appropriate allowances have been made, there is available a set of 

5. With all experimental data from stage 4 on hand, one seeks an 
arrangement of atoms consistent with them. This amounts to seeking, 
within the symmetry limitations of the space group, sets of coordinates 

t J. D. H. Donnay and Werner Nowaeki. Crystal data. Geol Soc. Am Mem. 60 
(1954). 

s The system of mineralogy of James Dwight Dana and Edward Salisbury Dana 
7th Ed. revised by Charles Palache, Harry Berman, and Clifford Frondel. (John 
Wiley and Sons, New York, Vol. 1, 1944, Vol. 2, 1951; Vol 3 in preparation) 

^ M. J. Buerger. X-ray crystallography (John Wiley and Sons, New York, 1942) 

^ M. J. Buerger. The photography of the reciprocal lattice. Monograph No. 1 
(1944), Am. Soc. for X-ray and Electron Diffraction. 
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xijz, for each of the atoms, which are consistent with the |F;iX;;ps. This 
stage may take various forms depending on the complexity of the struc¬ 
ture being analyzed. The complexity of the structure, from the point of 
view of crystal-structure analysis, depends upon the number of param¬ 
eters which must be fixed, as well as on their relation to one another. 
This information is often available after an investigation of how the atoms 
may be distributed among the equipoints of the space group. This 
matter, which should always be investigated, is discussed in Chapter 9. 
While it may lead to rather indefinite conclusions, it may, on the other 
hand, lead to information which is helpful in the structure analysis. 

For example, the equipoint analysis may show that the atoms of the 
structure are symmetry fixed. If so, this stage of the analysis degenerates 
into a selection among several alternatives, all consistent with the sym¬ 
metry, but only one of which is consistent with the \Fhki\^^- Such 
analyses are simple indeed, and can even be completed by using mere 
qualitative estimates of the intensities. Qualitative intensities can also 
be used to solve structures in which there is only one rr, one y, and one z 
coordinate to be fixed, as well as in some slightly more complicated cases. 
Simple analyses of this sort are discussed in Chapter 12. 

But in the more usual case the structure is too complicated for such a 
simple analysis. In the more complicated cases it is necessary to have a 
good set of and, at some stage, to employ the methods of Fourier 

syntheses. More generally it is necessary to have a deeper understanding 
of reciprocal space than is required for unit-cell and space-group deter¬ 
mination. The required background and how it is used in Fourier syn¬ 
thesis is discussed in Chapters 13 through 18. 

It turns out, as shown in Chapter 13, that the electron density of a 
crystal can be computed throughout the cell with the aid of Fourier 
series. The coefficients of the series are the Fhkis. Unfortunately these 
are quantities involving both magnitude and phase. If both could be 
measured in the diffraction experiment, all crystal structures could be 
solved as a routine. But only the magnitudes are accessible from the 
diffraction experiment, so that the solution of a crystal structure is not a 
matter of routine. There are certain kinds of crystals for which the 
additional phase information can be readily determined. The nature of 
these cases and how they are treated are discussed in Chapters 19 and 20. 
Most of the moderately complicated crystal structures which have been 
solved in the past have been solved by the methods treated in Chapter 19. 

Just after the Second World War it was discovered that the magnitude 
and phases of the F^s are not independent, but are related. This brings 
about the possibility of direct solutions of crystal structures. The 
several kinds of direct solution are discussed in Chapter 21. 

6. Having found a structure which gives a reasonable explanation of 
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the intensities, it is ordinarily desirable to refine it, i.e., to vary the 
locations of the atoms in the structure slightly, so that it gives the best 
fit with the experimental This refinement may take a number of 

different forms. These are discussed in Chapter 22, along with tests for 
the correctness of the structure, and the accuracy of the coordinates to 
be expected from the analysis. 

7. When the structure has been thoroughly established, the distances 
between neighboring atoms, and the angles subtended by such neighbors, 
can be computed. This information is of great interest in understanding 
the bonding in the crystal, and is ordinarily reported as an integral part 
of the results of crystal-structure analysis. The nature of these computa¬ 
tions is outlined in Chapter 23. 
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Selection of material suitable 
for crystahstructure analysis 


When one plans to measure the intensities of diffraction from a grating, 
it is important that he use a reasonably perfect grating. This remark is 
intended as a word of warning. A good deal of time is usually spent in 
measurement of intensities, and an even greater amount of time is spent 
on attempting to deduce a structure consistent with these intensities. 
It therefore behooves one to make sure that the crystal upon which all 
this effort is expended is an appropriate one. 

There are two ways in which a crystal commonly differs from an ideal 
three-dimensional grating in such a way that intensity measurements 
derived from it are useless: The crystal may be twinned, or it may be 
excessively imperfect. Of these two, the twinned material is the most 
insidious, and results obtained from twinned crystals may affect such 
fundamental information as the dimensions of the unit cell, the point- 
group symmetry, and the space-group symmetry. 

These two types of defective gratings are discussed in the following 
sections. 


Twinning^ 

It is vital that one should not obtain experimental data for a crystal- 
structure investigation from a twin under the supposition that he is using 
a single crystal. If one is so unfortunate as to make this error, sooner or 
later the investigation is bound to come against a barrier beyond which 
there is no proceeding until it is recognized that twinned material has 
been used. 

The basic difficulty with twins is that, in effect, one examines the inter¬ 
penetrating reciprocal lattices of the individuals of the twin under the 
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impression that he is dealing with the reciprocal lattice of a single crystal. 
One therefore interprets a composite set of reciprocal lattices as a single 
reciprocal lattice. This implies that he misjudges the point-group sym¬ 
metry, space-group symmetry, the of the crystal, and that he may 

misjudge the unit cell also. 

That this is so can be readily appreciated by referring to Mallard^s 
empirical theory of twinning,^’which has a rational explanation.® 


© 





© 





A 


B 


Fig 1 

(After Buerger.'^) 
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A B 

Fig. 2. 

(After BuergerJ) 

Mallard noticed that twinning is probable in a crystal species if its lattice 
has a certain dimensional specialization. He described this condition by 
saying that if either the cell of the lattice, or a supercell, had greater 
dimensional symmetry than the true symmetry of the point group of the 
crystal, twinning was likely. These symmetry elements of the cell over 
and above those of the point group of the crystal are possible twin ele¬ 
ments. Mallard^s description amounts to a dimensional specialization 
such that there is a registry of certain of the points of the original lattice 
with the lattice in twinned position.® This is illustrated in Figs. lA and 
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2A. In both illustrations one is viewing a nionoclinic crystal along the 
unique (2-fold) axis. The lattice points of the original crystal are shown 
as circles; those of the twinned crystal as crosses. In Fig. lA, the dimen¬ 
sions of the lattice are such that all lattice points of both crystals coincide. 
In Fig. 2Aj the points of every other horizontal row coincide. The 
greater the fraction of the points which register, the greater the proba¬ 
bility of twinning, according to the Mallard theory. In the illustrations 
the registry of points is perfect. The registry may, in a given instance, 
be more or less exact. The more exact it is, the more probable is the 
occurrence of twins, according to Mallard^s theory. 

Now, whereas the direct lattices are merely in contact with one 
another, the extent of a reciprocal lattice is independent of the size of the 
crystal, and pervades all reciprocal space. Therefore the reciprocal 
lattices of the several individuals of the twin occupy the same space. If 
the registry of points is rather exact for the direct lattices, it is just as 
exact in the reciprocal lattices. Figures IB and 2B show the reciprocal 
lattices of Figs. 1A and 2 A respectively. If the registry of the two recip¬ 
rocal lattices is so exact that one cannot observe that he is dealing with 
two lattices, they may be said to be unresolved; then the difficulties dis¬ 
cussed beyond are encountered. If, on the other hand, the registry of the 
two lattices is sufficiently imperfect that they can be seen to be resolved, 
no insurmountable difficulties due to twinning are present. In this 
event, one simply draws a net through each lattice of the twin and fixes 
attention on one member of the twin only. The chief difficulty in this 
case is a loss of convenience of interpretation. It is also difficult to allow 
for a correction of the absorption by one twin of the radiation diffracted 
by the other. 

In case the twins are unresolved, the difficulties discussed in the suc¬ 
ceeding sections, under unit cell, 'point-group symmetry, and space-group 
symmetry, apply. 

Kinds of crystals likely to offer trouble due to twinning. Twins 
occur with great frequency in derivative structures.'*’^ A derivative 
structure is one which can be derived by generalization of another struc¬ 
ture known as a basic structure. This relation can be expressed in terms of 
symmetry. Specifically, a derivative structure can be derived from a 
basic structure by suppressing one or more of its symmetry operations. 
Fig. 3. It follows that the symmetry content per unit volume of the 
derivative structure is a submultiple of that of the basic structure. A 
particular and well-recognized variety of a derivative structure is a super¬ 
structure, but it should be understood that the category of derivative 

M. J. Buerger. Derivative crystal structures. J. Chem. Phys. 16 (1947) 1-16. 

§ M. J. Buerger and Newton W. Buerger. Low-chalcocite and high-chalcocite. 
Am. Mineralogist 29 (1944) 55-65. 
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structures is much more general than this and includes superstructures 
as a special case. 

Any crystal which has high- and low-temperature forms related by a 
disordering or displacive transformation invariably has a basic structure 
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Fig. 3. 

(After Buerger.^) 


for the high-temperature form and a derivative structure for the low- 
temperature form.'f^' Since the low-temperature form is a derivative 
structure, it almost invariably occurs as a twinned intergrowth whether 
the particular specimen has descended from the high-temperature form 
by inversion or not. Crystals having high-low inversions are not the only 
examples of derivative structures; the category is much more general. 
It also includes crystals of double salts. 

’*■ M. J. Buerger Disorder in crystals of non-metals Anais acad. brasil. cienc. 21 
(1949) 245-266, especially 252-253. 

5 M. J. Buerger. Crystallographic aspects of phase transformations. Chapter 6 of 
Phase transformations in solids, edited by R. Smoluchowski, J. E. Mayer, and W. A. 
Weyl. (John Wiley and Sons, New York, 1951) 183-209, especially 195-196. 

^ M. J. Buerger. Precipitation of segregate phases from solid solution, Proc. 2nd 
International Symposium on the Reactivity of Solids, Gothenburg, 1952. Part I, 
225-235. (Published by Elanders Boktryckeri Aktiebolag, Gothenburg, Sweden, 
1953.) 
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Another version of this same subject which does not involve the notion 
of derivative structure but which covers partly similar ground may be 
had by adopting Mallard’s view on twinning. According to Mallard’s 
theory/’^’^ the greater the fraction of points on the twinned lattice 
which register with the untwinned lattice, the greater is the probability 
of occurrence of twins. In the merohedral crystal classes,^ all the points 
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of the lattice of a structure register with the lattice points of the reversed 
(and therefore twinned) structure, so this fraction is unity. Therefore 
twinning should have the highest probability of occurrence in crystals 
of the merohedral crystal classes. This is borne out by experience. 

Unit cell. It will be observed from Fig. 1 that if there is an exact 
registry of all points of the reciprocal lattice, the unit cell inferred for the 
composite lattice is also the true cell (although its symmetry is altered 
as discussed in the next paragraph). On the other hand, Fig. 2B shows 

t A merohedral crystal class is one having a symmetry which is a proper subgroup 
of the symmetry of its lattice. 
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that if not all points of the two lattices register, the reciprocal cell as 
inferred from the composite reciprocal lattice is smaller than the true 
reciprocal cell. This means that one infers too large a direct cell by some 
integral multiple. If the reciprocal lattice contains strange extinctions in 
the spectra which affect the lattice type, this is a key to the detection of its 
composite character.^ For example, in Fig. 2B, every alternate vertical 



Fig. 5. 

(After Buerger.^) 


row has missing points. This curious condition could be caused by no 
possible lattice requirement. 

Point-group symmetry. If the several individuals of the twin are 
equally developed, the symmetry information obtained from the twin is, 
in general, different from that obtained from the single crystal. It is a 
simple matter to predict the symmetry of the twin composite. Consider 

+ An interesting example has been recently discovered by Gabrielle Donnay, 
J. D. H. Donnay, and G. Kullerud. Crystal and twin structure of digenite, CuqSb- 
Am. Mmeralologist 43 (1958) 230-242. 
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Fig. 4, which shows separately the reciprocal lattices of the two parts of 
a twin in twin orientation. Each has a 4-fold axis. When the reciprocal 
lattices are superposed so that they have the same origin, the 4-fold axes 
of the separate individuals coincide, so that the twin also has a 4-fold axis. 
But the superposition causes further symmetry in the composite. Any 




2mm 

Fig. 6. 

(After Buerger.^) 

point on the left (say) of one lattice is related to a similar point on the 
right of the other lattice by the symmetry operation which relates the two 
individuals of the twin. Therefore the twin composite has the common 
symmetry of the individuals of the twin in twin orientation, augmented by the 
operation of the twin law. 
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A somewhat more complicate example is shown in Fig. 5. Here 
the single crystal has symmetry 42m and the individuals are twinned by 
reflection across (010). Not only the 4 axis, but also the 2-fold axes and 
the two diagonal planes are parallel in the two individuals of the twin. 
The twin composite therefore includes the common symmetry elements, 
namely the 4 axis, the 2-fold axes, and two diagonal planes, and this is 
augmented by the mirror operation which relates the two individuals of 
the twin. The twin composite therefore has symmetry 4/m 2/m 2/m. 

It might appear from these two examples that the symmetry of a twin 
is always an enhancement of that of the individual, but this is not gen¬ 
erally so. The reason for this is that symmetry elements not parallel 



Fig. 7. 

(After Buerger.'^) 


to each other in the individuals of the twin are suppressed. This is 
demonstrated in Fig. 6. In this illustration the individual has the sym¬ 
metry 4mm. But the only parallel symmetry element in the two indi¬ 
viduals is the symmetry plane parallel to the plane of the paper. There¬ 
fore all others are suppressed. The twin composite has this common 
symmetry element augmented by the operation of the mirror which 
relates the individuals. These two perpendicular mirrors give the twin 
composite the net symmetry 2mm. 

It is possible for the twin to have the same symmetry as the individual. 
This is shown with the aid of Fig. 7. Here the individual has the sym¬ 
metry 2mm. Both symmetry planes are suppressed in the twin, although 
the 2-fold axis is retained. When this is augmented by the mirror opera¬ 
tion of the twin law, the twin again has the symmetry 2mm which is the 
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same as the symmetry of the individual. But the orientation of the twin 
symmetry is quite different from that of either individual. 

It is thus evident that the twin can have either a lower or a higher 
symmetry than that of the single crystal. The requirement of common 
symmetry elements tends to suppress symmetry elements so that they 



Fig 8. 

(After Buerger.q 


are missing in the twin, yet the addition of the symmetry operation of the 
twin law tends to increase the symmetry elements present in the 
indiyidual. 

The analysis of the symmetry of repeated twins is a little more com¬ 
plicated but follows the same general principles. Two examples may 
be cited. Figure 8 shows a common type of repeated twinning known as 
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a trilling. Three orthorhombic individuals of symmetry 2mm are inter- 
grown so that each pair of neighbors is related by a reflection. This is 
equivalent to saying that the three individuals are related by the complex 
symmetry law 3m, indicated in the illustration. The only common ele¬ 
ment among the three individuals is the 2-fold axis. When this is aug¬ 
mented by symmetry 3m, the trilling is seen to have the symmetry 6mm. 
It is in this way that orthorhombic crystals of pseudohexagonal cell 
dimensions commonly form trilled intergrowths to mimic hexagonal 
crystals. 



o o 


o 

Fig. 9. 

(After Buerger. 0 

But such trillings need not necessarily have hexagonal symmetry. A 
hypothetical example where this does not occur is shown in Fig. 9. Here 
monoclinic crystals of symmetry m are trilled. Individual 1 is related by 
reflection to both individual 2 and 3, but 2 and 3 cannot also be related by 
a reflection, although they are related by a 120° rotation. The mirrors of 
the individuals are suppressed because they are not parallel. The unlike 
twin operations also are suppressed because each only relates part of the 
whole set of individuals. The resulting composite has no symmetry. 
Another way of deriving this result is to first combine individual 1 with 2 
according to the standard procedure for finding the symmetry of a twin. 
The symmetry of this pair is m, a vertical mirror. If now this twin pair 
with a vertical mirror is combined with individual 3, which has a hori¬ 
zontal mirror, these mirrors are suppressed. No other relation exists 
between the 1+2 combination and 3. They are not twins with respect 
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to one another and they have no parallel symmetry elements, so that if 
combined, they have together no symmetry. 

Note that in determining symmetry by x-ray means, the diffraction 
introduces an inversion center into the symmetry collection."^ Thus the 
symmetry of a twin always appears to have an inversion center unless the 
wavelength employed is near the absorption edge of an element present 
in the crystal. 

As a matter of practical procedure one must determine the symmetry 
by one of the standard x-ray techniques. If the investigator has the 
equipment, he will certainly make this determination by one of the 
moving-film methods, presumably by investigating the reciprocal lattice, 
a level at a time. The relation between the level symmetries and the 
symmetry as a whole is discussed elsewhere.^ By far the most con¬ 
venient way of investigating symmetry is by means of the precession 
method. The Weissenberg method provides the same information some¬ 
what less conveniently. The oscillating-crystal method provides very 
little symmetry information indeed,^ while the rotating-crystal method 
and powder method are capable of giving no direct symmetry information 
whatsoever. 

Space-group symmetry. Space-group determination, certainly in 
the preliminary stages of a crystal-structure analysis, is carried out with 
the aid of characteristic extinctions (absent spectra). The reciprocal 
lattice of a crystal whose symmetry includes translation-bearing sym¬ 
metry elements contains central lines or planes, or both, which are 
characterized by systematically missing reciprocal-lattice points. The 
twin operation transforms the reciprocal lattice so that these central lines 
or planes of one reciprocal lattice superpose with some other lines or 
planes of the twinned reciprocal lattice. In general, the tendency in 
such superposition is for an “absent” point of one lattice to fall upon a 
present point of the other lattice, and this annuls the absence. This 
causes the extinction rule to be violated and the presence of a character¬ 
istic screw axis or glide plane is hidden. This alteration of the apparent 
symmetry is always in the direction of removing an extinction. It is 
therefore in the direction of replacing a screw by an apparent rotation 
axis, and replacing a glide plane by a reflection plane (also of replacing a 
centered unit cell by a primitive one). For this reason any crystal which 
appears to belong to a space group with no extinctions, or even very few 
extinctions, is subject to the suspicion that the symmetry data may have 
been derived from twinned material. Space groups with all reflection 

+ M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 
1942) 55-58. 

5 Ihid. Chapter 22, especially Tables 28 and 29. 

^ Ibid, pages 204-206. 
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planes or all rotation axes, such as Pmmrrij should be regarded with 
suspicion. 

In case the masking of extinctions is incomplete, there may remain a 
set of systematically absent spectra which correspond to no extinction 
rule. This is a warning that the extinction cannot be relied upon. This 
has been illustrated by arsenopynte,^ FeAsS, which is monoclinic, 
P 2 i/c. This crystal is a derivative of marcasite, FeS 2 , and twins accord¬ 
ing to the rules discussed in a foregoing section. From the Mallard 
point of view, this crystal should twin readily because its dimensional 
symmetry is such that an orthogonal supercell can be found. But, more 
fundamentally, it should twin readily because it is a derivative structure 
based upon the orthorhombic marcasite, FeSa. In fact it can be regarded 
as the double salt FeS 2 ‘FeAs 2 . In any event, it can be referred to space 
group B 2i/d to bring out this relationship. The reciprocal lattices of 
the two individuals of a twin are shown separately and superposed in 
Fig. 10. The extinction rules are shown analytically for both P2i/c 
and B 2i/d in Table 1. Figure 10 shows that, in accordance with the 

Table 1 


Apparent extinctions from a twin of arsenopyrite, FeAsS 
(After Buerger^) 

Primitive lattice, P 2i/c 



First individual 

Twinned individual 
indexed on reference 
frame of first individual 

Extinction rule for individual 

/lOZ absent 
when 1 is odd 

hOl absent when h 
is odd 

Extinction rule for twinned 



composite indexed on reference 
frame of first individual 

hOl absent when, both h and 1 are odd 


B-centered lattice, B 2i/d 



First individual 

Twinned individual 
indexed on reference 
frame of first individual 

Extinction rule for individual 

hOl absent when 

hOl absent when 


h-\-l =- 4-2n 

-h-jrl “ 4 — 2iti 
or h — l = 4—2n 

Extinction rule for twinned 



composite indexed on reference 
frame of first individual 

hOl absent when ± (/i±0 = 4—2n 
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discussion given in a foregoing section, the point-group symmetry ol the 
reciprocal lattice is 21m 2/m 2fm. Although the composite reciprocal 
lattice has orthorhombic symmetry, the extinction rule given in Table 1 
cannot be recognized as any orthorhombic rule, and the crystal would 
appear to have no extinctions, and therefore to belong to space group 
P 2/m 2/m 2/m. The fact that the apparent space group is one without 
any screw axes or glide planes, and yet there are systematic absences of a 
meaningless type, is an inherent warning that the specimen is a twin. 

Direct lattice Reciprocol lattice 



In other instances there may be no warning. This is unfortunately 
true in trillings of orthorhombic crystals which mimic a hexagonal indi¬ 
vidual, an illustration of which was given earlier in Fig. 8. In that exam¬ 
ple the twin plane was (130). If Mallard^s rule is accepted, the twin plane 
could be either (130) or (110), as shown in Fig. 11, since reflection across 
either plane throws the net into coincidence with itself. Figure 11 shows 
both direct lattice and reciprocal lattice. Let the planes of the reciprocal 
lattice which contain extinctions be (100) and (010). Consider where 
these are located after twinning. If (130) is the twin plane, (100) is 
reflected across (130) so that it comes to coincide with (130) of the 

untwinned individual, and (010) comes to coincide with (110) of the 

untwinned individual. In other words, the planes of the twin which 

contain extinctions come to coincide with planes of the untwinned 

individual in which all points are, in general, present. Therefore the 
extinction disappears except along the line of intersection [001]*. That 
is, the only extinction of the twin is 001 when I is odd, which is a 
perfectly normal hexagonal extinction corresponding to a 63 screw. If 
the orthorhombic crystal is repeatedly twinned to simulate a hexagonal 
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crystal, then one would mistake this twinned aggregate for a normal 
hexagonal crystal of diffraction symbol‘s 6 /mP 63 which contains space 

groups P63 and PGs/m, or diffraction symbol Q/mmmPdz -, which 

contains space group P 63 2 . These conclusions are wrong. An 
identical conclusion would have been obtained had ( 110 ) been the twin 
plane. Crystals which appear hexagonal but which have only extinction 
of OOZ when Z is odd should be regarded with suspicion. 



Fig. 12. 

Device for grinding and polishing surfaces on single crystals. 

(After Buerger and Lukesh.^) 

Detection of twinning. There are several means of detecting 
twinning. If the crystal is transparent it should certainly be examined 
with a polarizing petrographic microscope for areas with different optical 
orientations. This technique is too well known to require description 
here.^ ^ 

It is less well known that opaque crystals can be examined for optical 
properties with the aid of the polarizing metallographic microscope.^ 
By means of this instrument any smooth face of a crystal can be examined 
for optically distinct areas. Since twin boundaries often occur at the 

t See M. J. Buerger, X-ray crystallography (John Wiley and Sons, New York, 1942), 
page 514, and change C to P for modernization of symbols 

§ Alexander N. Winchell. Elements of optical mineralogy. Part I. (John Wiley 
and Sons, New York, 5th Ed., 1937) 

^ Ernest E. Wahlstrom. Optical crystallography. (John Wiley and Sons, New 
York, 2nd Ed., 1951) 

^ J. Orcel. Notes sur les caracthres microscoptques des min&raux opaques^ principale- 
ment en lumihre polarises. Bull. soc. franc., min4ral 61 (1928) 197-210. 
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edge between two faces of the twin, it is even better to grind and polish 
an artificial plane on the presumably single crystal for optical examina¬ 
tion. Figure 12 shows an apparatus especially designed to grind and 
polish such surfaces on small crystals.® It consists chiefly of a motor 
whose shaft bears a small disk on which can be placed various grinding 
and polishing surfaces, and a crystal mount which carries a ruggedly 
constructed goniometer head to which the crystal is cemented. When 
the motor is running, the crystal can be gently forced against the rotating 
lap and caused to range over the area of the lap. Figure 13 shows an 
example of a crystal surface prepared by this instrument. The crystal is 
one of arsenopyrite, FeAsS, which had been thought to be a single 
individual. That the crystal is really a twin is obvious when examined 



Fig. 13. 

Polished surface of Spindelmuhle arsenopyrite crystal viewed between crossed nicols 
in reflected, polarized light, showing twinning. 

(After Buerger.'*) 

by reflected polarized light, as shown in Fig. 13. One can observe that 
the corner of the supposed single crystal is actually determined by the 
twin boundary. Another example of a crystal prepared by this apparatus 
is shown m Fig. 14. This shows polysynthetic twinning in a danaite 
crystal, (Fe, Co)AsS, as revealed by reflected polarized light. 

Unfortunately, optical methods are powerless to reveal certain kinds 
of twins. For example, twins of merohedry (according to the Mallard 
nomenclature) in the tetragonal and hexagonal systems cannot be dis¬ 
tinguished because the obverse and reverse forms both have their uniaxial 
indicatrices parallel. Twins of this sort can, however, be revealed by 
suitable etching. 
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Crystal imperfection 

Imperfection resulting from growth. Crystals vary in perfection. 
The nature of the imperfection which spoils some of them for use in inten¬ 
sity studies can be appreciated if it is present in sufficiently exaggerated 
form. It then becomes apparent that what one first takes to be a single 
crystal really behaves as an aggregate of smaller crystals in subparallel 
orientation, Fig. 15. If the crystal is examined more closely, it is usually 
evident that what should be a single termination actually is replaced by 
several separate terminations having slightly different orientations. As 



Fig. 14. 

Polished surface of Sulitjelma danaite crystal viewed between crossed nicols in 
reflected, polarized light, showing polysynthetic twinning. 


these subindividuals are followed back toward the center of the crystal, 
the deviations in orientation become less and less marked, and, if they 
can be followed back to the original nucleus of the crystal, these separate 
branches of the structure merge with one another to form a true single 
crystal. This is an aspect of the lineage structure of crystals. This 
name is a shorthand way of saying that a crystal tends to be continuous 
but branched. An idealized two-dimensional diagram of the nature of 
lineage structure for a symmetrical crystal is shown in Fig. 16. Evi¬ 
dently as the crystal grows, portions of its structure advance independ¬ 
ently. These separate lineages, in growing, may twist slightly with 
respect to one another, as shown in Figs. 17 and 18. 
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Fig. 15. 

Pyrite crystal from Elba which appears to be composed of a subparallel intergrowth 
of smaller crystals. 

(After Buerger.^®) 



Fig. 16. 

Lineage structure. A. Diagram of the cells of a small, perfect crystal. B. Diagram 
of the cells of a larger real crystal; branching into lineages is apparent. C. Dis¬ 
continuities in the structure of B. 

(After Buerger. ^1) 


The single-crystal x-ray photographs of such ^^subparalleh' aggregates 
have a characteristic appearance. Usually each reflection consists of a 
major reflection accompanied by various satellites trailing from it, Fig. 
19. Unfortunately the degree and direction of dispersion of the satellites 
varies with the rotation coordinate, oj, of the Weissenberg photograph. 
This is because the angular departure from exact parallelism of the sepa- 
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Fig. 17. 

Galena from Joplin, showing lineage structure. 
(After Buerger A®) 


rate lineages occurs in three dimensions and is not uniform in the several 
dimensions. 

X-ray photographs showing such satellitic reflections are most inap¬ 
propriate for intensity measurement. If an integrated-intensity method 
is used in intensity determination, it is necessary, with such a photograph, 
to be certain that the entire cluster of satellites is included in the inte¬ 
grated intensity measured. Unfortunately this includes a great deal of 
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background of variable amount with each reflection. On the other hand^ 
if a peak-intensity method is used, the height of the peak for a given 
integrated intensity varies inversely but in an unpredictable way with the 
amount of dispersion of the satellites, which is itself variable with the 
rotation angle, oj, of the Weissenberg photograph. In other words, if this 



Fig. 18. 

Cleavage surface of galena from Joplin, showing the coalescence of individual lineages 
toward the nucleus, below. 

(After Buerger. 

effect is present at all, the peak height is by no means a measure of the 
integrated intensity even for the same value of sin 6, 

Imperfection due to plasticity. Plastic crystals^ offer great 
difficulties in intensity determination and even in space-group deter¬ 
mination."^ To investigate such a crystal requires finding an individual 
crystal not previously deformed and then making sure that in subse¬ 
quent handling no plastic deformation is incurred. Since some plastic 
crystals are as plastic as butter, it is no simple matter to arrange for 

Newton W. Buerger. The unit cell and space group of sternhergite^ AgFe 2 ,Sz. 
Am Mineralogist 22 (1937) 847-854. 
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appropriate material for x-ray analysis. Crystals having layer structures 
are particularly prone to become plastically deformed. Such crystals 
have one plane along which translation gliding is extremely easy. Ordi¬ 
narily plastic deformation is accompanied by bending about an axis in 
this plane so that the crystal grating loses its true three-dimensional 
translational periodicity due to curvature. Crystals bent in this fashion 
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Fig. 19. 

X-ray reflections split in various ways due to lineage structure. 

(After Leonhardt and Tierneyer, Z. Physik 102 (1936) 784.) 

give reflections most of which are defocused, or drawn out, by unpredicta¬ 
ble amounts. Photographs of such crystals are nearly useless for 
intensity measurement, and even space-group determination may be 
hampered because one cannot always be sure whether an apparently 
absent reflection is really absent or merely appears to be absent due to 
weakness resulting from defocusing. Quantum-counter intensity work 
based upon such a crystal can give spurious results because an unpre¬ 
dictable amount of the defocused reflection does not enter the counter. 
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Preferred orientation 

If intensities are determined by reflection from a powdered specimen, 
it is vital that there is no preferred orientation in the powder. This 
undesired condition arises readily if the crystal fragments composing 
the powder have a non-equidimensional shape, particularly if they have a 
platy or acicular shape. Such shapes respectively occur in the crushed 
fragments if the crystal has a single perfect cleavage, or two or more per¬ 
fect cleavages in a single zone. Micaceous minerals and amphiboles are 
examples of crystals having such cleavages. Preferred orientation may 
also occur in a powder which is composed of tiny uncrushed crystals of 
platy or acicular habit. 



Fig. 20. 

Powder photograph of a 1:1 stearic acid : sodium stearate, showing shaded arcs 
indicative of preferred orientation caused by plastic deformation induced in preparing 
the powder sample. 

Preferred orientation also commonly develops in powders composed of 
crystals of extreme plasticity regardless of cleavage or habit. This 
is particularly common in powders of layer-structure crystals such as 
graphite, molybdenite, and soap, Fig. 20. The preparation of the 
powder sample causes the crystal to deform and this is attended by a 
reorientation.^ 


Size and shape of crystal 

It will become evident from the discussion in Chapter 8 that it is 
difficult to correct diffraction intensities for the absorption of the crystal. 
If the absorption coefficient of the crystal is not too high, the absorption 
is often neglected. But when this is done, it is important to use a very 
small crystal so that whatever absorption does exist is minimized. 
Usually crystals about 0.1 or 0.2 mm. in cross-section diameter are 
appropriate for intensity determination. That this is small enough 
should be checked by taking a preliminary zero-layer Weissenberg 
photograph. If the reflections near the center line of the photograph 
show less intense centers, this is an indication that the absorption is still 
extreme and a smaller crystal should be used. 

A crystal which is needle shaped parallel to the rotation axis is a desira- 
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ble form since it provides large intensities without large absorptions. 
Since the correction of absorptions for pure cylindrical specimens is com¬ 
paratively simple (Chapter 8), the crystal can be ground into the form of 
a cylinder for intensity measurements.^^- 

A simple and practical technique has recently been developed for 
grinding a spherical surface onto a crystal.A spherical crystal has 
the advantage that the absorption correction is the same for any level 
for the same value of sin 0. The same spherical crystal can be used for 
all rotation axes so that all reflections are based upon the same volume of 
crystal. 



Fig. 21. 

Device for grinding spherical surfaces on crystals. 
(After Bond/® modified.) 


Figure 21 shows the apparatus for grinding a spherical surface onto a 
crystal. The crystal is placed in a disk-shaped chamber whose circum¬ 
ference is lined with fine emery paper. The crystal is tumbled about the 
periphery of the chamber by blowing a stream of compressed air tan¬ 
gentially into the chamber. The crystal acquires a spherical surface in a 
matter of seconds. 

The resulting sphere must be oriented. Ordinarily the sheen of the 
spherical surface differs with the orientation of the plane tangent to the 
surface. The sheen therefore reveals the symmetry of the crystal in a 
rough way. If the crystal is transparent and non-isometric, the actual 
orientation can be carried out optically with the aid of the polarizing 
petrographic microscope. This preliminary orientation can be refined on 
the precession apparatus. 
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Measurement of intensities 


Intensity measurement may be carried out by either of two different 
kinds of instrumentation, the photographic film or, more directly, the 
quantum counter. With either of these devices it is possible to measure 
either the peak intensity or the integrated intensity. The measurement 
of the integrated intensity is the more difficult undertaking. 

The advantage of the photographic instrumentation is that the primary 
record is made automatically by the Weissenberg apparatus (for exam¬ 
ple) without requiring any supervision or control by the investigator. 
Counter methods, on the other hand, ordinarily require constant super¬ 
vision and control, and a permanent primary record may or may not be 
automatically made. Up to the present time the photographic instru¬ 
mentation has been by far the most common, partly because the appara¬ 
tus required is no different from that used in the determination of the unit 
cell and space group, and therefore is available in every laboratory. 

Powder versus single-crystal methods 

It is possible to make intensity determinations using either the powder 
method or a single-crystal method. The powder method offers two 
advantages. Corrections for absorption are very simple with the powder 
method, and if a fine enough powder (composed of grains of the order of 
10 ""^ cm. diameter) is used, no correction is necessary for primary 
^^extinction”, as pointed out in Chapter 8. 

The powder method, however, has many disadvantages. The greatest 
disadvantage is lack of resolving power, for reflections with nearly the 
same value of the reciprocal-lattice distance, a, fall together on the powder 
record, as pointed out in Chapter 7. For this reason the intensities of 
individual reflections from crystals with large cells cannot be investigated 
by the powder method. 
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A special case of lack of resolving power occurs with crystals belonging 
to the classes of the tetragonal and hexagonal crystal systems lacking 
“vertical” symmetry planes. For such crystals the reflections hkl and 
hkl have different intensities, yet they superpose identically in the powder 
method. Fankuchenf has suggested that the difficulty in such cases can 
be mitigated by the following procedure: The composite intensity from 
hkl and hkl is furnished by the powder method. The ratio of these inten¬ 
sities can be rather closely determined from a single-crystal photograph, 
for example by comparing the blackening of hkl and hkl as they occur on 
an Hevel, c-axis Weissenberg photograph. This determination is readily 
made, particularly from a symmetrically developed crystal. Since all 
corrections to be applied to hkl and hkl are known, the composite intensity 
of hkl + hkl can be readily apportioned to the two reflections. While 
this method was suggested specifically for application of the powder 
method to the determination of the intensities of tetragonal and hexago¬ 
nal crystals lacking “vertical” symmetry planes, obviously the scheme can 
be extended to any crystal which gives unresolved powder reflections. 

Photographic methods 

Fundamentals of the photographic process.®”^ The sensitive 
material of a photographic film is silver bromide containing a few per cent 
of silver iodide. Grains of silver bromide suspended in gelatin constitute 
the photographic emulsion. For most x-ray purposes both sides of the 
photographic film are coated with this emulsion; film to be used for focus¬ 
ing powder cameras should be coated on one side only, because the rays 
strike the film at very oblique angles in such cameras. 

Exposure to light or x-rays causes a change in certain grains of the 
emulsion. In each of these changed grains there arises a small nucleus 
of metallic silver which constitutes a latent-image nucleus. When the 
emulsion is treated with developer, these particular grains gradually 
change from silver halide to metallic silver. It should be emphasized 
that the development proceeds by transforming sensitized grains only, 
leaving unchanged those other grains which have not been sensitized by 
the exposure. The total amount of silver produced by developing 
depends, first, upon the number of grains in the emulsion affected by light 
and, secondly, upon the extent that the developer is allowed to transform 
these specific grains from silver halide to metallic silver. 

It is believed that the absorption of 1 quantum of light of the visible 
region produces a free silver atom, but that about 300 quanta need to be 
absorbed to produce a silver nucleus which is developable. In the x-ray 
region, however, only 1 quantum is believed necessary to produce a 

t Personal communication. 
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developable silver nucleus. To the first approximation the total number 
of nuclei formed is thus proportional to the number of quanta received 
by the film. For emulsions exposed to x-rays it has been well established 
that the reciprocity law is obeyed, i.e., that exposure is equal to the prod¬ 
uct of intensity and time, so that intensity and time enter as equal fac¬ 
tors. Thus the amount of developable silver nuclei produced by x-rays 
(in a fixed time, t) in a film is proportional to the intensity of the x-rays 
falling upon it. 

The amount of developed silver is commonly measured by the black¬ 
ness produced on the film. ^ To discuss this it is convenient to consider 
how much light the developed film transmits, or how much light it blocks. 
Let a beam of light of initial intensity Lq fall on the film. In general 
the intensity of the beam is diminished in passing through the film so that 
it has a lesser intensity L on emerging. The transmission of the film is 
defined as 

T^~ ( 1 ) 

Jbo 

T may be regarded as a measure of the efficiency of transmission of the 
film. The opacity is defined as 

0 . ( 2 ) 

If the transmitted intensity, L, is unity, (2) yields 0 = Lo; thus 0 may be 
thought of as the intensity of light which must fall on the film in order 
that a unit intensity emerges through it. 

Consider a small thickness dt of developed emulsion containing N 
silver atoms per unit area. Let light of initial intensity Lq fall upon this 
small layer. The absorption by the silver reduces the intensity by an 
amount dL. This reduction is proportional to the amount of silver, to 
the initial intensity, and to the thickness of the film; i.e., 

-dL = kNLdt, (3) 

where ft is a proportionality constant (the linear absorption coefficient, 
expressed in cm."“^ units). Therefore, 

^ = kN dt. (4) 

Lt 

On integration this gives 


In Lo In L = kNt, 
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The quantity Nt is the number of silver atoms in a volume bounded by a 
unit area and the total thickness of the film, so that kNt is proportional 
to the density of silver in the film. 

In photographic practice it is customary to express (5) in terms of 


common logarithms. 

Since common logarithms and natural logarithms 

are related by 

logic X = 0.4343 logs X, 

(6) 

(5) is equivalent to 

logic = oAsmm 

(7) 


= D. 

(8) 


The quantity O.^^^^kNt is proportional to the density of silver in the film 
and is defined as the density, D, for photographic purposes. 

From (1), (2), and (8) the following relations between transmission, 


opacity, and density can be deduced: 

From (1), (2): 0 = ^> (9) 

From (2), (8): logio 0 = D, (10) 

From (9), (10): logic T = logic ^ = -logic 0 (11) 

From (10): 0 = 10^, (12) 

From (9), (12): F = 10“®. (13) 


This discussion shows that the density of the silver precipitated can be 
measured by logio Under the simple conditions considered, 

this measurable quantity is proportional to the x-ray exposure. Conse¬ 
quently if one plots logio against the x-ray intensity, or exposure 

E, a straight line should result. This is actually true up to a limited 
exposure corresponding to a density value which may be as high as 1,4 
with normal development, but which depends upon conditions of develop¬ 
ment. At density values beyond a certain point the density does not 
increase as rapidly as exposure. The smaller increments of blackening 
with larger exposures may be attributed largely to absorption of quanta 
by grains which have already been sensitized by quanta received earlier. 
Repeated absorption by the same grain does not increase the number of 
developable grains. 

Typical density-exposure curves^ for x-rays and visible light are shown 
for comparison in Fig. 1. The curve for visible light differs chiefly by 
having a region of “inertia'^ where exposure does not give rise to any 
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blackening. Figure 2 shows the relation between density and exposure 
for sonae photographic materials used in the United States. 

As pointed out above, the density is a linear function of exposure for 
x-raySj up to some limiting value of the density. Van Horn® has pointed 
out how this linear relation can be extended to much higher densities. 
Fundamentally the linearity is limited by a certain exposure level, 

Table 1 

Increase in slope at low densities with extent of development 
(After Van Horn®) 


Development 

time 

in minutes 

Slope (No-Screen film at 5 min. — 100) 

Kodak Industrial 
X-ray Film, Type K 

Kodak No-Screen 
Medical X-ray Film 

3 

89 

87 

5 

104 

100 

8 

120 

122 

10 

127 

130 

13 

132 

146 

18 

139 

158 


Table 2 

Linear ranges of density-exposure relation 

(After Van Horn®) 


Film 

Range of 
relative 
exposure”** 

Range of 
density 

Develop¬ 
ment time 
in minutes 
at 68° F 

Kodak Industrial X-ray, Type K 

1-38 

0 61-2 5 

18 

Kodak No-Screen Medical X-ray 

1-64 

0 41-4.0 

18 

Kodak Industrial X-ray, Type A 

1-36 

0 15-3.0 

5 

Kodak Industrial X-ray, Type M 

1-56 

0 17-3 0 

3 


Unit exposure is that which produces a density of 0.05 above fog. 


beyond which second quanta begin to reach grains already sensitized, 
and therefore fail to leave a record of their arrival on the emulsion. But 
density is a function of both exposure and development time. Density 
can also be enhanced by increased development so that it increases strictly 
proportionally to the exposure. Great densities can therefore be attained 
by moderate exposures followed by long developments. Now, pro¬ 
vided that the exposures do not overstep the linear region, the linear 
density:exposure relation can be extended to large densities simply 
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by long development. For example, normal development for Eastman 
No-Screen film is 5 minutes at 68° F in Eastman rapid x-ray developer. 
But so far as the weak exposures are concerned, the development can 
be extended to 18 minutes with profit. This gives the linear part of the 
curve a steeper slope, and the density: exposure relation remains linear 

Table 3 

Speeds of films at different wavelengths 
(After Van Horn®) 


Film 

Speed for 

CrKa 

CuKa 

MoXa 

Kodak Industrial X-ray, Type K 

150 

130 

110 

Kodak No-Screen Medical X-ray 

100 

100 

100 

Kodak Industrial X-ray, Type F 

85 

60 

40 

Kodak Single-Coated X-ray 

80 

45 

25 

Kodak Industrial X-ray, Type A 

22 

17 

14 


up to densities of about 4. Unfortunately these long exposure times 
increase the background of fog density of the film. 

Some data showing the properties of some commercial x-ray film as 
given by Van Horn® are reproduced in Tables 1, 2, and 3. 

Use of intensifying screens. It is well known that a specified 
density can be achieved with a shorter exposure if an intensifying screen 
is placed behind the x-ray film. A careful quantitative study of the 




Fig. 3. Fig. 4. 

(Filtered Cu radiation.) (Filtered Mo radiation.) 

Density versus per cent of time exposed, for various exposure times (in seconds). 
Straight lines correspond to relations without intensifying screen, curved lines to 
relations with intensifying screen. 

(After Gamertsfelder and Gingrich. 2 ) 
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intensifying effect has been made by Gamertsfelder and Gingrich.^ 
The effect of the Fluorazure intensifying screen on enhancing density, as 
found by them, is illustrated in Figs. 3, 4 and 5. It will be observed that 
intensifying screens contribute an “inertia” region to the density: expo- 
sure relation. The reason for this is probably that the intensifying action 
consists of converting x-ray energy to light, which then exposes the film. 
The film thus behaves partly as if it were being used with visible light, the 
action of which is characterized by an “inertia” region. It is plain from 
these results that the intensifying screen provides enhanced density at the 
cost of destroying the beautiful linearity between the density and expo¬ 
sure which is characteristic of ex¬ 
posure to pure x-rays. For this 
reason it is undesirable to use 
intensifying screens in intensity 
determinations. 

Incidentally, Gamertsfelder and 
Gingrich^ point out that greater 
densities for a given exposure can 
be produced by using two films in 
contact in place of a single film. If 
the combined density of the pair of 
films is measured, exposures can be 
reduced by a factor of nearly 
In the pages which immediately 
follow, some methods in common 
use for applying photographic 
methods to the determination of 
x-ray intensities are described. 
Peak-intensity methods. It would be an easy matter to determine 
integrated intensities if one could find an automatic device for adding 
logL's. Since this is not accomplished in any simple fashion, many 
investigators content themselves by determining the intensity at the 
maximum blackening of the x-ray reflection. To accept this for the 
integrated intensity is to imply that the integrated intensity is propor¬ 
tional to the peak intensity. Actually this is not so"^ for three reasons: 

1. Unless the x-ray beam is composed of parallel rays (i.e., if the 
beam has any appreciable divergence), then there is a tendency to focus 

There is, however, a mitigating circumstance. When a collimator with large pin¬ 
holes to 1 mm. diameter) is used, a convergence of -f-® to l-l*® is permitted to the beam 
incident upon the crystal. This is enough to produce a ^^plateau’’ in the center of the 
spot, as discussed in page 104. For this reason, what appear to be measurements of 
peak intensities are often measurements of the integrated intensity, provided a col¬ 
limator of large aperture is used. 



Fig. 5. 

Intensification factor versus time of 
exposure (in seconds). 

(After Gamertsfelder and Gingrich.2) 
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reflections'^ more with increasing value of 6, Thus the same integrated 
intensity for small-^ and large-^ regions has different peak heights, as 
illustrated in Fig. 6. This is further complicated by resolution of the 
Ka reflection into an ai a 2 doublet at large values of B. 

2. If the crystal is imperfect, the same area of a peak shown in Fig. 
6 may well have different peak heights for different reflections of the 
same 6 value, as explained in Chapter 5. 

3. Reflections reaching the film from different angles (i.e., zero and n 
levels of Weissenberg or rotation photographs) must be corrected for 
the increase in spread of the reflection with increasing angle. 
Reflections on the upper and lower halves of n-level Weissenberg 
photographs must also be corrected for compaction and attenuation 
of the spots. 

In spite of this nomproportionality, peak intensities are very com¬ 
monly accepted in lieu of integrated intensities. Some methods com¬ 
monly used for peak-intensity measurements are described below. ^ 




Fig. 6. 

Peak shapes for small values of 0 (left), and large values of 0 (right). 

Density methods. It has been pointed out in an earlier section that for 
density values which are not too great the density is a linear function of 
exposure, and therefore of intensity. This gives rise to the possibility of 
determining the x-ray intensity at the peaks of the reflections by merely 
photometering them. It should be observed that this procedure depends 
on the linearity of the density-exposure curve, and this depends on appro¬ 
priate development. In any case the intensities depart from linearity 
with density beyond some limiting density value. If the method is to 
be used it is important that the particular combination of x-ray film, 

t M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New York, 1942) 
Fig. 203, page 398. 

5 M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
Fig. 125, page 229. 

^ When any of the peak-intensity methods are used, allowance must be made for 
the angle at which the x-ray beam strikes the film (see reference 4, Chapter 7) When 
using the Weissenberg method, allowance must also be made for contraction or exten¬ 
sion of the spot on upper levels.^®* 
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developer, developing time, and developing temperature be standardized 
for the laboratory, and that the density: exposure curve be determined 
experimentally for these conditions. After such a calibration it is, of 
course, possible to determine peak intensities regardless of linearity by 
consulting the density-exposure curve. 

Standard scale. Another method of determining peak intensities is to 
prepare a standard exposure scale and compare the blackness of the 
various x-ray reflections visually with the blacknesses on the standard 
scale. This method makes no specific use of measured density. The 
standard scale can be readily prepared by allowing a weak, uniform beam 
of x-rays, limited in cross-section by an appropriate aperture, to fall on 
part of an x-ray film. A graded exposure series can be arranged by using 
the usual rotating sector. 

Alternatively a graded series can be prepared by allowing the x-ray 
beam to fall through a small aperture on a film for a seconds, then, after 
displacing the film by a little more than the width of the aperture, expos¬ 
ing the film for ar seconds, then, after displacing the film again, exposing 
for ar^ seconds, etc.^ In this way a set of exposures in geometrical pro¬ 
gression is made. The value of r is chosen so that the blackness of the 
spot for exposure ar seconds is just distinguishably greater than the black¬ 
ness of the spot made in a seconds. 

A useful variation of this procedure is to use a strong reflection from 
the crystal being investigated as the weak source of x-rays. For exam¬ 
ple, a strong reflection hi fci 0 may be selected from a zero-level Weissen- 
berg or precession photograph. The instrument is then set so that this 
Qii ki 0) plane is in reflecting position. The reflection hi ki 0 then comes 
through the layer line screen to the film in the camera of the Weissenberg 
or precession instrument. By interrupting the x-ray beam with a lead 
screen, exposures of a, ar, av^ • * • seconds can be recorded in successive 
positions as the film is moved by a definite interval between exposures. 
Such a graded series, made with the crystal being investigated, has the 
advantage that the spots on the graded series and the spots on the x-ray 
photograph being calibrated have approximately the same shape and so 
are more readily compared 

It is usually recommended that the graded series be recorded on the 
same sheet of film as the x-ray record to be interpreted. This is an 
unnecessary precaution provided that the photographic film is obtained 
from the same box, that the developing procedure is standardized as to 
time and temperature, and provided that fresh developer is always used. 

Multiple-film technique. Suppose that one wishes to record |Fps to 
about 5 % accuracy. This can be accomplished by using a scale in which 

t A similar method is to find an exposure time a, which provides a perceptible 
blackening of the film. Then a set of n exposures are made which conform to 
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the maximum value of the density represents the maximum value of |F|, 
and dividing the range from zero to this value into 20 parts. But then 
the scale of varies from 1^ to 20^, i.e., from 1 to 400. The most 
intense of the reflections is further likely to be scaled up by the Lorentz- 
polarization factor so that a range of 1 to 1000 is easily needed for the 
blackening scale. The ordinary photographic film cannot render this 
range, and furthermore it is almost impossible to distinguish between 
various degrees of blackness for very black spots. 


Table 4 


Transmissions of some specific x-ray films 


Radiation 

X 

X-ray film 

Ilford^ 

Eastman 
No-Screen § 

DuPont 
Type 508§ 

AgKa 

0 56 A 


82.9% 

93 2% 

UoK^ 

0.63 


77.0, 80%^ 

90 7 

yioKa. 

0.71 


70 3 

88 5 

CmK^ 

1 39 


33.8 

63 8 

C\lKa 

1 54 

50% 

23 8, 27%^ 

54 9 

mKa 

1 66 


17.5 

48.4 

CoKa 

1.79 


11.8 

41.3 

FeKoi 

1.94 


7.2 

32 8 

CvKa 

2.29 


1.7 

17 6 


From Robertson.25 
§ From Taylor and Parrish.®® 

^ B. E. Warren, 1946 (private communication). 
^ W. Nowacki, 1937 (private communication). 


The multiple-film technique^^* was devised to overcome 

the lack of range of a single film. In this method, a pack of 3 to 6 photo¬ 
graphic films is used for each x-ray photograph instead of the customary 
single film. Since modern photographic films are made with a very uni¬ 
form coating, each film of the pack acts as a uniform absorber and reduces 
the x-ray reflection intensities which arrive at the film underneath it by a 
factor which is said to be constant to within over the area of the film 
and also from film to film.^^ By this arrangement the limited range of one 
film is supplemented by the ranges of others of the pack. Specifically, 
the intensities of the strong reflections can be estimated by examining the 
films of the pack farthest from the crystal, and the weak reflections can 
be estimated from the films nearest the crystal. 

Some values of the transmission of x-ray films in common use are given 
in Table 4. In the event that the emulsion of the x-ray film contains any 
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fluorescent material placed there to enhance the speed of the film, the 
several films of the pack must be separated by black paper. 

Robertson^* recommends developing all the films, representing a single 
exposure, in a holder capable of suspending them all at the same time in 
the developing tank. A deep tank must be used, and the films should be 
continuously agitated. A blank film may be used at each end to prevent 
unusual treatment of the films suspended on the outside of the rack, 
although this precaution is unnecessary if the films are continuously 
agitated. 

While the multiple-film technique is ordinarily used for measuring peak 
intensities, it may also be used for measuring integrated intensities by 
various methods. It has been used in connection with the Dawton scan 
photometer described later. 

The multiple-film technique cannot be readily adapted to the de Jong- 
Bouman or precession methods because the exactness of the film location 
required in these methods does not tolerate the varying distances from 
the crystal of the several films of the pack. But for these methods, and 
other methods as well, a variation may be used. Two or more photo¬ 
graphs may be taken of the same level, but with different timings chosen 
at will. This variation has the advantage that the intensity ratio on 
the several films may be given any desired value. 

A variation of the multiple-film technique is to compare Ka and K0 
reflections on the same film. The relative intensities of these reflections 
for copper radiation is in the neighborhood of 6:1. 

Lukesh’s method. A novel method of estimating peak intensities was 
developed by Lukesh.^^ In Lukesh’s method the original x-ray “nega¬ 
tive” is printed on high-contrast printing paper. The same negative is 
printed on, say, 10 sheets of paper using exposures of log n, log 2n, 
log 3n • • • log lOn seconds, respectively. The prints are all given 
identical development. The finished prints have a black background 
upon which appear the white x-ray reflections. The particular print 
exposed log n seconds shows very many white spots, the print exposed 
log 2n seconds shows fewer white spots, and the print exposed log lOn 
seconds shows no white spots. The exposure required to first start to 
darken a spot is a measure of the density of the spot. 

To consider this process quantitatively, let n be the value of the density 
of the positive print which can just be discerned as incipient darkening. 
This density is caused by a particular printing exposure Ei, which is the 
product of the intensity of light L, through the “negative,” times the 
printing time t, and this exposure is constant for each print; i.e., 

Lt = constant. (14) 

The light L transmitted by the negative to the print is related to the 
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density D of the negative by relations (2) and (12), which can be com¬ 
bined to give 



(15) 


If this is combined with (14) there results 


10 ^ 


t = constant. 


(16) 


Since the intensity of the printing light, Lq, is constant, this can be written 

t = constant X 10-^, (17) 

and taking logs of both sides, 

D = log (constant X t). (18) 

Lukesh recommends using the extremely contrasty Eastman Kodak 
Kodalith and developing 10 minutes. 

Integrated-intensity methods. Integrated intensities are more 
difficult to determine than peak intensities because the x-ray spot is 
blacker in the central region and lighter toward the edges. Each region 
of the spot has thus received dijfferent intensities. Each of these intensi¬ 
ties must be added to make up the total ^ integrated intensity. The 
chief difficulty in doing this is that intensity cannot be measured directly 
but is ordinarily arrived at by measuring the light transmission of the 
blackened photographic film. Unfortunately this is not a linear function 
of the intensity received by the region. Thus it is not possible to simply 
add together the light transmitted through the several regions of the spot. 

A number of methods have been devised to circumvent this difficulty. 
These are described in the following sections. A comparison of some of 
these methods has been made by Robertson and Dawton.^^ 

Photometer-trace method. A relatively simple method is frequently 
used to obtain integrated intensities from powder photographs. The 
photograph is placed in a recording photometer, which provides a graphi¬ 
cal record of the transmission along the center line of the powder 
photograph. The result is usually termed a photometer trace of the 
photograph. The ordinates of the trace are proportional to the trans¬ 
mission, r, while the abscissas are distances along the film. To obtain 
integrated intensities from this, it is first necessary to transform the 
ordinates from light transmitted to x-ray exposure. Relation (8) gives 


D =logio-“* 


(19) 
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Insofar as the density is proportional to exposure, and since Lo is constant, 
one can deduce that 

E = kD = kilogLo - logL) 

= /c (constant — logL). (20) 

This provides the relation between L, the light transmitted by the film, 



(After Brentaiio.28) 

and E, the exposure responsible for the blackening. A curve represent¬ 
ing this relation for a particular Lo (which is characteristic of the photom¬ 
eter) and k (characteristic of the development process) enables one to 
calibrate the whole process. 

Brentano^^ has discussed the precautions which should be observed 
when using this method. Figure 7, reproduced from Brentano with 
slight modification, illustrates the method to be used. The long sloping 
line is the calibration curve corresponding to (20) for the specific process. 
Brentano recommends that the transmission of a stepped exposure series 
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(the steps outlined at the right of Fig. 7) be superposed in correct relation 
to the trace of the x-ray line (the inverted peak of Fig. 7). The level La 
represents the light transmitted through the background, while Lp 
represents the light transmitted at some point P of the diffraction line 
being examined. Then the exposure above background exposure is 
simply the difference Ep — Ea. To determine the integrated intensity 
corresponding to the x-ray line, one divides the distance across the line 



into equal parts (Brentano recommends 20 parts), and determines the 
sum of the distances Ep — Ea, shown as arrows in Fig. 8, for these posi¬ 
tions on the line. 

This method can be applied to diffraction spots on single-crystal photo¬ 
graphs. Because of the many readings required for each spot, however, 
this method is seldom used for single-crystal intensity determination. 

Density-wedge methods. A neat way of determining densities is to 
balance the density on the photograph with a known density, for example 
a location on a density “wedge.’’ To determine the point of balance it is 
customary to take two equal beams of light (for example, from the same 
source) and pass one through the photograph and the other through the 
density “wedge,” adjusting the position of the latter until the two densi¬ 
ties are equal. This equality can be judged by eye, for example, by 
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moving the wedge until the region observed is just as black as the photo¬ 
graph. The balance can be elegantly effected by means of a photocell 
arrangement. Figure 9 shows a diagram of an arrangement used by 
Dobson.® The light from the lamp is passed over two equivalent paths. 
The photograph is placed in one path, a density ^^wedge'^ in the other. 
The two light paths enter a photocell. By means of a shutter the light 
from the two paths is caused to enter the photocell alternately. When 
the light from these two beams is unequal, the output of the photocell, 
as indicated by a galvanometer, is fluctuating. The wedge is then 



Fig. 9. 

(After Dobson.®) 

adjusted to a point of no fluctuation. The density of the wedge is then 
equal to the density of the photograph. This principle was used by 
Taylor®^ in the design of an elaborate microdensitometer. 

Robinson^^ also used the general scheme for an integrating photometer 
intended for single crystals. Before Robinson^s photometer for single 
crystals is described a simpler hypothetical device for powder photo¬ 
graphs using Robinson's principle, will first be discussed. In this simpler 
device the powder photograph is mounted on a movable carriage. The 
principal feature of the photometer is two identical beams of light which 
are caught on identical photocells. One beam is focused on a small spot 
(- 3 ^ mm. in diameter) of the x-ray film; the other beam is sent through a 
calibrated exposure strip made from the same x-ray film and developed 
by the same developing technique. The outputs of the two photocells 
are wired together so as to oppose one another; no signal is given unless 
unequal amounts of light are received by each photocell. The x-ray 
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film is set in a position so that the light beam goes through the film at a 
point having linear coordinate x. In general, the signal indicates that the 
photocells are not balanced. The calibrated wedge is then moved along 
axis Y until a balance is achieved at coordinate y. The coordinate y 
thus gives the density, and therefore the exposure, at film coordinate x. 
The curve resulting from plotting y versus x is the relative x-ray intensity 
received at points along the center line of the powder photograph. 

Robinson’s instruments^ uses this principle for measuring the integrated 
intensities of single-crystal reflections or ^'spots.” A calibration wedge 
is exposed on the x-ray film to be measured. The film can be moved along 
two coordinate directions so that the focused beam of light can be trans¬ 
mitted through any part of the two-dimensional “spot.” Robinson 
recommends dividing the spot into 100 to 300 periodically spaced sam¬ 
ples. At each point the wedge is moved to effect a balance of the photo¬ 
cells. The position of the wedge is proportional to its density, and there¬ 
fore to the x-ray exposure at that point. The wedge positions for the 
various points of the x-ray spot are added on a mechanical counter. The 
sum recorded for a spot, with a correction for the surrounding background 
level, is proportional to the “integrated intensity” of the particular spot. 

According to Robinson, the reflection intensities of one Weissenberg 
film can be measured with this photometer in a “good day’s work.” 

Density-transforming methods. An entirely different principle for 
determining integrated intensities was devised by Robertson and Daw- 
ton. An image of the spot to be photometered is projected onto an 
aperture in a screen. By means of a scan drum behind the aperture, the 
light from only a small area in the reflection is allowed to reach a photo¬ 
cell. The scan drum thus allows a small beam of light to scan the area 
of the x-ray spot. The output of the photocell is proportional to the 
transmission of light through the various parts of the spot. The unusual 
feature of the device is that this output is fed into a non-linear electrical 
circuit which, in effect, transforms the light received by the photocell to 
the density, and therefore to the x-ray intensity which fell on that portion 
of the spot. In this way the converter solves (20). The entire spot is 
scanned in about sec., and the output of the photocell is introduced 
into a milliammeter having a period of about ^ sec. The steady reading 
of this instrument therefore gives the “integrated intensity” of the x-ray 
reflection. The behavior of this instrument is said to be reliable. 

A densitometer has been devised by Brown and Birtley^® which makes 
use of a “function transformer.” As in the Dawton scan photometer, the 
light transmitted by the photograph is transformed into the correspond¬ 
ing density. 

The Asibury a-ray method, Astbury devised a photographic method^""^^ 
for obtaining “integrated intensities” based upon novel principles. The 
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original x-ray photograph is a ^‘negative/’ Astbury obtained a positive 
print of it by the bichromated-gelatin process^ This positive print 
constitutes a record of the x-ray exposure, and can be stripped free from 
its backing. The transmission of the positive film for a particles from 
polonium, as measured by an electrometer, is proportional to the original 
x-ray exposure. 

For faithful reproduction of the integrated intensity, the development 
and exposure of the gelatin film must be properly matched to the charac¬ 
teristics of the x-ray film and its development. Astbury’s method does 
not seem to have come into very general use. 

Photometry based on scattering. Brentano^^ devised a method of 
photometry based on the amount of light scattered by a photographic 



Fig. 10. 

(After Brentano, Baxter, and Cotton 



film. Brentano and co-workers have investigated this effect in some 
detail and designed a photometer to make use of it.^®* The amount of 
light scattered by the silver particles is proportional to the number of 
particles. According to photographic theory, this number is also pro¬ 
portional to the number of quanta received by the film, and therefore 
proportional to the x-ray intensity, up to a limited value of the exposure 
where more than one quantum is received by the same grain. In this 
favorable region then, the light scattered by a given area of the film 
is proportional to the ^integrated intensity’' received on that area. 
Unfortunately there are complicating factors. The intensity of scattered 
light varies with the angle of scattering and with the wavelength used. 
Brentano’s microphotometer^® is shown diagrammatically in Fig. 10. 
The light from a source S is focused on an adjustable slit which is 
then focused by a lens Li onto the photographic film P. The direct light 

t The carbon printing paper or ^^tissue” of this process contains a colloidal pigment 
dispersed in gelatin. The tissue is sensitized in a dilute solution of potassium dichrom¬ 
ate and then dried. Exposure to light renders part of the gelatin insoluble. The 
rest of the gelatin is dissolved off in water, leaving a layer of gelatin having a thickness 
which increases with the exposure it has received. 
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beam is caught on a diaphragm Di and the light scattered by the emulsion 
is focused by a lens L 2 and received on a photocell C. Some typical 
results for various photographic materials are shown in Fig. 11. It 
will be observed that at low values of the exposure there is a linear rela¬ 
tion of scattering to exposure, which deteriorates at high exposures. 
There is always a comparatively large amount of scatter for zero expo¬ 
sures, \vhich represents both fog and scatter by imperfections, scratches, 



Fig. 11. 

(After Brentano, Baxter, and Cotton.^®) 


and other non-photographic features of the film. This is a disadvantage 
of the method. The shape of the curve depends markedly on photo- 
grapic film and development technique. Brentano^s method has not 
come into general use. 

Positive-film photometry. Dawton invented an inherently simple 
method of determining “integrated intensities.”^^ This method has 
the same basis as that of making a perfect picture of an object by photog¬ 
raphy. If the entire photographic procedure is properly controlled, 
including making the original exposure, developing the negative, exposing 
the printing paper through the negative, and developing the positive 
print, the result should be a print each point of which reflects the same 
as the respective point of the original object. The corresponding 
process for x-ray photography involves taking the original x-ray “nega¬ 
tive” on specific material, developing it in a specific way, printing this 
negative on a second appropriate film (which becomes a positive), and 
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developing the positive in a controlled way. If the negative and positive 
processes are appropriately matched, the resulting positive print of the 
original single-crystal x-ray negative consists of a collection of more-or- 
less transparent spots on a dense black background, and the total trans¬ 
mission of each spot is directly proportional to the total energy (“inte¬ 
grated intensity”) reaching the spot in the original x-ray exposure. Once 
the development procedure has been properly established, it is a very 
simple matter to determine the light transmission of each spot for an x-ray 
film. The method was published by Dawton^® in 1938. It has been 
used in several laboratories in the United States and England,®^ each 
with its own particular developing procedure. 

The general theory for making perfect prints is well known. ^ It can 
be outlined in the following way: When one makes a print, the exposure of 
the positive depends on the density of the negative and the amount of 
light, Lo, used as the printing source. Specifically, 

Ep = Ln == Lq -z 

= Lo Tn, (21) 

where subscripts N and P refer to negative and positive, respectively. 
If logarithms of both sides of (21) are taken, there results 

log Ep = log Lo + log Tiv 

= Ki +log;^ 

Un 

= Ki - Dn. ( 22 ) 

Otherwise expressed, log exposure of the positive is minus the density of 
the negative, plus a constant depending on the amount of light used in 
making the print. The printing process can therefore be graphically 
demonstrated by combining the characteristic curves of negative and 
positive (in the form of D versus log E, not D versus E) as shown in Fig. 

12, so that the log E axis of the positive is parallel to, but increasing in 

the opposite direction to, that of the density of the positive. A vertical 
shift of the curve of the positive material of Fig. 12 corresponds to a 
change of ifi in (22) and therefore to the amount of printing light used; 
according to (22), more printing light shifts the curve downward, i.e., 
in the plus direction along the logLp axis. For perfect reproduction 
it is required that the transmission of the positive be proportional to 
the exposure of the original negative, i.e., 


Tp = ^2 


(23) 
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Taking logarithms of both sides, 

log Tp = log ^2 + log En 

= Z 2 + log En- (24) 

Since, according to (11) and (10), 

logT = -logo = -D, (25) 

(24) is equivalent to 

— 2 )p = X '2 + log j&isr, 

or 

J)p = — K 2 — log jEJjv*. (26) 

This result simply requires the final density of the positive to be a linear 
function of the logarithm of the original exposure. This is illustrated in 


log Tp ^ - 

— Dp 



Fig. 12. 


Fig. 12. An interpretation of this is that if equal intervals of increasing 
log En are taken, equal intervals of decreasing Dp result. This, of course, 
is equivalent to equal increments of increasing log Tp, according to (25). 
The condition that the transmission of the positive should linearly repro¬ 
duce the exposure in the original x-ray negative can be given a graphical 
significance in terms of Fig. 12: Perfect reproduction requires that the left 
and right curves of Fig. 12 be reflections of each other in a vertical line. 
Note that this can remain true if either curve is shifted horizontally. 
This shift is dependent on &2 and K 2 of (24). The constant is simply 
the scale by which the transmission of the positive represents the expo¬ 
sure of the original x-ray negative. Increasing k% or represents 
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increasing scale, and corresponds to a shift of the positive curve toward 
the left in Fig. 12 . 

If 7 is the slope of the straight central part of the curve D versus 
log E, a condition for perfect reproduction can be shown to require that 
7p TV = 1. That this is so is evident from the following considerations: 
Let NA and be two points on the straight section of the negative 
curve, and PA and PB be the two points on the straight section of the 
positive curve. Then the definition of y gives 


and 


JN 


Dxa Dx£ 


log Exa — log Enb 


D 


yp = 


PA 


DpB 


log EpA — log EpB 


(27) 

(28) 


Equations (22) and (26) yield: 

( 22 ): log Ep = Ki — (general condition for printing), 

(26): logEn = — Dp (condition for perfect reproduction). 

Substituting for the log F/’s in (27) and (28) from (26) and ( 22 ) gives: 


(27): 


(28): 


_ Dna — Dnb _ 

(-K2 - Dpa) ~ - Dpb) 

_ PpA ~ PpB _ 

{Ki - Dna) - {Ki Dnb) 


Dna Dnb 
- 

Dpb Dpa 

Dpa "" PpB 
Dnb “ Dna 


(29) 


PpB ~ PpA 
Dna ■“ Dnb 


(30) 


It will be observed that the right members of (29) and (30) are reciprocals, 
so that 

yp Tiv = 1. (31) 

The Dawton positive-print method has been in use in the author^s 
laboratory since 1941. The matching of characteristic curves for nega¬ 
tive and positive films was carefully investigated by a former assistant, 
John E. Tyler. The process was adjusted so that Kodak No-Screen 
x-ray film could be used for the original negative material, since this film 
was normally used for other purposes in the laboratory. (When this 
brand of film was taken off the market, it was found that with adjustment 
of the printing time the detailed directions gave good results with 
Ansco Non-Screen film.) The characteristic curves of many candidates 
for the positive-print film were investigated. After considerable study, 
Kodak Commercial Ortho, developed to a 7 of 1 , was chosen as the 
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positive material. To match the curves of the two materials, the x-ray 
film was given a low-contrast development, and its characteristic curve 
was shifted by adding small amounts of KBr and KI to the developer. A 
specific procedure was found for Moi^a radiation by John E. Tyler, and 
subsequent adaptations of his technique to CuAd:^; and CoKa radiation 
were made by Joseph S. Lukesh and Gilbert E. Klein in the author's 
laboratory. The following schedule gives specific directions for making 
suitable positive prints. 

I. Preparation of x-ray negative: 

Film: Eastman No-Screen x-ray film. 

Developer: Eastman D 76 to which have been added 2 cc. of 1 % 
KI solution and 20 cc. of 2.5% KBr solution per gallon of 
developer. 

Developing temperature: 65° F. 

Developing time: 

For photographs taken with MoKa radiation: 6 minutes, with 
constant agitation. 

For photographs taken with CuKo' or CoKa radiation, 

8 minutes, with constant agitation. 

Fixing solution: Hypo for x-ray film. 

II. Preparation of positive print: 

Film: Eastman Commercial Ortho. 

Printing exposure: 18 seconds with printing box described 
below. 

Developer: Eastman DK50 

Developing temperature: 65° F. 

Developing time: 3f minutes with constant swabbing. 

Fixing solution: Regular hypo (not x-ray hypo), to assure removal 
of red dye on back of film. 

Since correct results depend on exact processing, these directions 
should be carefully followed, especially with respect to temperature and 
time of development, and with respect to printing exposure. Develop¬ 
ment is most conveniently carried out in small stainless-steel tanks (just 
large enough to hold the standard 5 x 7 in. film) immersed in a water bath 
maintained at 65° F. The positive requires constant swabbing to con¬ 
tinuously replace the developer over the entire surface of the film, almost 
all of which area is developed to a dense black. The development of the 
negative does not require swabbing since only the inconsequential areas 
of the x-ray spots become black. Agitation is sufficient to freshen the 
developer in contact with these spots. In the case of the negative, the 
swabbing is conveniently done with the aid of a wad of cotton carried on 
a hoe-shaped holder. The cotton is trimmed straight along the cutting 
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edge of the hoe, and this edge is used for swabbing the film while it is in 
the tank. 

To assure accurate exposures in printing, this is best carried out in a 
specially constructed box. Such a printing box is shown in Fig. 13. The 
box is about 7 ft. long and arranged so that a standard 5 x 7 in. printing 
frame can be inserted at one end. The frame is fitted with a metal slide 
to protect the film until it is placed in the box and ready for the exposure. 
Direct shadows of dust particles and imperfections in the glass of the 
printing frame are prevented by diffusing the printing light by means of a 



Fig. 13. 


piece of opal glass. (The particular piece of opal glass in use transmits 
21 % of the light which falls on it.) The light source is a lamp which can 
be adjusted to appropriate distance from the film (to give a predeter¬ 
mined illumination there) by sliding its base on a track with graduated 
scale. This lamp is a clear, 6-watt, 115-volt Mazda bulb previously 
aged to uniform light output. It is fed with constant voltage from a com¬ 
mercial voltage stabilizer to assure invariable illumination on all films. 
With the light located 1.8 meters from the film and the opal glass (trans¬ 
mission 21 %) interposed before the printing frame, the light falling on the 
x-ray negative is 1.13 lumens/meter^. With this illumination an 18-sec- 
ond exposure is correct for the positive-print procedure described. If 
the lamp must be changed to another of different rating, its distance 
from the film can be adjusted by applying the inverse-square law. 

Results of transmission of positive films versus original x-ray exposure 
are shown in Fig. 14 for various printing times. It will be observed that 
the curve labeled 120 is essentially a straight line tending almost exactly 
toward the origin. 

The photometer for determining integrated intensities by the positive- 
film method is shown diagrammatically in Fig. 15. An overall view of 
the equipment is also shown, in Fig. 16. In Fig. 15, the light source is 
fed from a constant-voltage transformer to assure a uniform line voltage 
during a long series of readings. The intensity of the light is regulated 
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Exposure time of prints, 
seconds 



Fig. 14. 

Variation of transmission of positive Dawton film with exposure time of negative, for 
various exposure times of positives. The 120-second, exposure gives the required 
linear relation between transmission and x-ray exposure. 


for a particular film by means of a small autotransformer such as a Variac. 
Light from the lamp bulb is first passed through a special glass filter to 
remove heat, and then concentrated on the film with a condenser. It is 
important that the concentrated beam which is passed by the aperture 
just ahead of the film is of uniform intensity in the cross-section. The 
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aperture is removable and can be replaced by others. One is chosen 
which just frames the x-ray spot with a minimum of surrounding back¬ 
ground in order to assure that the transmission of the background times 
the area illuminated is small compared with the total transmission of the 
spot being measured. Beyond the film is placed a photocell. A com¬ 
plete unit containing photocell with its amplification circuit is available 



Fig. 15. 


commercially.'*' An appropriate unit contains a galvanometer giving a 
linear reading of light received by the photocell (and hence of comparative 
x-ray energy received by the spot on the original x-ray negative), and 
provision for different scales of amplification. 

When a reading is made, the light received consists of the light repre¬ 
senting integrated intensity, plus light transmitted by background caused 
by fog, etc. This background reading must be determined from a trans¬ 
mission reading of nearby clear background, and subtracted from the 
reading given by the spot itself. 

t Electronic exposure photometer, model 501-M, made by Photovolt Corporation, 
95 Madison Avenue, New York 16, New York. 
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The plateau method. The plateau method seems to have been dis¬ 
covered about four times. Apparently its first discovery occurred during 
a general discussion which arose in the Conference on X-ray Diffraction 
held at the New York Academy of Sciences, January 10,1941. In discus¬ 
sing the problem of determining integrated intensities, Debye suggested 
that if the powder camera were rotated slightly but uniformly about its 



Fig. 16. 

axis during exposure, the powder line would be smeared out. The center 
of the smeared-out line would have a plateau-like profile and the height 
of the plateau would be proportional to the integrated intensity. The 
method appears to have been developed somewhat by Brentano and 
Froula.27 The principle was rediscovered by Wiebenga^^ and again by 
Cochran.’'^ 

Figures 17 and 18 illustrate the occurrence of the plateau. Figure 17 
shows a profile of a powder line, i.e., intensity versus position. The 
''integrated intensity” is the area under the curve. This area under the 
curve can be approximated by measuring the sum of the heights of a num¬ 
ber of equally spaced vertical samples. Fig. 17, and multiplying by the 
spacing of the samples. An alternative method of determining the sum 
of the samples is shown in Fig. 18A. If the intensity profile is laid down 
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at equally spaced intervals to cover a suiB&cient widths a vertical line near 
the center samples the ordinates of the profiles. The sum of the ordinates 
of the several curves along this vertical line is the same as the sum of the 
ordinates in Fig. 17. This sum is constant in the neighborhood of the 
center, and produces a ^^plateau^’ in the curve which is the sum of the 



Fig. 18 . 

ordinates Fig. ISB. (Actually it is the integral J y dx, which is the area 
under the curve of Fig. 17.) Thus the height of the ‘‘plateau” is a meas¬ 
ure of the “integrated intensity.” 

There are two methods of smearing out a reflection so that it has a 
profile produced as diagrammatically illustrated in Fig. 18. Either the 
film can be moved uniformly during the exposure, or a convergent beam 
may be used so that the crystal continuously passes through the Bragg 
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A 



B 

Fig. 19. 

Views of the Wiebenga integrating Weissenberg, 
(Courtesy of Nonius, Delft, Holland.) 


106 


Chapter 6 


reflecting condition for various ray directions, after the method of 
Kratky.^ This experimental condition obtains whenever the crystal 
can be placed quite near the source of x-radiation. For example, the 
plateau condition is usually observed on precession photographs taken 
with a Machlett x-ray tube. In Wiebenga^s first device,he exaggerated 
this normal convergence by using the broad-focus port of a line-focus x-ray 
tube. The convergent beam from this source was introduced by special 
collimator into a Weissenberg camera. 

The use of a convergent beam requires a uniform emanation of x-rays 
from a substantial length of the focal spot of the x-ray tube. Since this 
condition may not occur experimentally, Wiebenga^^* used the alter¬ 
native technique of rotating the film. He designed a Weissenberg 
apparatus in which the cylindrical camera undergoes a slight rotation 
about the axis of the cylinder and also a small auxiliary translation paral¬ 
lel to the axis of the cylinder. Each time the ordinary camera translation 
reaches one end of its motion, a pin actuates a ratchet and causes the 
ratchet to rotate degrees. This rotation is converted into the 
rotation and auxiliary translation of the camera, the magnitude of which 
is adjustable. 

Figure 19 shows a view of Wiebenga^s integrating mechanism. Note 
that the camera is mounted on wheels so that it can rotate on the carriage. 
The rotation is caused by the somewhat slanting lever, which pushes on 
the horizontal lug attached to the camera. The ratchet is about to be 
rotated as the lower-left pin engages the stationary pin. The spring and 
the ball-bearing disk at the left of the ratchet fix the position of the ratchet 
in one of 14 positions. Figure 20 shows how the position of the x-ray 



M. J Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
193, and literature pages 212-213. 
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spot migrates over a small area of the film with this arrangement. The 
plateau region is the shaded portion in the center of the migration area. 
Within this region the film has received contributions from all parts of 
the migrating spot. 



Fig. 21. 

(After Nordman, Patterson, Weldon, and Supper.^O 



Fig. 22. 

(After Nordman, Patterson, Weldon, and Supper.®^) 
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The Wiebenga camera requires an increased exposure, said to be about 
twice the normal exposure, under favorable conditions. The background 
receives an increased background exposure by the same factor. 

Whittaker^^ and Stanley^® have suggested using only the Wiebenga 
translation without the rotation motion. This draws each Weissenberg 
spot out into a streak. At the center of the streak the cross-section of the 
spot provides a true profile, comparable with the profile of a powder line. 

Wiebenga's general scheme for integrating intensities by moving the 
film has been applied by Nordman et al.^^ to the precession camera. A 
photograph of the device is shown in Fig. 21, and the scanning pattern 
for a spot is shown in Fig. 22. 



Fig. 23. 

(After Azaroff,®® modified.) 


As pointed out earlier, a plateau is also achieved by using convergent 
radiation. Azaroff^® combined this with the advantages of monochro- 
mated radiation by an interesting arrangement, shown diagrammat- 
ically in Fig. 23. A bent crystal focuses the target of the x-ray tube on 
the crystal. Every point of the crystal is therefore radiated from dif¬ 
ferent directions from different points on the target. Provided that the 
radiation from these different points of the focal spot of the target is 
uniformly intense, the reflection has a plateau. A photograph of the 
apparatus is shown in Fig. 24, and the results it produces are shown in 
Fig. 25A. 

Comparison with standard reflection. An important problem in inten¬ 
sity determination is placing the arbitrary scale of the intensities on an 
absolute basis. One method of doing this is to compare the reflection 
intensities of the sample of crystal under consideration with those of a 
standard material. This can be done both for powders and for single 
crystals. Since the powder method offers the possibility of avoiding 
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correction for primary “extinction,” a considerable literature exists for 
reflection comparison using the powder method. There are two methods 
of making the comparison for powders. In one method, called the mixed- 
powder method, a single powder sample is made by mixing the powder of 
the calibrating material with the powder of the material whose reflection 
intensities are desired. In a second method, called the substitution 
method, a special camera is usually used which is so designed that the two 


Fig. 24. 

(After Azaroff.^®) 

separate powder samples are alternately placed in the x-ray beam, the 
spectra of both being recorded on the same film so that the spectra to be 
compared receive identical development. 

Both of these methods are subject to complications. The mixed- 
powder method is useful when the absorptions of the two powders are 
negligible, or when they are nearly the same. When either of these 
conditions obtains, the considerable difficulties due to differential absorp¬ 
tion are avoided. The substitution method avoids the differential- 
absorption difficulty, although it does require a detailed knowledge of the 
absorptions of the two powders. Both methods suffer from the inherent 
disadvantages of the powder method and are useless if either of the 
powders is characterized by preferred orientation. 
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B 

Fig. 25. 

A. Precession photograph made with apparatus of Figs. 23 and 24. 

B, Comparable photograph made in the usual way. 

(After Azaroff.®®) 
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Single-crystal comparison methods. The substitution method was first 
adapted to single crystals by Robertson,who designed a special photo¬ 
graphic spectrometer for the purpose. In this apparatus the crystal 
whose reflections are to be calibrated, and the calibrating crystal, are 
alternately placed in the x-ray beam and rotated. The reflections are 
resolved in Weissenberg fashion, but on a flat film, and the reflections 
from both crystals are received on the same film. 

Wooster and Martin^^ designed a conventional Weissenberg-type 
apparatus in which two crystals could be substituted in the x-ray beam. 
One goniometer head with its crystal enters each open end of the cylin¬ 
drical camera, and a mechanism introduces one after the other in suc¬ 
cession into the x-ray beam. The records of both crystals appear on the 
upper half of the film, but the lower half receives only the record of the 
crystal to be calibrated. It should be observed that the upper and lower 
halves of the film are different, in general, for the upper levels of crystals 
for which the rotation axis is not an evenfold axis, unless a full 360° rota¬ 
tion of the crystal is used.’’’ 

Stadler®^’^^ has suggested a calibration method related to the two- 
crystal substitution method. When a standard Weissenberg apparatus 
is set at equi-inclination for an upper level, the zero-level cone is at anti- 
equi-inclination. If a slit is provided for each of these cones in the layer¬ 
line screen, both can be recorded on the same film. 

All such apparatus, which is designed to effect a substitution of crystals 
so that the records of two crystals are placed on the same film during the 
same run, is justified only if the output of the x-ray tube is erratic. A 
much simpler way of attaining the same result is to assure constant x-ray 
output, and record the intensities from the two crystals at different times. 
Ordinary commercial sealed-off tubes fed with a voltage-regulated power 
supply obviate the necessity of complicated two-crystal devices, and are 
necessary in any case when intensity data of all levels and different 
rotation axes are required on the same scale. The same scale is essential 
for ordinary three-dimensional analysis, for example. 

Robertson has suggested specific crystals for standards. In his inves¬ 
tigations he found a ‘^mosaic’^-type diamond suitable. By spectrometer 
methods a particular 111 reflection from this diamond had been found to 
have an integrated intensity of 18.6 X 10“"^ for unpolarized CnKa 
radiation. He also recommends as good standards anthracene, the 
orthorhombic modification of 1,2,5,6-dibenzanthracene, and pthalo- 
cyanines, whereas he found the sugars and similar compounds to be 
unsatisfactory. Wooster^® adds rock salt and urea as suitable standards. 

t M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
Chapter 22. 
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Spectrometer methods 

Early apparatus. In the first crystal-structure investigations under¬ 
taken by the Braggs®®~®^ the intensities were measured with the aid of the 
ionization spectrometer. These crystals had relatively simple structures 
which were determined by using only a few reflections. As more com¬ 
plicated structures were investigated, it was necessary to measure the 
intensities of many reflections. Because of the supervision required, the 
spectrometer method became tedious. Wooster®^’ attempted to remove 
this disadvantage by designing instrumentation with the aid of which the 
crystal was automatically set at the several reflecting positions, the 
spectrometer chamber was set so as to receive the reflections, and the 
ionization current in the chamber was automatically recorded on SS-mm. 
photographic paper. 

But the measurement of intensities by the ionization spectrometer had 
already declined and given way to photographic methods. A key 
reason for this is that the leakage of charge from the electrometer sets a 
lower limit on the diffraction intensity which can be measured. This 
required the use of crystals having faces of considerable areal extent. 
Most crystal species cannot be obtained readily in this form. 

Not only is the photographic method suited to small crystals, but it also 
has other important advantages. It provides a permanent record 
automatically. Accordingly it requires no supervision from the investi¬ 
gator while the record is made and therefore removes him from the danger 
of accidental x-ray exposure. It also requires no specialized diffraction 
apparatus beyond that required for the ordinary unit-cell and space- 
group investigation. It is natural, therefore, that crystal structures have 
been determined almost exclusively from intensities derived by photo¬ 
graphic methods until very recently. 

Quantum counters. Geiger-Miiller counters have been used for 
some time in the measurement of x-ray intensities®^’ but their use did 
not become popular until a reliable commercial unit became available.®^* 
Such apparatus is a direct descendent of equipment devised in the 
United States during the last war to control the cutting of quartz-crystal 
oscillator plates. Counter spectrometers are characterized by high 
sensitivity, and are therefore inherently suited to measuring the intensi¬ 
ties of reflections from small crystals. In the determination of intensities 
by photographic methods, about 10^ to 10^ quanta are required to pro¬ 
duce a minimum detectable blackening of the photographic film. Geiger 
counters can detect this level of x-ray energy with an accuracy of better 
than by taking sufficiently long counts. Early forms of Geiger- 
Mtiller tubes were able to detect about 4 to 15% of the quanta entering 
the counter tube, but modern tubes can detect better than 50%. 
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The Geiger-Mtiller counter tube is a comparatively simple affair, Fig. 
26. It consists essentially of a cylindrical metal cathode within which is 
located a coaxial metal wire anode, both immersed in a controlled gas 
atmosphere. The space within the cathode cylinder is accessible to 
radiation w^hich arrives through a window at the base of the cylinder. 
This window is composed of material that is transparent to the particular 
radiation to be detected. The immediate electrical circuit is diagram- 
matically shown in Fig. 27. 


metal cylinder 



Fig. 26. 



A beam of radiation is a flow of discrete quanta. When a quantum of 
radiation having appropriate energy enters the window of the tube, it 
ionizes the gas within. The formation of a single ion pair triggers a dis¬ 
charge which develops a voltage pulse at C, Fig. 27. This constitutes a 
single ^^count.'^ This impulse is normally smoothed and amplified in two 
stages before being passed on to recording apparatus. The relation 
between counting rate and applied voltage is shown in Fig. 28. It will be 
observed that for a given x-ray intensity there is a “plateau” region over 
which the counting rate is substantially independent of changes of voltage. 

Geiger-counter tubes have been much improved recently. Originally 
the ionizing radiation was permitted to fall upon the metal surfaces which 
released photoelectrons. An improvement in efficiency resulted from 



114 


Chapter 6 


allowing the photoelectric effect to occur in the gas of the counter. 
Recently the form of the tube has been further improved by making the 



voltage 


Fig. 28. 

Responses of a Geiger counter. Each 
curve represents a different intensity of 
radiation. 

(After Friedman.®®) 

In order for individual quanta to 
their arrivals must be separated I 


windows of mica and sealing this 
directly to the cathode cylinder. 
This construction reduces the dead 
space directly behind the window. 
Geiger-counter tubes using mica 
windows can count about 55% of 
the quanta reaching the tube. 

The gas within the tube is com¬ 
monly one of the noble gases. 
Their responses to x-radiation of 
various wavelengths is shown in 
Fig. 29. In order to quench the 
discharge evoked by receipt of a 
quantum, an organic vapor is cus¬ 
tomarily mixed with the gas of the 
tube. Formerly alcohol was used 
for this purpose, but tubes with 
longer lives are now made by 
incorporating methylene bromide 
as quenching agent. 

•e distinguished by separate counts, 

• a certain time interval. This is 


known as the dead time of the counter and depends on the time required 
to quench the discharge; dead time is of the order of sec. A cor- 



Wavelength 


Fig- 29. 
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responding measure applied to the entire circuit is called resolving time; 
this is usually set by some unit of the circuit and sometimes can be varied. 
In American commercial equipment all units of the circuit are faster than 
the counts so that the resolving time of the circuit is actually the dead 
time of the counter. 

The intensity of a beam of monochromatic radiation is proportional to 
its flow of quanta. The arrival of each quantum is independent of the 
arrival of others; i.e., the arrival of quanta is a random process. When 
the intensity of the beam is small, the quantum current is small, and 
quanta generally arrive at rather widely spaced intervals. The arrival 
of each quantum then ideally evokes a count, so the counting rate is 
proportional to the intensity of the beam. As the intensity increases, 



Fig. 30. 

(After Bleeksma et al,®^ modified.) 

the quantum current increases, and the chance increases that pairs of 
quanta arrive at intervals shorter than the dead time of the counter. 
Whenever this occurs the second quantum of the pair is not counted. 
On increasing intensity a state is eventually reached when the proportion 
of uncounted quanta begins to appreciably affect the linearity between 
intensity and counting rate. This occurs in the neighborhood of 100 to 
150 counts/sec. (Bleeksma et al.®® give 600 counts/sec.) If the non¬ 
linearity of the relation is taken into account, it can be said that present- 
day Geiger-MtiUer tubes are capable of responding to 3000 counts/sec. 

The output of the Geiger tube with its amplifying circuit may be 
introduced into a circuit which provides the mean value of the rate of 
arrival of counter pulses. Such a circuit is shown diagrammatically in 
Fig. 30. The resistance R 2 is simply an adjustable leak which permits the 
amplitude of the pulse reaching condenser C to be controlled. The volt¬ 
age rise in C, within limits, is proportional to the pulses per second. This 
voltage is measured by the discharge current it causes through the mil- 
liammeter. Alternatively, the discharge can be made to actuate a 
graphical recorder. The resistance R is adjustable to the scanning speed 
of the recorder. The recording apparatus appears in the photograph 
shown in Fig. 32. 

Unfortunately the linearity of the relation between the recorder ampli¬ 
tude and counting rate is limited to low counting rates. For accurate 
intensity work the number of pulses arriving in a given time interval 
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must be actually counted. Mechanical counters are not fast enough to 
count directly the impulses arriving from x-ray beams of useful intensities, 
so an electric device is customarily employed for reducing the number of 
counts. The unit electrical device commonly used for this purpose is a 
scale-of-two, or flip-flop, circuit.®*'This circuit has the characteristic 
that when it is given an input of 2n pulses, it presents an output of n 
pulses. It therefore functions as a device for scaling down the number 
of pulses by a factor of 2. Scale-of-two units can be connected in 
sequence. Each unit passes half of the pulses it receives on to the next 



Fig. 31. 

unit. The last unit in the sequence reduces the number of pulses it 
receives by the last two units together reduce the number of pulses 
they receive by i- * ^ = i; and, in general, p units in sequence reduce the 
number of pulses they receive by 1/2^. Commonly six units in sequence 
are used, the combination being known as a $cale-of-64. When 64 pulses 
are received by the first unit of the sequence, the successive units reduce 
the pulses in six stages as follows: 64“->32—>16~^8~>4r~>2—*>1. In this 
general way the high rate of arrival of quanta can be scaled down so that 
a mechanical counter can be actuated by the pulses. A counter circuit is 
shown in Fig. 31. 

Other quantum counters. In recent years two other types of 
counters have been used for x-ray detection :87~89 proportional counter 
and the scintillation counter. These have certain advantages over the 
Geiger counter. In the first place the linear response of the Geiger 
counter is limited for large intensities by the fact that its resolving time 
(or dead time) is rather high, namely 270 jusec. Under the same con¬ 
ditions the proportional counter and scintillation counter have a dead 
time of about 0.25 jusec. This enables these counters to handle much 
larger intensities within their linearity range. They have the further 
advantage that they can be made to distinguish energies by pulse-height 
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discrimination, which makes it possible to count x-rays of certain wave¬ 
lengths and disregard other wavelengths. This presents a kind of mono- 
chromatation during detection. The discrimination is not sufi&ciently 
good, however, to separate Ka and radiations, so that a j&lter should 
be used even with these counters. Its main advantages are the elimina¬ 
tion of harmonics and fluorescent background. 

Both proportional counter and scintillation counter have the dis¬ 
advantage that they require additional accessories and circuitry, which 



Fig. 32. 

(Courtesy of Philips Electronics.) 


not only use valuable space in the neighborhood of the counter, but also 
constitute additional complexity which must be understood and, when a 
failure occurs, serviced. 

Counter apparatus for powders. Apparatus is commercially 
available for applying counter methods in the determination of the 
intensities of diffraction from powders. An example of this apparatus is 
shown in Fig. 32. Commercial apparatus is not designed to use the 
cylindrical powder specimen ordinarily used in Debye-Scherrer-type 
powder cameras. Instead a large flat powder specimen is used so that 
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advantage may be taken of the increase of intensity of the reflected beam 
due to “focusing/^ A Soller slit system permits the x-ray beam from a 
broad source to have sufficient divergence to cover the specimen, yet 
limits the divergence in the direction at right angles to this. 

Application of counters to measurement of intensities from 
single crystals. Preliminary investigations of the use of counters in the 
determination of the intensities of reflections from single crystals were 
made by Lonsdale^^ and by Wooster, Ramachandran, and Lang.^^ A 
study of the statistical aspects of counting and its effect on the precision 
of intensity determination has been given by Cochran.’'^ 

In the early applications^®'’^^’ (and some later ones) of counters 
in intensity measurement from single crystals, only the reflections from 
the planes in a zone were considered. The experimental equipment for 
measuring reflections in a zone is inherently simple, and is usually 
arranged by attaching a single crystal to a spectrometer or diffractometer. 
Such simple arrangements, however, do not permit measuring the intensi¬ 
ties of the full set of spectra which are required for three-dimensional 
analyses. For such measurement, more complicated apparatus, such as 
described in the next two sections, is required. 

Adaptation of counters to Weissenberg apparatus. In order to 
include reflections not in the zero level of the reciprocal lattice, Clifton, 
Filler, and McLachlan^^ attached an arm bearing a counter tube to a 
Weissenberg apparatus. The arm pivots about the rotation axis of the 
crystal. The upper-level reflections are brought into the plane of the 
counter by using the flat-cone technique.'^ This technique has the dis¬ 
advantage of having a central blind area on each upper level of the 
reciprocal lattice. At best, several mountings of the crystal for rotations 
about different axes are required for a full exploration of the reciprocal 
lattice. 

A related adaptation was devised by Evans, except that the counter 
tube was further adjustable so as to receive reflections making an angle i> 
with the axis of crystal rotation. This permitted using the normal-beam, 
flat-cone, or equi-inclination techniques. Evans gives an excellent 
account of the precautions which must be observed in aligning the instru¬ 
ment in the x-ray beam. 

Single-crystal apparatus specifically designed for counters. 

When the intensities from single crystals are to be measured by counters 
it is desirable to use apparatus especially designed for the purpose rather 
than to attempt to adapt a counter to apparatus designed for other pur¬ 
poses. The key to appropriate design of apparatus suitable to measur¬ 
ing the intensities of all hkVs is that the Laue cones are coaxial with the 

M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New York, 1942) 
Chapter 15, especially pages 301-304. 
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crystal-rotation axis.^ Diffraction directions are generators of these 
cones, Fig. 33. To collect diffracted radiation the counter should there¬ 
fore be pointed along the generator of the appropriate cone. The 
counter should therefore always be pointed at the crystal, but able to 
rotate about the axis of rotation of the crystal. The crystal-rotation 
axis should be capable of being varied with respect to the direct x-ray 
beam by a measured amount /i, and the counter should be capable of 
being varied in orientation with respect to the crystal-rotation axis by 




Fig. 33. 

A, Scheme for setting counter, rotation axis vertical. 

B. Scheme for counter apparatus shown in Fig. 34, viewed from above. 


measured angle p. Apparatus based upon such a general design can be 
used to collect intensity data by any of the inclined-beam techniques, 
including the equi-inclination technique.^ The equi-inclination tech¬ 
nique has many advantages, including absence of blind spot, great range 
of reflections which can be collected with one crystal mounting, and 
availability of pertinent data such as Lp corrections. 

An instrument based upon this theory of collecting intensity data is 
shown in Fig. 34. The upper part of the instrument can be set so that the 
crystal-rotation axis makes an angle /z with the x-ray beam. The crystal, 
mounted on a standard goniometer head and previously adjusted on an 
optical (or other) goniometer, can be rotated on its axis through any 
angle co, the coordinate being measured on a dial. Any reflection belong¬ 
ing to a particular cone, for which /z and p are set, can be brought to 

t M. J. Buerger. X--ray crystallography, (John Wiley and Sons, New York, 1942) 
page 33, Fig. 15. 

* M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New York, 1942) 
Chapter 44, pages 252-295. 
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reflecting position by turning the crystal-rotation dial through an angle 
<l>j which is a coordinate characteristic of a particular reflecting plane. 
When the reflection is picked up, the crystal is then oscillated about its 
rotation axis, through a small angle Aw. This is accomplished by a small 
reversible synchronous motor which drives the crystal through a gear 


A 

Fig. 34. 

A, B. Two views of single-crystal counter diffractometer. 

C. Detail in neighborhood of crystal, showing adjustable direct-beam stop. 

train in which the gears can be interchanged for any desired crystal- 
rotation speed. The motor is reversed by a hand switch. 

This instrument is designed to be set and operated by hand, or to be 
set and operated automatically by a suitable guide mechanism. To 
accomplish this dual purpose, the spindles which vary the T, and cj) 
settings are arranged so that there may be plugged in each of them either 
a hand crank or a motor, operated and controlled by the guide mechanism. 

Crystal and counter settings.^®^ The same reflection parameters 
occur when the reflection is recorded by Weissenberg photography'*' or by 

t M. J. Buerger, X-ray crystallography. (John Wiley and Sons, New York, 1942) 
especially Chapters 13, 14, and 15 
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a quantum counter. The angles ju and p are related to each other in a 
manner depending on the technique employed (for example, for the 
equi-inclination technique /x = —z/). For a rational rotation axis, many 
reflections (all those on the same level of the reciprocal lattice) require 


B 

Fig. 34. {Continued) 

the same angle v. For all points in the same level of the reciprocal 
lattice, therefore, v is fixed, and a reflection is caused to occur by turning 
the crystal through angle <i>] the reflection occurs at an azimuth angle T 
(measured about the rotation axis). On a Weissenberg photograph, 
the resulting reflection occurs at coordinates 0, T on the Weissenberg 
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film. When using counter recording, the crystal must be set at angle cj) 
and the counter must be set at angle T. 

The geometry is illustrated in Fig. 35. The reciprocal lattice, whose 
origin is at 0, is referred to reciprocal-cell axes a*, 6*, and c*. The axis 
a* is assumed to be initially parallel to the direct beam. The reciprocal 
lattice is assumed to rotate about the normal to the a* 5* plane, that is, 



C 

Fig. 34. {Continued) 


about the c axis of the crystal. The indices of an arbitrary point P 
are hM, The point is therefore at the end of a vector ^hu on the Zth 
level of the reciprocal lattice. A rotation through 0 brings P to reflecting 
condition, and the reflection is directed at an azimuth angle T. In these 
general terms, 


T U 
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For equi-inclination, 


R = cos V 


= cos sin' 


2 


(34) 

(35) 


Thus, (33) and (35) provide the setting angle for the Geiger counter. The 
value of ^ is discussed subsequently. 



To produce this reflection, the crystal must be rotated about (say) 
its c axis through an angle 0 . It can be seen from Fig. 35 that for equi- 
inclination, 

= ^ + (36) 

The values of | and ^ depend upon both hkl and the nature of the 
coordinate system a* 5* c* a* 7 *. The vector ^ can be resolved into 
proj. (ic*)+/ia*+fcb*. The values of f and rp for rotation about various 
axes of the several crystal systems are given in Table 5. 

While the more general formulae in Table 5 appear cumbersome, the 
computations can be readily programmed for a high-speed digital com¬ 
puter. These computations involve the cell dimensions, which must be 
accurately known. To the same program which computes T and (p for 
each reflection there may be added a computation for the Lorentz-factor 





Crystal system j^j initially \\ beam if rotation axis is r, 
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rotation axis: b I tan“^ 
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correction, which is a simple function of T, and for the polarization- 
factor correction, which is a function of ctmz- 

Evans^® has described a simple graphical method of finding T and <p 
from a plot of the reciprocal lattice. While this is a relatively convenient 
way of finding the required settings when high-speed digital computing is 
not available, experience in the author^s laboratory indicates that the 
results are not sufficiently precise for those reciprocal lattice points whose 
motion vectors make small angles with the tangent of the circle, and the 
accuracy of the resulting angles is further reduced if either the reciprocal¬ 
cell dimensions or the radius of the circle are inaccurately reproduced. 

Mathieson®® has described a mechanism which amounts to an analogue 
computer for T and <i>. It is based upon a mechanical linkage which 
essentially links T and <f> of Fig. 35 for each non-central line of reciprocal- 
lattice points. With the aid of this mechanism the coupling of T and <i> 
causes the crystal and counter to continuously follow the reflections occur¬ 
ring along a Weissenberg reciprocal-lattice line chart.^ 

The ^‘Eulerian cradle” apparatus. Furnas and Harker®^ devised 
a different type of apparatus for measuring the diffraction intensities 


2 $ 



from a single crystal. The key to the design is that the counter rotates 
only about a vertical axis, so that the incident and diffracted rays always 
lie in a horizontal plane. The crystal occupies the point of intersection 
of these two rays, and is oriented with the aid of rotation about three 
axes. This crystal support is called an Eulerian cradle because it permits 
rotation about each of the Eulerian axes. A diagram of the cradle is 
shown in Fig. 36, and a photograph is given in Fig. 37. This apparatus is 
available commercially.^® Because of the close dimensional tolerances of 

M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
Fig. 148, page 275; and Fig. 149, page 280. 
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the apparatus, the crystal must be mounted on a special goniometer head 
in which it has already been adjusted to exactly correct height. 

To measure the intensity of any reflection with this apparatus, the 
crystal must be so adjusted by manipulating the angle co, X; and <t) that 
the reciprocal-lattice point corresponding to this reflection is brought into 
the zero level with respect to the axis of co (the vertical axis). The 
energy of the reflection can then be gathered by the counter tube with a 


Fig. 37. 

(Courtesy of General Electric Co.) 

short oscillation of the crystal about the vertical axis.’*' Alternatively, 
by using a beam which converges in the horizontal plane, the crystal can 
be set at the correct angle co, and the convergence permits an automatic 
integration by the plateau method. (The general conditions under 
which such a stationary-counter method may be used are outlined by 
Lang.^^) 

With this apparatus, it is necessary to precompute the angular settings 
cc, Xj and 0 for all reflections, since these are, in general, different for each 
reflection. The determination of these values is discussed by Arndt and 
Phillips.®^ The setting problem is a more complicated one than with the 
instrument described in the previous section. With the equi-inclination 

t Arrangement for oscillation is not now supplied in the apparatus as sold, but can 
be added. 
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technique reflections occur in levels of the reciprocal lattice for which 
there is no change in v, so that only one setting angle, T, is required for 
the counter tube, and one more, co, for the crystal. 

Use of counter methods in intensity measurement. When no 
x-rays are entering the counter tube the counter records a background 
count due to quanta received by the tube from various extraneous sources. 
This is ordinarily in the neighborhood of 8 to 20 counts per minute. It 
depends upon the amount of extraneous radiation of high energy in the 
laboratory, and should be checked periodically during a run. The count 
is likely to be increased when other nearby x-ray apparatus is being 
operated. When picking up reflections from a crystal there is additional 
background due to x-rays scattered by the air in the x-ray path, and due 
to x-rays scattered incoherently by the crystal. There is also a con¬ 
tribution to the background by unwanted radiation in the spectrum of 
the x-ray source. This is discussed in a subsequent section. 

It was pointed out above that, because of the dead time of the counter 
tube, the linearity of counting rate with intensity is limited to regions 
below a certain counting rate. Lonsdale^*^ found the limit to occur for 
Geiger tubes in the neighborhood of 100 to 150 counts/sec. The counter 
itself may fail to resolve about 2000 counts/sec. Lonsdale recommends 
determining the limit of linearity of each specific instrument by a simple 
experiment: Metal foils (preferably nickel when using Cu radiation) of 
equal thickness are cumulatively interposed somewhere in the path of the 
beam from the x-ray tube to the counter. Each foil absorbs and reduces 
the intensity of the beam by When n foils are used the beam is 

reduced by e~^^. A plot of log against n is therefore linear. 
With ideal apparatus the counts per second should be proportional to the 
intensity. By plotting the logarithm of the counts recorded, versus 
71, the practical point of departure from linearity can be observed. 
The result obtained by Lonsdale for a particular set of equipment is 
shown in Fig. 38. For intense reflections the counting rate is beyond 
the linearity limit, so the intensity of the direct beam should be reduced 
by interposing a suitable number of calibrated foils. 

Lonsdale^^^ found that a range of 10^:1 is possible using a Geiger 
counter. On the other hand, only a range of about 300:1 is possible with 
automatic (graphical) ,recording because of the low limit of linearity of 
deflection versus intensity. Because of this limited range, automatic 
recording is unsuitable for very precise intensity measurement. 

Because of the statistical nature of the arrival of quanta, the uncer¬ 
tainty of counting rises rapidly as the intensity falls. This means that if 
one determines intensities by counts in a given time (say 60 seconds) 
the precision of determination of the large intensities is good, but that of 
the smaller intensities is very poor. Lonsdale’^® therefore suggested that a 
better method is to determine the time required for a given number of 
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counts. This is much slower for reflections of low intensity but it is 
much more precise. 

A detailed discussion of the factors entering into intensity determina¬ 
tion by counter methods has been given by Cochran. In particular 
Cochran considers the allowances which must be made for lost counts. 
If Ao is the number of counts recorded in one second, and r the resolving 



no. of extra Ni filters 


Fig. 38. 

(After Lonsdale.^®) 


time, then the corrected counting rate is given by 



(37) 


provided that the intensity of the source is constant. If it is not con¬ 
stant, a ^^form factor/' defined by 


/ RMS intensity of sourceX 
\mean " " " / 


2 


( 38 ) 
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N = 


N 


0 


1- No Kt 


(39) 


If the circuit contains provision for varying the resolving time, the 
constant K can be found by performing counts N i and N 2 for two selected 
resolving times n and t 2 . Then, according to (39), 


Therefore, 


so that 


N = 


Ni 

1 - Ni Kri 


1 — Nz Kt2 




1 




2, 


K(t2 — Tl) 


_1_ l_ 

N 2 N,‘ 


(40) 


(41) 


A non-uniform source also gives rise to complications in determining 
the integrated intensity; for during the time, T, that the crystal moves 
through the angular range a over which the reflection takes place, during 
which the intensity is variable, the measure of the integrated intensity is 


M = JJn dT. 

But the record is 

Mo = // No dT. 


Under these circumstances. 


M = 


Mo 


1 - Mo Ki- 


where 


_ / RMS reflecting power of crystal over range aV 

Vmean ” ” ” ” ” ” ’7 


(42) 

(43) 


(44) 


(45) 


Ki can be determined in a manner analogous to K in (41). 

Cochran*^^ rediscovered the plateau method, discussed in an earlier 
section, and recommends its use. He also recommends the use of bal¬ 
anced filters (discussed in a subsequent section) to eliminate the effects 
of unwanted components of the radiation of the x-ray tube. 
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Unwanted x-radiation 

Nature of characteristic radiation. A source of complication in 
intensity determination is that the x-ray tube does not emit pure mono¬ 
chromatic x-radiation. Unfortunately the desired Ka radiation is accom¬ 
panied by a component of somewhat shorter wavelength, and both of 
these ^^characteristic’^ components are superposed on a varying back¬ 
ground of general radiation, Fig. 39. 

Filtered radiation. It is customary to differentially suppress the 
component and shorter-wavelength general radiation in favor of the 
characteristic Ka component by '^filtering^^ the output of the x-ray tube 
through a thin sheet, or foil, of material containing the element of one 
(or two) atomic numbers less than the radiating element.'*' Suitable 
filtering elements are shown in the middle column of Table 6. This 
filtering action takes advantage of the specific discontinuity in the varia¬ 
tion of absorption with wavelength known as the K absorption edge. Fig. 
40. This absorption edge for the element Z — 1 (or Z~-2) is located so as 
to pass the Ka radiation from element Z, but differentially suppress 
shorter radiation. Unfortunately, when the Kfi component is suf¬ 
ficiently suppressed, a good deal of shorter-wavelength general radiation 
still gets through the filter. This radiation causes a ^^general-radiation 
streak” on zero-level moving-film photographs^ such that each strong 
reflection is accompanied by a streak nearer the center of the film. The 
difficulty does not arise on upper-level photographs.^ The streaks on the 
zero-level photographs frequently superpose on Bragg reflections nearer 
the center. Conversely, in determining the intensity of a spot on the 
zero-level photograph made with filtered radiation, the reflection always 
contains a contribution, sometimes very strong, to its immediate back¬ 
ground from general-radiation streaks corresponding to Bragg reflections 
nearer or farther from the center of the film. This background varies as 
it passes the spot, so that it is impossible to properly allow for it by sub¬ 
tracting the background above, below, or to one side of the spot. 

Balanced filters. Ross devised an ingenious filtering arrangement, 
known as balanced filters^ with which the unwanted components of an 
x-ray beam may be discarded. Unfortunately Ross's trick can 

only be used in connection with a diffractometer. Neighboring elements 
of the periodic system have absorptions which vary with wavelength in a 

t See also: M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New 
York, 1942) pages 176-178. 

5 See: M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 
1942) Fig. 140A, page 256. 

^ See: M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 
1942) Fig. 140B, page 256. 
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Fig. 39. 



radiation of element 
of atomic number Z 


Fig. 40. 



absorption edge of 
element of atomic 
number Z—2 
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generally similar manner, Fig. 40, except that the absorption edge for 
the heavier element is shifted to a smaller wavelength. If filters are 
made of a pair of such elements, their thicknesses can be adjusted so 
that they absorb almost exactly the same for all wavelengths except in 
the gap between their absorption edges, Fig. 41. This gap can be chosen 
so as to bracket the characteristic emission line of another element. 
Thus, in Fig. 41, filter A passes the desired characteristic wavelength 


Table 6 

I>ata for balanced filters 


Radiating element 

Filter elements 

(а) Component for 

simple filter 
or 

(б) First component of 

balanced filter 

Second component of 
balanced filter 


Ele- 

Kol 


Ele- 

Absorption 


Ele- 

Absorption 

Z 

ment 

wavelength 

Z-2 

ment 

edge 

Z~3 

ment 

edge 

47 

Ag 

0 5608 A 

45 

Rh 

0 5338 1 

44 

Ru 

0 6605 A 

46 

Pd 

0.5869 

44 

Ru 

0 5605 

43 

Tc 

? 

45 

Rh 

0 6147 

43 

Tc 

? 

42 

Mo 

0 6198 

44 

Ru 

0 6445 

42 

Mo 

0 6198 

41 

Nb 

0.6529 

43 

Tc 

? 

41 

Nb 

0.6529 

40 

Zr 

0 6888 

42 

Mo 

0.7107 

40 

Zr 

0 6888 ^ 

39 

Y 

0 7276 

41 

Nb 

0.7476 

39 

Y 

0 7276 

38 

Sr 

0 7697 

40 

Zr 

0.7873 

38 

Sr 

0 7697 

37 

Rb 

0 8155 


! z-i 1 

1 Z-2 

30 

Zn 

1.4364 

29 

Cu 

1 3804 

28 

Ni 

1 4880 

29 

Cu 

1.5418 

28 

Ni 

1.4880 

27 

Co 

1.6081 

28 

Ni 

1 6591 

27 

Co 

1.6081 

26 

Fe 

1 7433 

27 

Co 

1 7902 

26 

Fe 

1 7433 

25 

Mn 

1.8964 

26 

Fe 

1 9373 

25 

Mn 

1 8964 

24 

Cr 

2 0701 

25 

Mn 

2 1031 

24 

Cr 

2.0701 

23 

V 

2 2690 

24 

Cr 

2 2909 

23 

V 

2.2690 

22 

Ti 

2.4973 


of Fig. 39 while filter B suppresses it. If filter A and B are used in suc¬ 
cession, the difference in the intensities which they pass, as measured by a 
diffractometer, is due only to the wavelength range in the gap, which is 
known as the passband.i“ This wavelength is substantially the desired 
wavelength only, usually the Ka component. An example of the differ¬ 
ential transmission of Moifa radiation by balanced Zr and Y filters is 
shown in Figs. 42C and B respectively. The two results are plotted 
together in Fig. 42A, which shows an almost exact superposition of 
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intensities except in the pass band, where the MoKa radiation is the chief 
contributor. Table 6 shows pairs of elements appropriate for filters for 
various characteristic Ka radiations. 

Balanced filters have been discussed in some detail by Kirkpatrick. 

The appropriate balance is arranged by choosing thicknesses so that the 



ABC 


Fig. 42. 

(After Dr. Howard Evans, courtesy of Philips Electronics.) 


intensities transmitted by both filters are equal at some wavelength not 
in the pass band. This occurs when 


This calls for 

ts ma 

tA MJS 


(46) 

(47) 


In the measurement of intensities required in crystal-structure analysis, 
it is appropriate to make this match for wavelengths corresponding to the 
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Kff component of the characteristic radiation, and also for X/2, where 
X is the wavelength of the desired Ka component. The reason for select¬ 
ing this last wavelength is discussed in the next section. 

Difficulties due to harmonics. Unless the x-radintion is strictly 
monochromatic, the presence of harmonics of X in the general radiation 
given out by the x-ray tube complicates the determination of intensities. 
For, while one is measuring the intensity of the reflection hkl using 
characteristic wavelength X, the reflection nh nk nl is simultaneously 
occurring in the same direction due to the harmonic wavelength \/n. 
This unfortunate situation is not necessarily corrected by using radiation 
monochromated by reflecting the beam from a crystal (as described in 
the subsequent section). Fortunately, when using a Geiger-Miiller 
counter, the characteristics of the counting tube are such (Fig. 29) that 
the particular gas filling is sensitive only to radiation whose wavelength 
exceeds a critical value. Thus, the characteristic Ka radiation from Cu, 
Ni, Co, Fe, Mn, and Cr ionizes argon. On the other hand the harmonics 
in the general radiation excited from copper targets have wavelengths too 
amall to ionize argon, so they cause no trouble when the radiation is 
detected by an argon-filled counter tube. 

All harmonics can be eliminated if the x-ray tube is operated at a 
potential too small to excite the X/2 harmonic. The potential required 
to excite a specific wavelength of the continuous spectrum is given by 
the fundamental quantum relation, 

IfhC 

XF = — == constant. (48) 

e 

When X is expressed in Angstroms, and V in kilovolts, this is equivalent 
to 

XF = 12.39. (49) 

If (49) is applied to the X/2 harmonic, one finds that only about 35 kv. 
are required to excite it for MoKa and 16 kv. for CrxKa. Unfortunately 
these are very conservative voltages. 

Monochromated radiation. A way of achieving clean radiation 
is to reflect the x-rays from a crystal, using one of its strong Bragg reflec¬ 
tions. The reflected beam still contains harmonics unless these are 
eliminated as discussed in the last section. Alternatively, the X/2 
harmonic can be eliminated in monochromated radiation if the mono- 
chromating crystal is chosen so that it has a weak or absent second-order 
reflection. 

The monochromating is carried out by a small device called a crystal 
monochromator. A number of types have been described. The 

design of one used in the author’s laboratory for many years is shown in 
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Fig. 43. Some important characteristics are as follows: 1. It is attached 
directly to the x-ray tube so that the source-to-crystal distance is very 
short. 2. It is entirely enclosed, so that only the comparatively weak 
monochromated radiation enters the room. 3. The crystal is readily 
adjusted to reflecting position by a tangent screw. 4. The crystal is 
quickly replaced with any other. 5. When the crystal is replaced by 




Fig. 43. 



another of different Bragg glancing angle, the new reflected beam is 
quickly isolated by adjusting the position of an exit aperture. 

The merits of a number of crystals for use in monochromators have 
been listed by Lipson, Nelson, and Riley.^^® Some of this material is 
shown in Table 7. 

One of the disadvantages of using monochromated radiation is that 
very long exposures are required, Fankuchen^°® has designed a conden¬ 
sing monochromator, in which the intensity is increased over that of the 
ordinary crystal monochromator by a factor said to be of the order of 2. 
This is based on the principle of intensity increase by projection, sug¬ 
gested by Stephen and Barnes. Fankuchen^s arrangement is shown 
diagrammatically in Fig. 44. Some doubt has been expressed that 
appreciable intensity gain can be achieved by the condensing 
monochromator.^^®* 



Table 7 

Characteristics and properties of various crystals for monochromator purposes 
(After Lipson, Nelson, and Riley ^ ^ 2 ) 
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A second disadvantage of using monochromatic radiation is that the 
radiation is partially polarized. The unpolarized fraction behaves 
normally; the polarized fraction^ behaves in a manner which is difficult to 
compute due to analyzer action on the part of the crystal being examined. 
The polarization factor caused by one crystal is given by the usual 
relation^ 

p = -1(1 + cos^ 26) (50) 

— ^{1 + (cos fx cos V cos T + sin /z sin v)"^}, (51) 

If a monochromator is used whose Bragg angle is a, then if the incident 



and reflected rays of both crystal and monochromator lie in the same 
plane, the polarization factor is^^® 


1 + cos^ 2a cos^ 26 
1 + cos^ 2a 


(52) 


The case for inclined beams is more complicated: If the Bragg angle, a, 
of the monochromator lies parallel to the angle T, the polarization 
factor is^^® 

p = {cos^ 2a + cos^ fjL cos^ V + sin^ fx sin^ v 
+ (sin^ 2a ~ cos^ fx) cos^ v sin^ T 
4“ i sin^ 2 IX sin^ 2v cos T}/(1 + cos^ 2a), (53) 

The complexity of this expression suggests avoiding the use of mono¬ 
chromators in gathering intensity data unless a is so small that (50) is 
substantially true. It follows that crystals used for monochromators 

t Chapter 3, equation (15). 

5 Chapter 3, equation (14). 
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should have an appropriate strong reflection with a small 26. Azaroff^^^ 
has discussed the polarization correction, especially for the precession 
method. 

Not all crystals with strong reflections at small 2^'s are suitable mono¬ 
chromators for intensity determination. Some crystals, especially 
organic crystals like pentaerythritol, quickly deteriorate and therefore 
give radiation of variable intensity, and so are useless. 


Notes on collecting the intensity record 

In this section a discussion is given of some of the practical points 
which arise in collecting the set of intensities necessary for a crystal- 
structure analysis. The discussion applies specifically to intensities 
derived from a photographic record, but in many respects the general 
theories may be extended to diffractometer methods. 

It is assumed that ordinarily the investigator will choose to gather 
data from single-crystal reflections. It is further assumed that reflec¬ 
tions will be gathered using one of the moving-film methods. It is 
possible (and was once usual) to obtain intensity records from rotating- 
crystal photographs, or sets of oscillation photographs. The time spent 
in indexing, and the necessity for correlating intensities from one film to 
another, makes the use of the oscillation method most undesirable in 
these days of modern moving-film methods. 

While the unit-cell and space-group determination require that a 
reasonable portion of the three-dimensional reciprocal lattice be recorded, 
not all reflections need necessarily be recorded in a sufiiciently careful 
manner that acceptable intensities can be determined from them. Thus, 
it may be convenient to treat photographs intended only for space- 
group determination with a contrasty development, whereas the specific 
reflections needed for precise intensity determination may be recorded a 
second time using a special technique suited especially to intensity 
determination, for example, the Dawton positive-print technique. 

The structure of a crystal with a small cell is usually sufficiently well 
fixed by the projections of the structure in the directions of the crystal¬ 
lographic axes. The projections in the directions a, 6, and c are fixed 
by the intensities of Okl, hOl, and hkO, respectively. Thus, if the cell is 
small, the structure can often be determined by using intensities from 
these special sets of reflections only. Each of the sets hkO, hOl, and Okl 
can be recorded on a single zero-level photograph taken with one of the 
moving-film techniques. In this case, the most convenient method to 
use is the precession method or the de Jong-Bouman method. Each 
such film contains the entire hkO record (for example), arranged in a con¬ 
venient reciprocal-lattice pattern, so that indexing is unnecessary. 
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When a structure with a reasonably large cell is to be investigated, 
such projection methods usually fail, and it is then necessary to measure 
the intensities of all reflections, i.e., to determine the relative weights of 
all points of the three-dimensional reciprocal structure. This complete 
set of intensities may be used, for example, to provide the coefficients 
for a three-dimensional Patterson synthesis (Chapter 21) or they may 
be used in inequality relations (Chapter 21) in an attempt to find the 
phases of the reflections. 

Strategy with the Weissenherg apparatus. When the weights 
of all reciprocal-lattice points are to be determined, it is necessary to take 


rotation axis 



account of some of the physical limitations of the instruments used for 
recording. The equi-inclination technique is commonly used for gather¬ 
ing the record, for only this technique lacks the blind spot in the centers 
of the upper levels. Furthermore, the application of the various cor¬ 
rections (discussed in the next two chapters) is simplified for the equi- 
inclination technique. 

Usually the Weissenberg apparatus is used for this purpose. If /imax 
is the maximum inclination angle permitted by the design of the appara¬ 
tus, then the reciprocal lattice can be explored to a level (Fig. 45) 

fmax = 2 sin Minax. (54) 

For instruments commercially available in the United States at the 
present time jumax = 30°, so that i'^ax == 1? which means that only half the 
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total recordable height of the reciprocal lattice can be explored in one 
setting of the crystal. 

In Fig. 45, the unshaded region of the sphere represents reciprocal- 
lattice volume unrecorded in one crystal setting. This volume must be 
explored by remounting the crystal for rotation about other axes, unless 
the unshaded region is supplied by symmetry. Figure 46 shows how 
symmetry supplies information in the unrecorded regions. The left 
column of illustrations are drawm for ju^ax = 30*^. The pertinent sym¬ 
metry is axial symmetry with the axis normal to the rotation axis. It 
will be observed that if a 3-fold or a 6-fold axis occurs at right angles to 
the rotation axis, the symmetry of the reciprocal lattice is such that the 


1st rotation axis 


cb 



1st rotation axis 



2nd 

-(j rotation 
axis 


Fig. 47. 

missing region is completely supplied by symmetry. On the other hand, 
if a 2-fold or a 4-fold axis is at right angles to the rotation axis, there still 
remains an unexplored region. The unexplored region vanishes for the 
4-fold case if /Xmax is made 45^^, as shown in the right column. 

Figure 47 shows that to fill in the remaining unexplored region for a 
2-fold axis requires mounting the crystal for at least three rotation axes 
separated by 60° intervals. If Mmax = 45°, two orthogonal mountings 
suffice. 

In making use of symmetry, one should bear in mind that the total 
translation of most Weissenberg cameras is 180° (plus a small additional 
margin to bring the range up to, perhaps, 220°), not 360°. The upper 
and lower halves of the Weissenberg record are thus generally different. 
Suppose, now, that one is recording reflections from a monoclinic crystal 
by rotation about an axis in the symmetry plane, say the a or c axis. 
The entire record can be recorded on the film only if the record is properly 
arranged. Figure 48 shows two ways of recording an upper level for 
rotation about the c axis (second setting). Thus, in Fig. 48^, the sym¬ 
metry line of the level appears in the center of the film. During the 
counterclockwise rotation of 180°, the portion of the reciprocal lattice 
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shaded vertically passes through the upper semicircumference of the 
reflecting circle, producing reflections in the upper half of the 180° 
Weissenberg record. Meanwhile the portion of the reciprocal lattice 
shaded horizontally passes through the lower semicircumference of the 



Fig. 48. 


reflecting circle, producing reflections in the lower half of the 180° Weis¬ 
senberg record. Thus a motif half of the reciprocal lattice is recorded. 
But in Fig. 485, the symmetry line of the level starts at the edge of the 
film. In this case the upper and lower halves of the film can record 
equivalent portions of the reciprocal lattice related by the symmetry 
line, but neither record contains a complete motif half of the reciprocal 
lattice. (The records on the upper and lower halves of the film are 
related by an inversion center in the middle of the center line of the film.) 
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Suppose a preliminary photograph shows that this orientation of the 
crystal on the Weissenberg spindle has not been achieved. It is then 
necessary to shift a reflection occuring on the symmetry line so that its 
central lattice line moves to the center of the film. To perform such a 
shift with correct magnitude and direction it is necessary to understand 
the coupling of the particular Weissenberg camera being used. Figure 
49 illustrates the transformation which should be studied. The left 



Fig. 49. 


side of Fig. 49 represents the Weissenberg as seen from the x-ray tube. 
A study of the coupling shows (in this instance) that when the top of the 
dial is moved, say 20®, toward the x-ray tube, the film is moved 10 mm. 
toward the left. Meanwhile the trace of the line of reflections from the 
crystallographic plane shown on the rotation axis travels up and to the 
right on the film. Now, returning to the original setting, suppose that, 
in placing the crystal on the spindle, a reflection is found to occur on the 
film at 1, and it is desired on a second try to have it record at 2 by an 
adjustment of the spindle. If the film is left fixed and the spindle is 
rotated so that the top of the dial moves forward until the reflection is on 
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the reflection path of the desired point 2, and the camera is then coupled 
to the rotation motion, the desired shift is achieved. In other words, to 
move a record from point 1 leftward to point 2, separated by s mm. on the 
film, uncouple the camera and rotate the spindle so that the dial moves 
C 2 s degrees toward the x-ray tube. Here C 2 is the coupling constant of 
the instrument."^ 




Strategy with the precession apparatus. When gathering three- 
dimensional photographic intensity data, it is convenient to use the pre¬ 
cession method. When using MoKa radiation, this method records 
about the same number of reciprocal-lattice points as does the Weis- 
senberg method when using CnKa radiation. Fig. 50. Unfortunately, 

t M. J. Buerger, X-ray crystallography. (John Wiley and Sons, New York, 1942) 
224. 
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the precession method suffers from a blind spot in the center of the record 
for the upper levels.^^^* The volume of the reciprocal lattice which 
can be recorded by a single dial setting is shown diagrammatically in 
Fig. 51. Azaroff^^® has pointed out that with a very limited number of 



dial settings 


Fig. 52. 



Fig. 53. 

dial settings (but with no change of the crystal mounting or its adjust¬ 
ment) all points of the reciprocal lattice can be recorded. Figures 52 
and 53 show that even for an unsymmetrical crystal, only three or four 
dial settings are required. To take full advantage of this strategy, 
the crystal is best mounted so that its axis of greatest symmetry is parallel 
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to the dial axis. For hexagonal or trigonal crystals, one dial setting 
suiRces for all reflections. 


Literature 


Basic photographic theory 

^ Ferdinand Hurter and V. C. Driffield. Photo-chemical investigations and a new 
method of determination of the sensitiveness of photographic plates. J. Soc. 
Chem, Ind. (London) 9 (1890) 455-469. 

2 Carl Gamertsfelder and ISfewell S. Gingrich. The use of intensifying screens 

in x-ray diffraction work. Rev. Sci. Instr. 9 (1938) 154-159. 

3 A. Charlesby. The action of electrons and x-rays on photographic emulsions. 

Proc. Phys. Soc. 52 (1940) 657-700. 

4 C. E. Kenneth Mees. The theory of the photographic process. (The Macmillan 

Co., New York, 1942, revised, 1952) 

s Thomas H. James and George C. Higgins. Fundamentals of photographic 
theory. (John Wiley and Sons, New York, 1948) 

® M. H. VanHorn. The use of film in x-ray diffraction studies. Rev. Sci. Instr. 
22 (1951) 809-811 

^ Commission on Crystallographic Apparatus, International Union of Crystal¬ 
lography. A comparison of various commercially available x-ray films. Acta 
Cryst. 9 (1956) 520-525. 

Photographic methods 

® G. M. B. Dobson. A flicker type of photo-electric photometer giving high 
precision. Proc. Roy. Soc. (London) (A) 104 (1923) 248-251. 

® W. T. Astbury. A simple radioactive method for the photographic measurement 
of the integrated intensity of x-ray spectra. Proc. Roy. Soc. (London) (A) 
116 (1927) 640-657. 

W. T. Astbury. A new integrating photometer for x-ray crystal reflections, etc. 
Proc. Roy. Soc. (London) (A) 123 (1929) 575-602. 

11 W. T. Astbury. A new integrating microphotometer for x-ray crystal reflections. 

J. Sci. Instr. 6 (1929) 2-11. 

12 W. T. Astbury. An integrating microphotometer for x-ray crystal analysis. 

Trans. Faraday Soc. 26 (1929) 1-4. 

13 B. W. Robinson. An integrating photometer for x-ray crystal analysis. Proc. 

Roy. Soc. (London) (A) 130 (1930) 120-133. 

1^ J. Brentano. Vber ein Verfahren zur direkten Photometrierung geringer 
Schwdrzungen und dessen Anwendung bei der Auswertung von Rdntgenstrahl- 
F-Werten. Z. Physik. 70 (1931) 74-83. 

13 B. Wheeler Robinson. An integrating photometer for x-ray crystal analysis. 
J. Sci. Instr. 10 (1933) 233-242. 

13 J. Brentano, A. Baxter, and F. W. Cotton. Photographic photometry based on 
scattering. Phil. Mag. 17 (1934) 370-397. 

1^ J. Monteath Robertson. A two-crystal moving film spectrometer for compara¬ 
tive intensity measurements in x-ray crystal analysis. Phil. Mag. 18 (1934) 
729-745. 



Measurement of intensities 


147 


E. 0. Wollan. A technique for obtaining the integrated intensity from x-ray 
powder photographs. Rev. Sci. Instr. 9 (1938) 79-81. 

Ralph H. V. M. Dawton. The integration of large nwnbers of x-ray crystal 
reflections. Proc. Phys Soc. (London) 50 (1938) 919-925. 

20 J. J. deLunge, J. Monteath Robertson, and I. Woodward. X-ray crystal 
analysis of trans-azohenzene. Proe. Roy. Soc. (London) (A) 171 (1939) 
398-410, especially 404-405. 

2^ W. A. Wooster and A. J. P. Martin. A two-crystal Weissenberg x-ray goniom¬ 
eter. J, Sci. Instr. 17 (1940) 83-89. 

22 J. Monteath Robertson and R. H. V. M. Dawton. Photometry of x-ray crystal 

diffraction diagrams. J. Sci. Instr. 18 (1941) 126-128. 

23 Joseph S. Lukesh. The estimation of intensities from x-ray films. J. Chem. 

Phys. 9 (1941) 659-660. 

2^ J. C. M. Brentano. The measurement of photographic densities by the scatter 
of x-rays (Abstract). Phys. Rev. 63 (1943) 64-65. 

2® J. Monteath Robertson. Technique of intensity measurements in x-ray crystal 
analysis by photographic methods. J. Sci. Instr. 20 (1943) 175-179. 

20 J. A. Wasastjerna. An improved photographic method for the quantitative study 
of the reflexion of x-rays by crystals. Kl. Svenska Vetenskapsakad. Handl. 
20 (1944), No. 11, 26 pages. 

2^ J. C. M. Brentano and H, Froula. The evaluation of the intensities of line 
patterns recorded on a moving film in its application to the measurement of 
x-ray intensities (Abstract). Phys. Rev. 65 (1944) 254. 

2® J. C. M. Brentano. The quantitative evaluation of photographic line patterns. 
J. Opt. Soc. Am. 35 (1945) 382-389. 

2® E. H. Wiebenga and C. J. Krom. X-ray investigation of d-a-Br^ Cl, and CN- 
camphor. A direct determination of a molecular structure by comparison of 
isomorphous crystal structures. Rec. trav, chim. 66 (1946) 663-681, especi¬ 
ally 666-668. 

00 W. A. Wooster. The measurement of the intensities of x-ray reflections from 
crystals. Acta Fac. Rerum Nat. Univ. Carolinae 176a (1947) 13 pages. 

2^ E. H. Wiebenga. An integrating Weissenberg-apparatus for x-ray analysis, 
Rec. trav. chim. 66 (1947) 746-748. 

22 R. G. Wood. The positive print method of measuring x-ray reflections from a 
single crystal. J. Sci. Instr. 26 (1948) 202-204. 

22 H. P. Stadler. A new Weissenberg technique using a double slit. Acta Cryst. 
3 (1950) 262-264. 

2^ E. H. Wiebenga and D. W. Smits. An integrating Weissenberg apparatus for 
x-ray analysis. Acta Cryst. 3 (1950) 265-267. 

22 Walter N. Brown, Jr. and Willard B. Birtley. A densitometer which records 
directly in units of emulsion exposure. Rev. Sci. Instr. 22 (1951) 67-72. 

20 A. Taylor. An improved direct-reading microdensitometer. J. Sci. Instr. 28 
(1951) 200-205. 

O’" W. R. Ruston. Note on StadlePs double-slit Weissenberg technique. Acta 
Cryst. 4 (1951) 473. 

2® E. J. W. Whittaker. Two unconventional uses of a Weissenberg goniometer, 
Acta Cryst. 6 ((1953) 93. 



148 Chapter 6 

Karl E. Beu. On the use of x-ray film for the quantitative measurement of diffrac¬ 
tion line intensity. Rev. Sci. Instr. 24 (1953) 103-108. 

E. J. W. Whittaker. The Cox <Sc Shaw factor. Acta Cryst. 6 (1953) 
218. 

41 D. W. Smits and E. H. Weibenga. Measurement of x-ray intensities on 

integrated Weissenberg photographs. J. Sci. Instr. 30 (1953) 280-281. 

42 M. M. Qurashi. A discussion of the Cox & Shaw factor for oblique incidence 

and the film-to-film factor in multiple-film exposures. Acta Cryst. 6 (1953) 
668-669. 

43 G. J. Builen. The multiple-film technique: The effect of angle of incidence on 

the correlating factor. Acta Cryst. 6 (1953) 825-826. 

44 E. Alexander, B. S. Fraenkel, A. Many, and 1. T. Steinberger. An integrating 

photometer for x-ray intensity measurements. Rev. Sci. Instr. 24 (1953) 
955-960. 

45 J. Iball. The use of multiple films for measuring intensities of x-ray diffraction 

spots. J. Sci. Instr. 31 (1954) 71. 

45 S. C. Wall work and K. J. Standley. Photometry of single-crystal x-ray photo¬ 
graphs. Acta Cryst. 7 (1954) 272-275. 

47 R. J. Davis and W. E. Armstrong. Multiple film methods in x-ray powder 
photography. J. Sci. Instr. 31 (1954) 305-306. 

43 D. C. Phillips. On the visual estimation of x-ray reflection intensities from upper- 
level Weissenberg photographs. Acta Cryst. 7 (1954) 746-751. 

40 E. Stanley. A one-dimensional integrating method for estimating the intensities 
on upper-level equi-inclination Weissenberg photographs. Acta Cryst. 8 
(1955) 58-59. 

50 J. R, Brown, H. K. Moneypenny, and R. J. Wakelin. A servo-controlled 

microdensitometer for x-ray diffraction photographs. J. Sci. Instr. 32 (1955) 
55-59. 

51 Christer E. Nordman, A. L. Patterson, Alice S. Weldon, and Charles E. Supper. 

Integrating mechanism for the Buerger precession camera. Rev. Sci. Instr. 
26 (1955) 690-692. 

52 H. J. Grenville-Wells. Photographic intensity scales for use with three-dimen¬ 

sional data. Acta Cryst. 8 (1955) 512-513. 

53 Kathleen Lonsdale and H. Judith Grenville-Wells. Large increase of light 

sensitivity at low temperatures for certain types of x-ray films. Brit. J. Appl. 
Phys. 7 (1956) 380. 

54 Michael G. Rossmann. The absorption of x-rays by photographic films. Acta 

Cryst. 9 (1956) 819. 

55 D. C. Phillips. On the visual estimation of x-ray reflection intensities from 

upper-level Weissenberg photographs. II. Charts for the correction of reflec¬ 
tion spot extension. Acta Cryst. 9 (1956) 819-821. 

55 Jeanne Taylor and William Parrish. Transmission of Kodak No Screen and 
DuPont Type 508 film. Acta Cryst. 9 (1956) 971. 

57 C. E. Nordman and A. L. Patterson. Integrating attachment for the Weissen¬ 
berg camera. Rev. Sci. Instr. 28 (1957) 384-385. 

53 Leonid V. Azaroff . A new method for measuring integrated intensities photo¬ 
graphically. Acta Cryst. 10 (1957) 413-416. 



149 


Measurement of intensities 

A. W. Hanson. A double layer-line screen for WeisseTdyerg vhotoqravhv. J. 
Sci. Instr. 35 (1958) 180, 288. 

Spectrometer methods 

W. H. Bragg and W. L. Bragg. The reflection of x-rays by crystals. Proc. Roy. 
Soc. (London) (A) 88 (1913) 428-438. 

W. Lawrence Bragg, The analysis of crystals by the x-ray spectrometer. Proc. 
Roy. Soc. (London) (A) 89 (1914) 468-489. 

W. H. Bragg and W. L. Bragg. X rays and crystal structure. (G. Bell and 
Sons, London, 1915) 22-37. 

C. E. Wynn-Williams. A thyratron “scale-of-two” automatic counter. Proc. 
Roy. Soc. (London) (A) 136 (1932) 312-324. 

^ W. A. Wooster and A. J. P. Martin. An automatic ionization spectrometer. 
Proc. Roy. Soc. (London) (A) 155 (1936) 150-172. 

Harold Lifschutz. A complete Geiger-Muller counting system. Rev. Sci. Instr 
10 (1939) 21-26. 

® Harris M. Sullivan. Quantum efficiency of Geiger-Muller counters for x-ray 
intensity measurements. Rev. Sci. Instr. 11 (1940) 356-362. 

R. Lindemann and A. Trost. Das Interferenz-Zahlrohr als Hilfsmittel der 
Feinstrukturforschung mit Rbntgenstrahlen. Z. Phys. 115 (1940) 456-468. 

H. Friedman. Geiger counter spectrometer for industrial research. Electronics 
18 (1945) 132-137. 

J. Bleeksma, G. Kloos, and H. J. di Giovanni. X-ray spectrometer with Geiger 
counter for measuring powder diffraction patterns. Philips Tech. Rev. 10 
(1948) 1-12. 

Kathleen Lonsdale. Geiger counter measurements of Bragg and diffuse scattering 
of x-rays by single crystals. Acta Cryst. 1 (1948) 12-20. 

W. A. Wooster and G. L. MacDonald. Crystalline texture and the determina¬ 
tion of structure amplitudes. Acta Cryst. 1 (1948) 49-54. 

^^W. A. Wooster, G. N. Ramachandran, and A. Lang. A note on the use of 
x-ray counter-spectrometers for single-crystal measurements. J. Sci. Instr. 
25 (1948) 405-407. 

Leon F. Curtiss. The Geiger-Muller counter. Nat. Bur. Standards. (U. S.) 
Cir. 490 (1950). 

W. Cochran. A Geiger-counter technique for the measurement of integrated 
reflexion intensity, Acta Cryst. 3 (1950) 268-278. 

D. F. Clifton, Aaron Filler, and D. McLachlan. The adaptation of a Geiger 
counter to the Weissenherg camera. Rev. Sci. Instr. 22 (1951) 1024-1025. 

76 Howard T. Evans. Use of a Geiger counter for the measurement of x-ray inten¬ 
sities from small single crystals. Rev. Sci. Instr. 24 (1953) 156-161. 

S. C. Abrahams and H. J. Grenville-Wells. A single-crystal adaptor for the 
Norelco high-angle diffractometer. Rev. Sci. Instr. 26 (1954) 519-520. 

R. J. Weiss, J. J. deMarco, and G. Weremchuk. Conversion of Norelco 
fluorescent spectrograph to an x-ray diffractometer. Acta Cryst. 7 (1954) 
599-600. 

W. Parrish, E. A. Hamacher, and K. Lowitzsch. The Norelco’^ x-ray diffrac¬ 
tometer. Philips Tech. Rev. 16 (1954) 123-133. 



150 Chapter 6 

P. J. A. McKeown and A. E. Ubbelohde. A Geiger counter x-ray crystal 
spectrometer, J. Sci. Instr. 31 (1954) 321-326. 

A. R. Lang. Suggested necessary conditions for successful use of the stationary 
crystal integrated reflection measuring method with the counter spectrometer. 
Rev. Sci. Instr. 25 (1954) 1039-1040. 

^2 B. E. Warren. Peak areas with a recording diffractometer. Norelco Reptr. 
2 (1955) 63. 

J. Taylor and W. Parrish. Absorption and counting-efficiency data for x-ray 
detectors. Rev. Sci. Instr. 26 (1955) 367-373. 

Thomas C. Furnas and David Harker. Apparatus for measuring complete 
single-crystal x-ray diffraction data by means of a Geiger counter diffractometer. 
Rev. Sci. Instr. 26 (1955) 449-453. 

W. L. Bond. A single-crystal automatic diffractometer. I. Acta Cryst. 8 
(1955) 741-746. 

T. S. Benedict. A single-crystal automatic diffractometer. II. Acta Cryst. 8 
(1955) 747-752. 

W. Parrish. X-ray intensity measurements with counter tubes. Philips Tech. 
Rev. 17 (1956) 206-221. 

A. R. Lang. A versatile x-ray diffractometer for single-crystal and powder 
studies. J. Sci. Instr. 33 (1956) 138-141. 

J. W. Hughes and E. R. Pike. A monitored Geiger-counter x-ray powder 
diffractometer with automatic recording. J. Sci. Instr. 33 (1956) 204. 

R. Bones. A two-circle Geiger counter mounting. J. Sci. Instr. 33 (1956) 
241-243. 

M. J. Buerger. New single-crystal counter-tube technique. Acta Cryst. 9 
(1956) 834. 

w. Parrish and T. R. Kohler. Use of counter tubes in x-ray analysis. Rev. 
Sci. Instr. 27 (1956) 795-808. 

P. H. Dowling, C. F. Hendee, T. R. Kohler, and W. Parrish. Counters for 
x-ray analysis. Philips Tech. Rev. 18 (1956/57) 262-275. 

U. W. Arndt and D. C. Phillips. On the determination of crystal and counter 
settings for a single-crystal x-ray diffractometer. Acta Cryst. 10 (1957) 
508-510. 

Thomas C. Furnas, Jr. Single crystal orienter instruction manual. (General 
Electric Company, Milwaukee, 1957). 

G. E. B. Barstad and A. F. Andresen. Single crystal goniometer for x-ray and 
neutron diffraction. Rev. Sci. Instr. 28 (1957) 916-918. 

A. J. van Bommel and J. M. Bijvoet. The crystal structure of ammonium 
hydrogen D-tartrate. Acta Cryst. 11 (1958) 61-70. 

A. McL. Mathieson. A guide mechanism for a single-crystal x-ray counter 
goniometer. Acta Cryst. 11 (1958) 433-436. 

1. D. Brown. Determination of triclinic crystal setting for a single-crystal 
diffractometer. Acta Cryst. 11 (1958) 510-511. 

Yoichi litaka. A single-crystal diffractometer. Mineral Soc. Japan (1959). 

Charles T. Prewitt. The parameters T and <t> for equi-inclination, with applica¬ 
tion to the single-crystal counter diffractometer. Z. Krist. 13 (1960). 



Measurement of intensities 


151 


Balanced filters 

102 p. A. Ross. Polarization of x-rays (Abstract). Phys. Rev. 28 (1926) 425. 

103 p. A. Ross. A new method of spectroscopy for faint x-radiations. J. Opt. Soc. 

Am. 16 (1928) 433-437. 

104 Paul Kirkpatrick. On the theory and use of Ross filters. Rev. Sci. Instr. 10 

(1939) 186-191. 

103 Paul Kirkpatrick. Theory and use of Ross filters. 11. Rev. Sci. Instr. 15 
(1944) 223-229. 

106 Paul Kirkpatrick and C. K. Chang. X-ray monochromatization by four 
balanced filters (Abstract). Phys. Rev. 66 (1944) 159. 

10" Jack A. Soules, Wilham L. Gordon, and C. H. Shaw. Design of diferential 
OL-ray filters for low-intensity scattering experiments. Rev. Sci. Instr. 27 
(1956) 12-14. 

Monochromators 

106 R. A. Stephen and R. J. Barnes. New technique for obtaining x-ray powder 
patterns. Nature 136 (1935) 793-794; 137 (1936) 532-533. 

1001. Fankuchen. A condensing monochromoior for x-rays. Nature 139 (1937) 
193-194. 

110 R. M. Bozorth and F. E. Haworth. Focusing of an x-ray beam by a rocksalt 

crystal. Phys. Rev. 63 (1938) 538-544, especially 544. 

111 1. Fankuchen. Intense monochromatic beams of x-rays. Phys. Rev. 63 (1938) 

910. 

112 J. D. H. Donnay and I. Fankuchen. A simple crystal monochromator for 

x-rays. Rev. Sci. Instr. 15 (1944) 128-129. 

113 H. Lipson, J. B. Nelson, and D. P. Riley. Monochromatic x-radiation. J. Sci. 

Instr. 22 (1945) 184-187. 

114 R. C. Evans, P. B. Hirsch, and J. N. Kellar. A ^parallel-beam^ concentrating 

monochromator for x-rays. Acta Cryst. 1 (1948) 124-129. 

113 E. J. W. Whittaker. The polarization factor for inclined-beam photographs 
using crystal-reflected radiation. Acta Cryst. 6 (1953) 222-223. 

110 B. E. Warren. Monochromatic x-rays for single crystal diffuse scattering. 
J. Appl. Phys. 25 (1954) 814-815. 

11’’' Leonid V, Azaroff. Polarization correction for crystal-monochromatized x-radia¬ 
tion. Acta Cryst. 8 (1955) 701-704. 

Recording range 

116 M. J. Buerger. The photography of the reciprocal lattice. Am. Soc. for X-ray 
and Electron Diffraction, Monograph No. 1 (1944) 36. 

110 Leonid V. Azaroff. Crystal settings for upper level photography^ precession 
method. Rev. Sci. Instr. 26 (1954) 928-929. 

120 Gabrielle Donnay and J. D. H. Donnay. Domain of reciprocal space accessible 
to precession photography. Rev. Sci. Instr. 26 (1955) 610-612. 



152 


7 

Some geometrical factors 
affecting intensities 


In Chapter 3 an outline was given of sonae of the quantitative aspects 
of x-ray diffraction. The amount of energy Ehu diffracted in the spec¬ 
trum hkl as a crystal rotates uniformly about an axis normal to the x-ray 
beam can be written, from (85), Chapter 3, as 

Ehki ~ KLkki Vhki \Fhu\ (1) 


Here if is a constant for the experiment, but Lukh Lorentz factor, 
and Vhkh l^he polarization factor, differ from reflection to reflection. 

The polarization factor is a simple function of 26 and, according to 
(14) of Chapter 3, is given by 


V = 


1 -f- cos^ 26 
2 


(2) 


This factor does not depend on the details of the experiment. 

The Lorentz factor, on the other hand, is concerned with the specific 
motion of the crystal, which was assumed in Chapter 3 to be a uniform 
rotation about an axis at right angles to the x-ray beam. This experi¬ 
mental arrangement is not sufficiently general to cover present-day 
experimental procedures, so that a more general formulation of the 
Lorentz factor is required. 

In many x-ray diffraction experiments, another factor, the multiplicity 
factor, must be recognized. The Lorentz factor and the multiplicity 
factor are discussed in this chapter. 


The rotation factor 

Relation (80) of Chapter 3 can be described as applying directly only 
to reflections appearing on the zero level of a rotating-crystal photograph 
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taken by the normal-beam method. If it is to be applied to reflections 
on upper levels an allowance is required for the fact that, if the speed of 
rotation of the crystal is oj, planes inclined to the rotation axis pass 
through the condition of Bragg reflection at a smaller velocity . In 
the early days of crystal-structure analysis, the correction for this velocity 
was called the rotation factor, and was defined as 

(3) 

03 


Since this viewpoint is a less general one than given later, the theory of 
the Lorentx factor in terms of a rotation factor is given here only in 
outline. 

Ott,2 and later Cox and Shaw/ showed that the value of the rotation 
factor for the normal-beam rotating-crystal method is 

^ Vsin^ a — sin^ 0 ... 

D , =-:-^ (4) 


where a is the angle between the rotation axis and the normal to the crys¬ 
tal plane. This can be converted to the form 


D± 



(5) 


where v is the angle between the equatorial plane and a generator of the 
cone of the nth level on which the reflection lies. Cox and Shaw/ 
published charts for the variation of over a cylindrical film and over 
a flat film. The chart for the cylindrical film, reduced for a camera of 
diameter 57.3 mm., is shown in Fig. 1. 

Tunell® evaluated (3) for the equi-inclination arrangement and obtained 

^ VcosV-_co^_ 


The graph of this function is shown in Fig. 2. To use this chart, it is 
necessary to know sin d and ji for each reflection. The value of sin 9 
may be found graphically from a plot of the reciprocal lattice with the 
aid of a simple device due to Booth.^^* 

It will be evident in subsequent sections that the rotation factor is a 
part of the Lorentz factor correction. Unfortunately it was defined by 
Cox and Shaw^ in inverse form. If the Lorentz factor is designated by 
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Fig. 2. 

The rotation factor as a function of ju and sin $ for the equi-inclination technique. 

(After TunelL®) 


Lo for the zero level, and by Ln for the nth level, then 


Therefore: 

For normal beam: 


Ln — 


and, 

For equi-inclination: 

Ln “ 


Ln = —Lq, 


cos 6 


a/ sin^ a — sin^ 6 

sin 26 

1 


2 sin ^ a/ sin^ a — 

sin^ e 

sin 6 

1 

a/cos^ ju — cos^ 6 

sin 26 

1 



2 cos 6 cos^ n — cos^ 6 


(7) 


( 8 ) 


( 9 ) 
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These are inconvenient functions. The more general view of the Lorentz 
factor given next not only lends itself to simpler expressions, but permits 
application in even more general cases. 

Theory of the Lorentz factor 

The Lorentz factor in terms of the reciprocal lattice- The factor 
which appeared as 1/sin 20 in (80) of Chapter 3 is known as the Lorentz 
factor, because a particular form of it applicable to the Laue method was 
first derived by H. A. Lorentz in his classes. The form derived in 
Chapter 3 is a specialized form applicable only when two conditions are 
met: 1, that the reflection is from a plane parallel to the rotation axis 
and, 2, that the x-ray beam is directed perpendicular to the axis. There 
is evidently still needed the appropriate form of the factor for planes of 
any slope with respect to the rotation axis, as well as for any angle 
between the rotation axis and x-ray beam. In order to establish these 
forms it is important to inquire into the significance of the Lorentz factor. 

If the term 1/sin 26 in (80) of Chapter 3 is traced back, it is found that 
it was not in any way concerned with the integration in (75). This 
means that each variable element undergoing integration is also affected 
by this factor. Thus, the factor not only applies to integrated reflections, 
but it applies to peak reflections as well. 

In making substitutions from (77) through (79) of Chapter 3 it is 
evident that the Lorentz factor is composed of two parts: 

^ sin 20 

\2 sm 0/ \cos 6 

The first factor comes via q^, and is a measure of the relative intensity 
reflected by a unit volume at glancing angle 0. The second factor comes 
via l/B, and is an inverse measure of the relative rate of change, with 
glancing angle, of the path length. 

These two parts of the Lorentz factor can be identified as features of 
the reciprocal-lattice explanation of reflection. Figure 3 shows the situa¬ 
tion for a point P on the zero level of the reciprocal lattice, the levels 
being taken normal to the rotation axis. These conditions correspond 
with the special case which was developed, namely, reflection by a plane 
parallel to the rotation axis. In Fig. 3, 



— sm 0. 

2 


( 11 ) 
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Therefore, the trigonometric identity 


sin 2B = 2 sin B cos B 

(12) 

can be expressed as 


sin 2B = ^ cos B, 

(13) 

so that 


L = . ^ = ^ • 

Sin 2B ^ cos 6 

(14) 


Now, let the crystal, together with its reciprocal lattice, rotate at a 
constant angular velocity w. The velocity of a point P at a distance $ 



Fig. 3. 


from the rotation axis is w?. Figure 3 shows that this velocity vector 
makes an angle B with the normal to the sphere. Therefore the com“ 
ponent of the velocity of P normal to the sphere is 

F = cos 6, (15) 

The time taken for a reciprocal lattice point, P, to pass through the condi¬ 
tion of reflection is inversely proportional to its velocity, so that the time 
during which the reflection occurs is 

t = C^ (16) 


0 ) 5 cos B 

In (16) and (17), the constant C depends on the *^size” of the reciprocal- 
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lattice point ^ and on the width of the band making up the circle of reflec¬ 
tion of the beam. The first term of (17) is a constant for the experiment, 
and the second term represents the variation which occurs in time-of- 
reflection opportunity for the various planes of the crystal. This second 
term is just the Lorentz factor, 1/sin 20, for the special case, Fig. 4, 
according to (14). According to (15), 



For this purpose the 
can be represented by 


CO 1 

V i cos d 

and, according to (14) this is L, so that 


L = 


60 

V 


(18) 


(19) 


From this analysis, it can be concluded that 
the factor 1/sin 26 can also be interpreted as the 
relative time opportunity for the various planes 
of the crystal to reflect. This factor can there¬ 
fore be investigated for any desired set of condi¬ 
tions by making use of the reciprocal lattice and 
simply solving for the components of the factor. 

Lorentz factor for the special case just discussed 


L = 


1 

sin 26 


( 20 ) 


1 

I cos 6 


( 21 ) 


In this case the first component of the factor is the reciprocal of ^ and 
descends from q^. The second is the reciprocal of cos 0, which descends 
from B and represents the ratio of the velocity of the point P to its normal 
component through the sphere of reflection. 

Lorentz factor for methods employing a rotating crystal.^ A 
more general treatment of the Lorentz factor than the one involving a 
^'rotation factor,’’ and at the same time one affording a simpler derivation, 
and achieving more general results, can be had by making use of the 
reciprocal-lattice concepts®*^ of the last section. In this case it is chiefly 

In Chapter 2 it was seen that if the diffracting pattern consists of an infinite 
number of units, the diffraction maxima are infinitely sharp. Under such circum¬ 
stances the reciprocal-lattice points are (ideally) infinitely small. When the number 
of pattern units is finite, the diffraction maxima have a finite width, and the reciprocal- 
lattice points have a finite size. 

5 Specifically, the rotation, oscillation, Weissenberg, Schiebold, Schiebold-Sauter, 
and de Jong-Bouman methods. 
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necessary to generalize the ratio of the velocity of the point P to its com¬ 
ponent normal to the sphere of reflection. Since the cases discussed in 
the next several sections are of great practical importance in the routine 
of crystal-structure analysis, they are treated rather fully. 

In Fig. 5, the important reciprocal-lattice aspects of the problem are 
shown. Figure oA shows the plan, Fig. 5C an elevation, and Fig. bB 
an intermediate view of the sphere of reflection. The reciprocal lattice 
is rotating with an angular velocity w. Reciprocal lattice point, P, on 
the nth level, has just reached the n-layer reflecting circle and is in the 
process of reflecting. P is moving in the direction PU and has a linear 
velocity co^. The velocity with which it passes through the sphere, how¬ 
ever, is the component of this velocity on the normal to the sphere at 
the point P, namely, its component on PS, Designating as ?; the angle 
between PS and PC7, the speed with which P passes through the condition 
of reflection is given by 

V ~ 00 ^ cos 7j. (22) 

To evaluate cos pass a plane through the center of the sphere Sj and 
normal to the velocity direction PU. It is evident that 

cos rj == q. (23) 


Substituting this in (22) gives 


V = cofg. (24) 

Referring to Fig. 5A, it will be observed that the last two terms of (24) 
represent twice the area, A, of triangle On PSn] i*e., 

V = a)-2A. (25) 

Now, according to (19), the Lorentz factor is simply the ratio of w to V, 
Therefore 

i = ^. ( 26 ) 

Jb W 

Substituting from (25), it is seen that a general expression of the 
Lorentz factor correction is evidently 

^ = 2A, (27) 

A being the area of triangle whose sides are J, Po and Pn- 
If the sides of a scalene triangle are a, 5, and c, the area of the triangle 
is given by 


A = A/s(s“a)(5—6)(s—c), 


(28) 
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where 

5 = i(a+6+c). (29) 

By substituting from (29) into (28), the area can also be explicitly 
expressed 

A = i a/( a+5+c)( —a+6+c)((X-'6+c)(a+6 —c). (30) 

In the present connection, the sides a, Z>, and c, have the following 
specific values (Fig. 5A and C): 


a == I, 

6 = i2o == cos fx, (31) 


C == Rn = COS V. 


When these are substituted into (30), and then this value of the area is 
substituted into (27), the general value of the Lorentz correction is seen 
to be 


y = i (f+COS/x+COS>^)( —f+cos^+cos?^) 

Ju _ 

($—cos/i+COS r) (f+cosM — CO s r). (32) 

This rather cumbersome form can be simplified as follows for certain 
special cases: 

Equi-inclination: /x = — r 'j 

Anti-equi-mcUnation: /x = ?/ > /. cos /x = cos v. 

Any zero level: M = v ] 


2 

L 


(^+2cosj') ( — ^+20081^) f ^ 


(33) 



a/ 4 cos^ V — f 


(34) 


The foregoing development provides a measure of the Lorentz factor 
or its correction in terms of the reciprocal-lattice coordinate The 
Lorentz factor can also be expressed in terms of the film coordinate T, 
as follows. 

Returning to (27), it will be observed that the area, A, of the triangle 
On PSn, Fig. 5A can be expressed as 

A = ^wRo^ (35) 

Substituting for Rq from (31) and then substituting (35) in (27) gives 


1 

— — W cos M- 


(36) 
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Fig. 5. 

(After Buerger-®) 


For photograplis made with a cylindrical film, the following relation 
provides a useful substitute for w (Fig. 5A): 

w 

sin T = —> 


( 37 ) 
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Substituting for w in (36) and for i?„ in 


where Rn is given by (31). 

(37) gives 

- = cos fL cos V sin T. (38) 


In this relation, the angle T is directly proportional to the distance of a 
diffraction spot from the center line of the cylindrical film, so that T is a 
film coordinate.*^ With an appropriate camera diameter, the angle T in 
degrees is equal to the distance of the spot from the center line of the film, 
measured in half-millimeters. This camera diameter, namely 57.3 mm., 
is a standard one for Weissenberg and rotating-crystal cameras in the 
United States. The angle T is also a setting coordinate for the single¬ 
crystal quantum-counter apparatus, Chapter 6. 

Relation (38) reduces to a simpler form for special arrangements of 
recording the reflections, as follows: 


Equi-inclination, /z == —v: 

i i = cos* V sin T, 

(39) 

Anti-equi-inclination p = v: 

V 


Normal beamy fn = 0; 

j = COS V sin T, 

Ld 

(40) 

Flat cone, v — 0: 

j = cos PL sin T. 

(41) 


For the practical application of a correction for the Lorentz factor, it 
should be noted that the forms of all the above relations—(38) through 
(41)—are the same except for the cosine term. This represents a scale 
factor 

= cos M cos Vj (42) 

which is a function of the method of recording and of the particular level 
only. This means that all reflections recorded on a photograph for a 
particular level have a Lorentz factor 


L - 


1 

>S sin T* 


(43) 


This scale factor can be removed as each level is photographed by timing 
the exposure of the photograph of that level by a time proportional to 

t M. J Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
223. 
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(42). If this is done, the exposure time cancels the scale factor (42) 
characteristic of the level, and the practical correction for all photographs 
is simply sin T. 

The Lorentz factor for pure precession motion. In order to 
derive the Lorentz factor appropriate to the precession method, “ it is 
necessary to inquire first into the character of the motion of precession. 
At the time this book is being written, precession instruments are still 
made in essentially the original design, in which the film holder and crystal 
are mounted on a universal joint. This mounting gives rise to a certain 
minor lack of symmetry of motion, which will be discussed later, and 



which complicates consideration of the motion in detail. In order to 
understand the derivation of the Lorentz factor readily, it is desirable to 
neglect these complications initially by considering a ^^pure’^ precession 
motion. This motion can be actually generated as indicated in Fig. 6, 
as well as in several other simple ways. 

The motion of pure precession can be described in the following way: 
For precession angle js, the zero-level plane touches the surface of a cone. 
Fig. 7, of half opening angle Tr/2 — p. During the precession, the plane 
rolls on the surface of the cone, the contact migrating clockwise at angular 
rate ca. But at the same time there is a slippage at the contact that can 
be described as a counter-clockwise rotation of the plane about its normal. 
The reason for the slippage is that, at a distance R from the center, the 
cone has a radius of only R sin js. Since a point on the plane must touch 
the same point on the cone during each cycle, the precession motion must 
be such that the circumference 2'n-R of the plane must slip uniformly to 
match the circumference 27rR sin p of the cone. This requires a linear 
slippage of 2tR — 2rR sin p per cycle, which is equivalent to an angular 
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slippage of 2t{1 - sin p) per cycle, or an angular rate of 1 - sin p. If 
the angular velocity of precession is oi, the angular slippage velocity is 
(1 — sin p)o3. 

I 



Fig. 7. 




Fig. 8. 

The total instantaneous motion of pure precession is thus a rolling 
motion about an axis in the plane of the zero level, plus a rotation at an 
angular rate (1 — ji)cc about an axis normal to the zero level. Both of 
these axes precess. Each motion contributes a velocity to a reciprocal 
lattice point, and each therefore contributes to the Lorentz factor of the 
point. 
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Rolling component. This motion can be appreciated by representing 
angular displacements on the surface of a unit sphere. Suppose one looks 
along the x-ray beam toward the source. Then the precession angle, /Z, 
can be represented by the displacement, /Z, along a great circle on the 
sphere in Fig. 8-4. (This is a reference sphere and not the sphere of reflec¬ 
tion.) After the precession motion has proceeded a very short interval of 
time, the angular displacement is then represented by ji'. The small 
arrow connecting the ends of these displacement vectors represents the 
change, A/i. Evidently when Ajx is infinitesimally small, it is a vector 
equivalent to a rotation about the axis I.A., 90® away from the displace¬ 
ment Ajz. 

In Fig. SA, the arc ji is rotating about the center of the diagram at the 
precession velocity co. In Fig. 8B, both the arc jx and the vertical line 
segment of length r are rotating about the horizontal line at velocity co. 
The common end of both arc and line segment are therefore moving 
toward the observer at linear rate wr. This motion is equivalent to an 
instantaneous rotation about the sloping line (LA.) with angular velocity 

0 = (cor) • 1 (44) 

From Fig. 8B, 

r = sin js. (45) 

Consequently 

Q = CO sin ju. (46) 

The rolling component for reciprocal lattice point, P, which occurs, in 
general, on an n level, can be derived with the aid of Fig. 9. Figure 9A 
shows a view of the sphere of reflection, with the x-ray beam coming 
from left to right. The point of exit of the x-ray beam from the sphere is 
the origin Oq, The zero layer, tipped to the left by an angle /Z, intersects 
the sphere of reflection in the zero-level circle. The diameter of the zero- 
level circle containing the origin is also the I.A. The relations just 
discussed are also shown looking normal to the levels in Fig. 9C. Most 
of the rest of the relations to be discussed are best appreciated from Fig. 
9J5, which is a view along the I.A. of Fig. 9A in the direction OoaSqQ. 

To derive the rolling component for reciprocal lattice point, P, it 
should be observed that the entire reciprocal lattice has an angular 
velocity Q about the instantaneous axis, I.A. The velocity of the point 
P (Fig. 9JS) at a distance j from the I.A. is Qj, If the velocity vector 
makes an angle ^ with the radius of the sphere at P, the component of P’s 
velocity normal to the surface of the sphere is 

V = Qj cos ^ 


= (c*j sin ]i)j cos V'. 


(47) 

(48) 
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^-n-level circle 



B 

Fig. 9. 

Since, according to (19), the Lorentz factor is the ratio of w to F, it follows 
that 

-r = j sin j3 cos (49) 

^11 


To evaluate cos pass a plane MM\ Fig. 9B, through S normal to the 
velocity direction PU, Then PUS is a. right angle, and 
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(51) 


The product in parentheses is the area of the rectangle QPVV, Fig. 95. 
It is therefore twice the area of the triangle QPS'. A measure of the area 
of this triangle is IQS' • w. Inserting twice this value iov jg in (51) one 
obtains 



^ = QS' • w sin }1. 

(52) 

From Fig. 9A, 

the distance 



QS' = So>S = cos M. 

(53) 

Therefore (52) 

can be rewritten 



1 

—■ = t/; sin js cos ^ 

^11 

(54) 


= iw sin 2ji. 

(55) 


Here w is the distance of the reciprocal-lattice point, P, from the pro¬ 
jection of the I.A. on that level. 

There are several ways of handling the development of the Lorentz 
factor at this point; 


1. Relation (55) can be transformed as follows: Angle T is the projec¬ 
tion of angle 2Q on the levels of the reciprocal lattice, Fig. 9C. The 
normal, w, can be expressed in terms of it: 


But 


w 

sin T = —• 

Jtfi 


Rn = sin P, 


so (54) and (55) can be rewritten 


— = cos fi sin ji sin v sin T 
= I sin 2ju sin v sin T. 


(56) 

(57) 


(58) 

(59) 


It is interesting to compare (58), which applies to the rolling component 
of pure precession motion, with (38), which applies to rotation motion. 
The relation between the angles is 



168 


Chapter 7 




TT 


M, 


V 





so that 

sin /z = cos 
sin V = cos V. 


(60) 


(61) 


Therefore the Lorentz factor for the two cases are the same except for the 
additional factor cos /z which occurs in the expression for the rolling com¬ 
ponent of pure precession motion. 

2. But (54) can also be developed in a different way so as to display 
the relation between the Lorentz factors for the rolling component of 
precession and the rotation methods. In Fig. 9C, 

wR^ = 2A, (62) 

where A is the area of the triangle On PSny so 


Ro sin jtZ 


(63) 


This can be substituted into (54), giving 

1 2A . 

~ ~— sm /z cos ju 

L\\ sm jz 

= 2 A cos JZ, (64) 


Since the triangle On PSny whose area is given by A in (64), corresponds 
exactly to the triangle of the same labeling of Fig. 5-4, and since (64) and 
(27) are the same except for the factor cos jz, it is again evident that the 
Lorentz factors for rotation and the rolling component of pure precession 
are the same except for the factor cos jz in the precession case. The 
results of the last section on Lorentz factors for the rotation method can 
therefore be transformed readily into results applicable to pure precession 
motion. To do this, the customary designation for inclination angle 
and cone angle of the rotation methods should be transformed according 
to (61) into the angles customarily used in the precession method. If one 
makes this transformation of (32), the Lorentz correction for the rolling 
component of pure precession motion can be written 


~ == \/ (^+sinM+siniJ)( —l+sin/Z+sin?) 

^11 2 _ 


($ —sin/z+sin j?) (^+sin ja — sin v ). (65) 
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The complete Lorentz factor. The Lorentz factor for the motion of pure 
precession can be obtained by properly combining the separate factors 
due to the rolling and rotational components. The proper method of 
combination can be seen as follows: Each motion gives rise to a velocity 
V of a point P normal to the sphere. The algebraic sum of these velocities 
is the total velocity. Since 1/L = V/o>^ each velocity component gives 
rise to a component of 1/L. The rolling component of 1/L was derived 
in (58). The rotational component was shown to have the same form 
as (58) except that it lacks the term cos js. The general expression, which 
is a transformation of (38) by (61), is referred to a velocity V based upon 
the angular velocity of rotation. When the velocity is based upon the 
angular velocity of precession, then F —» F(1 — sin /z) and the rotation 
component can be written 

— = (1 — sin p) sin p sin v sin T. (66) 

Lx 

If this is combined with (58), the result is 

7 == 7 ~ + — = (cos /I + 1 — sin m) sin p sin v sin T, (67) 
L Ljj Lx 

This is the complete Lorentz factor for the motion of pure precession. 
The term in parentheses serves to distribute the correction between 
rolling and rotational components; when ja == 0 it is unity, and when 
p = 90® it is zero (so that L = oo). 

The Lorentz factor for precession motion with universal-joint 
suspension. At the time this book is being written, commercially made 
precession instruments conform to the original design in having crystal 
and film holder free to move in universal joints. This gives rise to inter¬ 
esting minor departures of the Lorentz factor from the values it has for 
pure precession motion. The reason for this is as follows. 

Figures 10 and 11 next page show diagrams of the film holder in two 
positions. The film holder is free to rotate about a horizontal axis H, and 
the horizontal axis, in turn, is free to rotate about a vertical axis, F. In 
Fig. 10A, the normal to the film is horizontal. The arrow at the end of 
the normal shows the instantaneous direction of motion of that point 
of the normal. The instantaneous motion can be described as a rota¬ 
tion about an I.A. in the plane of the film, and this corresponds to the 
rolling component of pure precession motion. But when the precession 
has proceeded 90® further, as shown in Fig. 11, the situation is different. 
In this case the I.A. is the vertical axis F of the universal joint, and it 
does not lie in the plane of the zero level but makes an angle p with it. 
Such motion is not pure precession motion. 

Figures 10 and 11 show two extreme cases. At any intermediate point 
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H3— H 



actual 

lA 



1 ^ 


Fig. 11. 


in the precession motion, the resultant motion has the effect of producing 
a Lorentz factor which varies with the aximuth r, Fig. 12, (facing page), 
of the reciprocal-lattice point considered. Waser^^ has evaluated the 
function. This result, normalized to the definition of Lorentz factor used 
here, can be written 
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I 

L 


[cos ji sin /z sin v sin T] 


+ 


1 


1 + tan^ sin^ (r + 97 ) 1 + tan^ jtZ sin^ (r 97). 


( 68 ) 


where 



When /Z = 0 this degenerates to 


(69) 


1 ... 

- = cos fi sm /z sm v sin 


T, 


(70) 


which is the value for the rolling component of 
pure precession motion. 

Expression (68) gives numerical values of the 
Lorentz factor which increasingly deviate from 
those for the rolling component of pure precession 
motion with increasing precession angle /z. When 
/Z = 10°, the maximum deviation is only about 
Ji = 30°, 2%; when ji = 20°, it is 7%; but when 
the maximum deviation reaches about 16%. 

The Lorentz factor for the powder method. The Lorentz factor 
applicable to the powder method can be derived by a treatment similar to 
that used for the rotation and precession methods. In those methods, the 
element of volume of the crystal, dV, was represented by the reciprocal 
lattice point Phkh which had a specific location for a given orientation of 
the crystal. In the powder method, this volume is composed of a large 
number of crystallites in random orientation. The same volume, dV, 
can therefore be represented by a reciprocal lattice point Phu distributed 
over these orientations. In reciprocal space, Phu li^s ^ distance 
<Thu from the origin, so that the distribution of Phki is a uniform distribu¬ 
tion over a sphere of radius dnu- 

As noted in the footnote on page 158, it is important to recognize that 
a reciprocal-lattice “point’’ is not a dimensionless point, but, rather, is a 
small volume whose linear dimensions in any direction are inversely 
proportional to the dimensions of the physical crystal in that direction. 
All reciprocal-lattice points of a specific crystal have the same dimen¬ 
sions. With this proviso, it is evident that the reciprocal-lattice point 
Phki for the powder method actually occupies a shell of thickness da 
covering the surface of a sphere of radius a as suggested by Fig. 13 A 
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The shell thickness depends on the size of the reciprocal-lattice point of 
the average crystal of the powder. The entire shell is thus the statistical 
location of the reciprocal-lattice point Phkh consequently represents 
the volume dV^kh 

Only a part of this volume dV is in a position to reflect, namely that 
represented by the fraction of the shell of the sphere which is in contact 
with the sphere of reflection. Figure \?>A shows that the fraction of the 
spherical shell Phu in condition to reflect can be represented by the ratio 




Fig. 13. 


of the area of the ring of radius r and width w to the volume of the entire 
shell. Specifically, the fraction of the volume dV in reflecting condition 
is measured by 

_ Area of ring _ W'2Tr . 

Volume of shell 4x0-^ do¬ 


lt is necessary to evaluate w, r, and o as functions of something measure- 
able in powder photographs, specifically the glancing angle, 6, 

Figure 13i5 shows the way the two spheres intersect. Triangle PSO 
is isosoles, and £PS0 = 26. By bisecting this angle, it becomes evident 
that jLSPO = (x/2) — 6. The tangents at P are normal to the legs of 
this angle; hence the tangents intersect at (7r/2) — 6 and 6, Returning 
to Fig. 13A, it is now obvious that 



do 

w — 

cos 6 

(72) 

Furthermore, 


T = sin 26. 

(73) 

In Fig. 13R, it is seen that 


or == 2 sin 6. 

(74) 


The values supplied by the last three relations can be substituted into 
(71), yielding 
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(75) 


This fraction of the volume element is in reflecting condition. 
Since this is a measure of the relative opportunity of the plane hkl to 
reflect, it plays a role similar to that of the Lorentz factor in the rotation 
of a single crystal. For, it will be observed that if one attempts to apply 
(89) of Chapter 3 to the powder method, the Lorentz factor, L, which was 
shown in (19) to be the ratio o^/Vhkh is indeterminate, since both factors 
are zero. Since L merely represents the relative time opportunity of the 
various planes to reflect, it can be conveniently set equal to unity, since 
all opportunities are equal. But the various planes do not have equal 
volumes in reflecting position. Thus, L dV for rotating crystals is 
replaced effectively in powder photographs by / dF, so (75) can therefore 
be regarded as the Lorentz factor for the entire Debye ring. The energy 
of the entire Debye ring is then found by substituting /dF for L dV in 
(89) and (90) of Chapter 3, giving 

Er^. = K^^p\F\^dV. (76) 


It is usually more convenient to measure the energy in some definite 
length. This can be derived from (76) from the following considerations. 
The total length of the Debye ring is 2x12 sin 28, where R is the radius of 
the camera. Therefore the energy caught per unit length of the ring is 

K p\F\^ dV 

E = sin d) 

“ 2iri? sin 26 


= K 

= K 

= K 


(—\ p\F\^ dV 
\8xE sin 28 sin 8/ 


SttR • 2 sin ^ cos 8 sin 8 

_ 1 _ 

16tR sin^ 8 cos 8^ 






dV. 


dV 


(77) 
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Omitting the numerical factors, which are constant for the experiment, 
the factor in parentheses, namely 



2 

■-- T 

sin 0 sin 20 


(79) 


can be regarded as the practical Lorentz factor for the powder method. 

It should be observed that (77) and (78) were derived on the assump¬ 
tion that only one reflection hkl is contributed to a Debye ring. It is 
necessary to recognize that a Debye ring always contains more than 
one reflection. In any case, it contains the contribution from hkl and 
hkU and it may contain many more. Further aspects of this are dis¬ 
cussed beyond under ^^The multiplicity factor^’ and under “Reflection 
coincidences.” 


The polarization factor 

In the foregoing discussion the form of the Lorentz factor was found in 
terms of instrumental coordinates and also as a function of the cylindrical 
coordinate For practical application, the polarization factor is required 
in these forms also. 

rotation 



Fig. 14. 
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The polarization factor as a function of instrumental coordi¬ 
nates. The polarization factor is a simple function of Q: 

p = 4-+1* cos^ 2^. (80) 

It is often desirable to express this in terms of /i, and T. The relation 
between 26, fi, v, and T for the general case is shown in Fig. 14.4. If the 
law of cosines is applied to the spherical triangle shown in Fig. 145, 
there results 

cos 26 ~ cos (90°+At) cos (90°+ v) + sin (90°+/i) sin (90°+v) cos T 

= sin At sin j/ + cos /x cos v cos T. (81) 

If one substitutes this in (80), the general polarization factor is found to be 

V = l+l-lsin^ fjL sin^ v + 2(sin fi cos At)(sin v cos p) cos T 

+ cos^ At cos^ V cos^ T} (82) 

= i+h sin^ At sin^ + ^ sin 2 At sin 2 j/ cos T 

+ I cos^ At cos^ V cos^ T, (83) 


This reduces to the following special cases: 

Normal beam, At = 0: 

p = i+i cos^ V cos^ T, (84) 

Flat cone, v = 0: 

P = cos^ At cos^ T, (85) 

Equi-inclination, jm = —v: 

p = ■i’+i sin^ V — \ sin^ 2v cos T + ^ cos^ v cos^ T, (86) 

Anti-equi-inclination, fi — v: 

p = h+h sin^ At + i sin^ 2v cos T + |- cos^ v cos^ T. (87) 


The polarization factor as a function of cylindrical coordinates. 

Figure 15 shows the direct and diffracted beams in relation to the sphere 
of reflection for general inclination. Since SO = SP = 1, triangle OSP 
is isoseles, and 

sin 6 = (88) 

2 ^ 

where cr is the vector in the reciprocal lattice to point P, If this is sub¬ 
stituted in the trigonometric identity 

cos 2^ = 1 — 2 sin^ 6, 
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there results 


cos 26 = 1 






The polarization factor (80) can now be evaluated in terms of cr: 


= m- 


2 



(89) 



8 


(90) 


The polarization factor and its reciprocal have been tabulated against a 
as argument by Buerger and Edein. 


rotation 

axis 



Fig. 15. 
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It is often desirable to express p as a function of 
that 

Therefore 

V — - - 

8 


Figure 15 shows 

(91) 

(92) 


Practical methods for correcting for 
Lorentz and polarization factors 

In a foregoing part of this chapter, the general theory of the Lorentz 
factor was discussed, and the forms of the Lorentz factors were derived 
for the general diffraction methods useful in crystaLstructure analysis. 
The forms of 1/L for the several methods are listed in Table 1. In this 
section the practical methods of allowing for the Lorentz and polarization 
factors are considered. 

The crystal-structure analyst starts with a set of '‘intensities.One 
of his first problems is to transform this to a set of \Fhki \This is done 
by solving (1) for \F\^: 


\Fhki 


- 1_J_ 

K Lhki Phki 


Fhkh 


(93) 


The scale factor may be neglected since Ehki is ordinarily not measured in 
absolute units anyway, and the [F’l can be placed on an absolute basis 
by the method discussed in the next chapter. Thus each E must be 
multiplied by l/Lp to obtain |f 1^. There are two essentially different 
methods of correcting E for the Lp factors: 


1. The factors L and p can be removed in the process of recording, 
so that [FI^’s are actually measured instead of E^s. 

2. (a) The measured F^s can be multiplied by 1/Lp as obtained 
from a calculation tabulation, or chart based upon instrumental 
coordinates as arguments. 

(h) The measured E^b can be multiplied by 1/Lp as obtained from 
a calculation, tabulation, or chart based upon reciprocal-lattice 
coordinates as arguments. 


These methods are discussed briefly below. 

Correction for Lp during recording. The Lorentz and polarization 
factors may be removed by suppressing the diffracted beam differentially 
with a function of the appropriate variable. The Lorentz factor is a 
simple function of T and the polarization is a simple function of d. In 
changing from one level of the reciprocal lattice to another, these change in 
different ways, so it is best to set up a device which suppresses a reflection 
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Table 1 

Forms of the Lorentz-factor correction 


Methods involving a rotating crystal 

General tndinaiioriy p, = v: 

I 

~ = cos p cos V sm T 
L 

j = -I- {^-{-COSp +COSI;) ( ~ $ -hCOS/X +COSv) { $ — COSjU +COSJ') H-COSg^^^ 

Equi~incliriation, /x = — */, and 
Anti-equi-indmation, p ^ p: 

1 - 
~ = cos^ j'sm T 

Id 

y — ~ \/4 cos*'^ P — 

Ld 2 

Normal beam, p = 0 : 

1 

y = COS p sm T 
L 

i = ^ “y/(^4 -l+cosi/}(“-^ + ld-cosj')(^ —l+cosi')(^-fl—cosy) 

jL 

Flat cone, y == 0: 

1 

- - cos p sin T 

Id 

i i V (f +1 +cosai) (- 1+1 +cosm) (J -1 +cosm) (J +1 -cos/t) 

Pure precession motion 

y = (cos iu + 1 sin/x) sin/i sin? sinT 
h 

Precession motion with universal-joint suspension 

1 ... 

~ = COS p sin p sin y sm T -f- 


+ : 


1 


1 + tan^ p sin^ (r -f- ??) 1 + tan^ p sin^ (r — t}) 

sin y sin t'' 


where 17 = sin ^ 

Powder 

1 . 9 

— = sin^ d COS e 


( sin y sin 

i ) 
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(.38) 

—cosi' (32) 

(39) 
(34) 

(40) 

(41) 

(58) 

( 68 ) 

(78) 


= ^ sin 6 sin 28 


(79) 
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Table 2 

Charts for the correction of Lorentz-polarization factors 


Methods involving a rotating crystal 

Equi-inchnation, fx = v. 

As a function of ^ 

Lu/o Fig 1 

Cochran^® (AT axis should be labeled 
As a function of 

Bostrbm^^ (gnoniograph) 

As a function of r, 

Lu,^° Fig. 2 (X axis should be labeled T) 

As a function of fi, T 

Kaan and Cole^® (axis labeled 1/Lp should be 
labeled T [use of chart pre¬ 
supposes exposures of levels 
have been timed by cos^ v\) 
Bond^^ (gnomograph) 

Anii-equi-inclination, jj. — v: 

As a function of | 

Kartha^® (X axis should be labeled |) 

As a function of T 

Kartha^® (X axis should be labeled T) 

Normal beam, ju = 0: 

As a function of f^ 

Cochran^® (X axis should be labeled 
As a function of T 
(none) 

As a function of film coordinates x, y 
Kaan and Cole^® (X axis is equal to $) 


Precession motion with universal-joint suspension 

Sections normal to levels 
a = 30°: Burbank^e 

fl = 10°, 15°, and 21°: Atoji and Lipscomb^®*^® 
Sections parallel to levels 

jX = 30°; Grenville-Wells and Abrahams^^ 
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Fig. 16. -<-TP->• (After Kaan and Cole.'^) 





Fig. 17. 

The correction factor l/(2Lp) as a function of f and for the normal-beam technique. 

(After Cochran.^®) * 
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Fig. 19. 

The correction factor 1 /(2Lp) as a function of ^ and ^ for the equi-inclination technique. 

(After Cochran.^®) 

as a function of T to correct for the Lorentz factor, and another device 
which suppresses a reflection as a function of 6 to correct for the polariza¬ 
tion factor. 

Table 1 shows that regardless of the method, the Lorentz factor cor¬ 
rection has the form C sin T, where C is cos n cos v, cos^ pc, cos /z? or cos v, 
depending on the inclination of direct and diffracted beams. A rotating 
sector^ can be easily designed which permits transmission of the diffracted 
ray for a time proportional to sin T. This can be set, for example, in 
front of the cone opening of the de Jong-Bouman camera. The rotating 
sector is made of thin sheet metal and spun at high speed by a jet of 
compressed air directed against its edge. The spinning rate is so high 
that each reflection is interrupted by the sector blades many times while 
passing through the reflecting position. To apply the correction factor 
C, the exposure of each level is timed proportional to C. 

The polarization correction, 2/(1 + cos^ 26), is radially symmetrical 
about the direction of the direct beam. It varies in the narrow range 
1 to 2. It can be applied by any device which works well in this range. 
This can be arranged for each characteristic x-radiation by a symmetrical 
absorber. Such a device consists of a shell of absorbing material (Lucite 
has appropriate absorption for Moi^Ca) radially symmetrical about the 
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x-ray beam and centered on the crystal. The thickness of the shell is 
such that its transmission is proportional to 1/p = 2/(1 -f- cos^ 26). 



The correction factor I/Dp for a precession photograph taken with fi = 30°, f = 0.10 
above zero level. 

(After Grenville-Wells and Abrahams. 2 ^) 

Correction for Lp by computing. A number of writers have 
computed the Lp correction for various methods, and presented the 
variation of the function in either scale form or chart form. The chart 
form permits one to prepare a scale for each layer line for any specific 
crystal and apply the correction (a) according to the position of the spot 
on the film, or the T setting of a counter diffractometer, or (6) according to 
the location of the point on the reciprocal lattice. Table 2 outlines the 
charts available for use. The most important charts for use with normal 
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beam are reproduced in Figs. 16 and 17, for equi-inclination in Figs. 18 
and 19, and for anti-equi-inclination in Figs. 20 and 21. An example of 
the charts for precession photographs is illustrated in Fig. 22. 


The multiplicity factor 

By some of the methods for recording x-ray reflections it is impossible 
to separate certain reflections hi ki /i, Ao ^’2 I 2 ‘ ‘ hm trm ^^d as a 

consequence, the total energy in that portion of the record is 

-^total “ ^hikih d" 7^h2k2h ^hmkmlm 

(94) 

3 

Allowance must be made for this in considering reflection intensities on 
either an absolute or a relative basis. The character of the allowance 
depends on whether the several hkl’s. involved in (94) are symmetrically 
equivalent or distinct. In the event that the reflections are symmetri¬ 
cally equivalent, their energies are equal, and (94) becomes simply 


■E^totai = mEhhi- (95) 

The factor m is known as the multiplicity factor. It is an integer whose 
magnitude varies with the method of recording and with the index of the 
reflection involved. It is discussed for particular methods of recording 
below. 

Weissenberg, Sauter, and Schiebold methods. In these methods, 
only one plane of the crystal reflects to a particular position on the photo¬ 
graphic film. Therefore, for these methods, m = 1. 

de Jong-Bouman and precession methods. In these two methods, 
only one plane of the crystal reflects to a particular spot on the film, but 
there is a complication which can be taken care of formally by an increased 
multiplicity factor. In any method involving rotation, the reciprocal- 
lattice point comes into reflecting position twice during a rotation, 
namely, once on entering the sphere of reflection and again on leaving it. 
In the Weissenberg method, the reflection arising from the first condition 
is recorded on the upper half of the film, while that arising from the second 
condition is recorded on the lower half, so that the reflections developed 
during these two times of attaining reflecting condition are recorded as 
two separate spots on the film. In the Schiebold-Sauter and in the 
Schiebold method, the reflection arising from the second condition is 
suppressed by closing half the opening of the layer-line screen so that each 
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spot represents only one reflection per rotation. But in the de Jong- 
Bouman and in the precession method, the two reflections are, by the 
nature of the methods, designed to record at the same point on the photo¬ 
graphic film. Thus each spot receives two contributions from the same 
plane in the course of one rotation. This may be allowed for in absolute 
measurement considerations by assigning m = 2 for these methods. 
Since the factor is applied to all reflections without descrimination, the 
matter may be neglected except in any attempt to make actual use of 
the absolute value of the constant K in (86) and (91) of Chapter 3. 

Oscillating-crystal method. In this method (unless an ill-chosen 
oscillation range is employed so that the effects of the next paragraph 
occur), only one plane reflects to a particular spot on the film, so w = 1. 
On the other hand, since the crystal does not undergo a complete rotation, 
the ratio of reflection time to dead time is increased, and the time factor, 
t, of (91) of Chapter 3, must be replaced by the factor t X 360°/oscillation 
angle. 

Rotating-crystal method. In this method, any two planes which 
have identical spacings, d, and identical slopes with respect to the rotation 
axis'^ must necessarily reflect to the same spot on the film. This condi¬ 
tion is fulfilled by reflections which are related by a symmetry element 
containing the rotation axis. Specificially, 

1. An n-fold axis parallel to the rotation axis causes n symmetrically 
related reciprocal-lattice points to fulfill the condition. Conse¬ 
quently, it induces a multiplicity factor of mi n. 

2. A reflection plane containing the rotation axis causes pairs of 
points symmetrically related by it to fulfill the condition. For 
points not on the plane, therefore, it induces a multiplicity factor 
of m 2 = 2, But for points on the plane^ there is no companion 
point, so m 2 = 1- 

3. An inversion center merely causes pairs of planes which reflect 
to the upper and lower halves of the film to be equivalent. Since 
the upper and lower records are distinct, the center merely induces 
a trivial multiplicity factor of ms = 1. 

The resultant multiplicity factor is the product of the contributions 
of all symmetry elements contained in the rotation axis, namely 


m = mi m 2 mz 


~ mi m2, (106) 

t M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New York, 1942) 
Fig. 75, page 135. 
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since rriz is unity. For diffraction effects, an inversion center is effec¬ 
tively present in the crystal.'^ It will be developed more fully in the next 
section that this has an effect on the multiplicity factor which can be 
described by saying that the multiplicity factor is that due to the sym¬ 
metry, not of the crystal, but of its diffraction effects. The symmetries 
of the diffraction effects of the several crystal classes are listed in Table 3. 
As a consequence of this, the multiplicity factor of the rotating-crystal 
method is 2n or n for a general reflection (where n is the period of the axis 
of the diffraction class of the crystal which has been placed parallel to the 
rotation axis) according as the axis is or is not in a reflection plane of the 
diffraction class. The multiplicity factor for this general reflection is 

Table 3 


Multiplicity factors and coincidences for the powder method 


Crystal 

system 

Sym¬ 

metry 

of 

crystal 

class 

Symmetry 

of 

diffraction 

effects 

Sym¬ 

metry 

of 

lattice 

i 

Additional 
position 
equivalence 
in lattice 

Reflection 

type 

. 

Multi¬ 

plicity 

factor 

Additional 
coincidences 
due to symmetry 
of lattice 

Triclmic 

1 

I 

I 

T 


hkl 

2 



2 




hkl 

1 

4 


Monochnic 

m 

2 

2 


hOl (second 

2 



2 




setting) 








o;fco 

2 



m 








222 




hkl 

' 8 


Orthorhombic 

mm2 

2 2 2 

2 2 2 


hkO, hOl, Okl 

4 




mmm 

mmm 






2 2 2 








— 




hOO, OkO, 001 

2 



mm m 












hid 

8 

hid, khl 


4 




hhl 

8 







hOl 

8 



4 

4 


i hM, hU 

hkO 

4 

hkO, khO 


A 

m 



hhO 

4 



4: 




hOO 

4 



m 




001 

2 


rr 4. 1 



4 2 2 





X 6 trEg 0118 Ll 











mmm 






422 




hkl 

16 







hhl 

8 



Amm 

4 2 2 



hOl 

8 



42m 

mmm 



hkO 

8 







hhO 

4 



4 2 2 




hOO 

4 



m mm 




001 

2 



+ M. J. Buerger X~ray crystallography, (John Wiley and Sons, New York, 1942) 
56-58. 



189 


Some geometrical factors affecting intensities 


Table 3 (Continued) 


Crystal 

system 

Sym¬ 

metry 

of 

crystal 1 
class 

1 

Symmetry 

of 

diffraction 

effects 

Sym¬ 

metry 

of 

lattice ! 

Additional 
position 
equivalence 
in lattice 

Reflection 

type 

Multi¬ 

plicity 

factor 

Additional 
coincidences 
due to symmetry 
of lattice 






hkit 

6 

hkU, khil^ hkiU 





hkU, khU j 

hhShl 

6 

hhm hh2hl 


3 



ffil, Hii 

hOk 

6 

hOk, Ohhl 



3 



hkiO 1 

6 

hkiO, khzQ 


3 




hhUO 

6 







hOhO 

6 







0001 

2 







kktl 

12 

i 

hkil khil 


32 



hkU 

hhThl 

12 






liHL 

kOhl 

6 

hOhl hOhl 


3rn. 

— 2 

3- 



hkiO 

12 




m 



hhUO 




_ 2 

3 — 




hOhO 

6 



m 




0001 

2 


Hexagonal 



6 2 2 















mmm 






6 




hk%l 

12 

hkil, khtl 

1 


I 



hh2hl 

12 



6 

6 


hkH, khtl 

hOhl 

12 




m 



hkiO 

6 

hkiO, kktO 


6 




hhShO 

6 



m 




AO^O 

6 







OOOZ 

2 



622 












hkU 

24 



Qinm 




hhThl 

12 




6 2 2 



hOk 

12 



6m2 

mmm 



hJdO 

12 







hhTlO 

6 



6 2 2 




hOhO 

6 



mmm 




0001 

2 

\ 






hkl 

24 

hJcif khi 


23 




hhl 

24 




2 » 


hM,khl 

hkO 

12 

hkO^ khO 


O 

-3 



hhO 

12 



-3 

m 


1 

hhh 

8 


Isometric 

m 


4^2 

-3- 


hOO 

6 











m m 






432 




hkt 

48 







hhl 

24 



iSm 

^ 5 2 



hkO 

24 




- 3- 
m m 



hhO 

12 



4 _ 2 

_ 3 — 




hhh 

8 



m m 

i 



hOO 

6 
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reduced by a factor of 2 is the reciprocal-lattice point, Phku on the 
aforementioned plane 

Powder method. All symmetrically equivalent planes in the crystal 
have identical d^s. They consequently define powder-diffraction cones 
having identical half-opening angles 2B. Therefore, in the powder 
method, all of the n equivalent planes of the same form hkl contribute 
equally to the energy arriving at a single Debye ring. But even more 
planes than this have this property. According to FriedePs law,^ 
although the phases of pairs of reflections hkl and hkl are not the same, 
their intensities are identical. Consequently all planes of the forms 
{{hkl)) and {(hkl)) (if these forms are distinct, as they are when the crystal 
class lacks an inversion center) not only reflect along the same cone and 
contribute to the same Debye ring, but they contribute equal energies. 
As a consequence of this, the true multiplicity factor of the powder 
method for a reflection hkl is the same as the number of planes in the form 
hkl for the diffraction class of the crystal. 

The specific multiplicity factors applicable to the powder method for 
the several types of reflections for the various crystal classes are listed in 
Table 3. The multiplicity is complicated by the fact that reflections 
from several unrelated planes may be recorded in the same powder line. 
This effect is discussed below. 

Reflection coincidences 

The powder method, and to a somewhat lesser extent the rotating- 
crystal method, are severely handicapped and rendered complex in inter¬ 
pretation by the unfortunate circumstance that, for many crystal classes, 
reflections which are not even symmetrically related, as discussed in the 
last section, are recorded in such a way as to render them inseparable. 
There are several different causes that give rise to this kind of situation 
and these are discussed briefly below. 

Coincidence due to superior lattice symmetry. Each of the 14 
Bravais space lattices (and therefore their reciprocal lattices) has higher 
symmetry than any of the crystal classes consistent with it except its 
^%olohedral” class, as shown in Table 3. In each of the non-holohedral 
classes, therefore, the positions of the reciprocal-lattice points have a 
higher symmetry than that of the crystal class. Consequently, in the 
reciprocal lattice there occur sets of points which, though related in 
position, do not necessarily have identical reflection energies. If their 
positions in the reciprocal lattice are related by an inversion center of 
the lattice, then the points do have identical intensities, as discussed in 

+ M. J. Buerger. X-ray mjstallography. (John Wiley and Sons, New York, 1942) 
56-58. 
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the last section. But if their positions are related by another symmetry 
element of the lattice, the points do not have identical intensities. The 
only other symmetry which the reciprocal lattice can have can be defined 
by certain ‘S^erticaF’ planes. These have the effect of relating the posi¬ 
tions of points hkl and khL These points, then, although they have 
identical origin distances, do not have identical reflection intensities 
unless the diffraction class of the crystal also contains the 'S'erticaF' 
plane. If it does not, then the unequal diffraction intensities of hkl and 
khl are recorded at the same point on the same Debye ring of the powder 
photograph, and, in most practical orientations, at the same spot on the 
rotating-crystal photograph. The coincidences, especially as they affect 
the powder method, are listed for the various crystal classes in Table 3. 

This diflaculty does not appear in any of the moving-film methods 
because the points hkl and khl record at separate points on the film. 

Coincidence due to identical reciprocal net distance. In square 
and hexagonal nets, the distance of a point hk from the origin is given by 
^ = a* \/h^+k^ and | = a* \/h^+k^+hk respectively. Several sets 
of hk sometimes have the same distance All members of a set of 
points on the same level having identical ^ values reflect to the same spot 
on rotating-crystal photographs made with the rotation axis perpen¬ 
dicular to the square or hexagonal net. 

All members of such a set of reflections also record on the same Debye 
ring on powder photographs. In three-dimensional isometric lattices, 
the origin distance is given by cr = a* 'Vh^+k^ + l^. Several sets of 
the three indices hkl may define identical distances All members 
of such a set with identical <r reflect to the same Debye ring, and conse¬ 
quently such reflections are unresolved by the powder method. 

Coincidence due to accidentally equal origin distance. In addi¬ 
tion to the identical coincidences noted in the last section, coincidences 
also occur if the values of | are accidentally equal for two or more recipro¬ 
cal-lattice points on the same level. Coincidences occur in the powder 
method if the value of a is accidentally the same for two or more recip¬ 
rocal-lattice points. 

Coincidences from twinned crystals- While coincident reflections 
constitute the bane of the rotating-crystal and powder methods of 
recording reflections, there is one circumstance in which coincidences 
affect even moving-film methods of recording. This occurs if the sup¬ 
posed single crystal is in reality a twin or twinned aggregate. In many 
instances the most uncertain part of the whole crystal-structure analysis 

t M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
163. 

5 Internationale Tabellen zur Bestimmung von Kristallstrukturenj Vol. 2 (Gebruder 
Borntraeger, Berlin, 1935), 474-501. 
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lies in the uncertainty whether the crystal used ■was really a single crystal 
and not a twin. 

Ordinarily a trained crystallographer has sufficient background and 
intuition to reject a crystal which is t'winned, whereas many beginners, 
or those with little real acquaintances with actual crystals, make the fatal 
error of beginning the whole crystal-structure analysis with a crystal 
nai'vely supposed to be a single crystal but in reality a twin. But twins 
even intrude themselves upon the seasoned crystallographer who must be 
constantly on the lookout for them. Indeed, certain species of crystals 
have been known only in twin form and these have passed as single 
crystals until they have yielded to crystal-structure analysis in spite of 
the twinning. 

The lattices of the tw-o individuals of a twin are related by a symmetry 
element which is a rational plane or rational row (occasionally merely a 
single point) common to the two lattices. Because of this, the points of 
the reciprocal lattice of one individual may fall on or near the points of 
the reciprocal lattice of the other. There are several general categories of 
twins. In non-merohedral twins, the points of these two reciprocal 
lattices coincide only on the symmetry element (through the origin) 
which relates them as twins. In this case, the twin is distinguishable as 
such by the double-lattice character of the diffraction record. But in 
merohedral twins and pseudo-merohedral twins, the points of one 
reciprocal lattice coincide precisely with those of the twin, and in this 
case, the twin character of the crystal may not be discovered from the 
diffraction record. In such instances, even the space group may be 
erroneously determined, since the missing points of one lattice (space- 
group extinctions) may be filled in by the points present in the twin 
lattice, and therefore the extinction may go undetected. 

In merohedral twins, points like hkl and khl are superposed, and 
consequently the crystal gives a reflection record in which every diffrac¬ 
tion spot (except those for which h = k) consists of such a pair. In 
pseudo-merohedral twins, similar coincidences also occur, but the 
diffraction record may even deceive the investigator into believing that 
the crystal is hexagonal, for example, when it is, in fact, a twinned 
aggregate of orthorhombic individuals. In such instances, the indexing is 
meaningless. 

It goes without saying that every effort should be made to test a 
crystal for twinning before it is used as a basis for a crystal-structure 
analysis. To this end, it is worthwhile to examine all candidate cfystals 
optically for evidences of twinning, particularly if the crystal species is 
transparent, in which case optical examination is easily made with the 
aid of the polarizing microscope. But optical tests are powerless to 
detect twins of pure merohedry. For crystals in which there is reason to 
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suspect this kind of twinning, chemical etching may be used to detect 
its presence or absence. 

If the use of a twin for purposes of crystal-structure analysis is unavoid¬ 
able, it should be remembered that the intensity of a spot conforms to 
(94). It is also suggested that the reader study the section on twinning 
in Chapter 5. 
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8 

Some physical factors 
affecting intensities 


In the last chapter, a discussion was given of some factors of simple 
geometrical origin for which allowance must be made in transforming the 
measured energies of spectra to |F|^^s. In addition there are some further 
factors which arise in a less simple fashion. These are due to “extinc¬ 
tion/^ absorption, and the temperature motion of the atoms. In general 
it is less easy to allow for these effects than those of the last chapter, and 
it is not uncommon to assume that some of the effects are so small that 
they can be neglected. These factors are discussed in this chapter. 

Extinction” 

In the derivation of the relation between intensity and \F\^, it was 
assumed that the crystal in question consisted of a very small volume 
element dV. This assumption not only eliminated any concern for 
absorption, but incidentally eliminated the complication usually called 
“extinction.This feature, now to be considered briefly, is a phenome¬ 
non which results in the attenuation of the primary beam of x-radiation 
when the crystal is in diffracting position, and so reduces the intensity of 
the diffracted beam. The effect is well known theoretically, but is very 
difficult to allow for experimentally because it depends on the physical 
perfection of the crystal. For this reason it is customarily ignored in 
many current crystal-structure analysis procedures. 

Darwin, who first theoretically investigated the effects of “extinc¬ 
tion,^' subdivided the general attenuation of intensity due to this cause 
into two categories,^ 'primary ^^extinctiord^ and secondary extinction,^^ 
An excellent resum6 of the subject is given by Lonsdale.^ 
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Primary “extinction.” One of the interesting aspects of the 
geometry of x-ray reflection is that the ray which is reflected at the Bragg 
angle by a set of planes is directed at just the correct angle to be reflected 
back again into the direct beam by other planes of the same stack, as 
shown in Fig. 1. Thus, each plane of the crystal redirects a small frac¬ 
tion, q, of the reflected rays reaching it back into the primary beam. 
Xow, although it was not explicitly pointed out in Chapter 3, radiation 
scattered by an electron differs in phase from that of the primary beam 



Fig. 1. 


by t/2. It follows that the rays which are twice reflected differ in phase 
from the primary beam by x, Fig. lA (plus the phase lag due to Bragg 
reflection, which is always a multiple of 2x) and consequently are exactly 
out of phase with it. For this reason, the twice-reflected rays, instead of 
strengthening the primary beam, actually weaken it by destructive inter¬ 
ference. As the primary beam penetrates the crystal further and further, 
it is continuously attenuated in this manner. 

This same situation occurs for any two rays which have been reflected 
n and n—2 times respectively. In particular, the thrice-reflected rays 
and the once-refleeted rays are both traveling in the direction of the Bragg 
reflection. Fig. IB. Since these differ in phase by x, the thrice-reflected 
rays weaken the reflected beam. 

When this weakening phenomenon continues through a large series of 
planes, the primary beam becomes so attenuated that it is effectively 
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^^extinguished.’^ Darwin, who first investigated the effect theoretically, 
gave the name primary ^^extinction''^ to the phenomenon.’^ 

It is evident that if a crystal is composed entirely of a single sequence 
of planes in perfect array, “extinction” imposes complications beyond 
the simple conditions taken into account in the derivation of the inte¬ 
grated intensity given in (80) of Chapter 3. Darwin also derived a 
formula for the integrated intensity for these more complex conditions, 
i.e., for an ideally perfect crystal. This formula differs markedly from 
(80) of Chapter 3, which was derived for a volume element dV so small 
that neither absorption nor extinction occurred to an appreciable extent. 
These two formulae are shown below for comparison: 


Small volume element: 


Ecjo 

T 



1 + cos^ 2d 
2 sin 2d 


\f\Uv, 


Perfect crystal: 

^ 8 ,2 1 + [gQs 2d\ . , 

I 3x mc^ 2 sin 2$ 


( 1 ) 

( 2 ) 


It will be observed that, among other differences, the perfect-crystal 
formula involves the terms {Ne^/mc^)\F\ to the first power, while the 
small volume element involves this set of factors to the second power. 
The perfect-crystal formula thus gives much smaller values of the inte¬ 
grated reflection. 

Early measurements of integrated reflections gave values very much in 
excess of those expected from a perfect crystal by (2). The measure¬ 
ments showed that most crystals had integrated reflections which lay 
between (1) and (2), with the majority nearer to (1). To account for 
this, it was necessary to assume that most crystals are not perfect crystals, 
although they might approximate perfect crystals over small volumes. 
In examining crystals to gain a clue for the nature of their imperfection, 
Darwin noted that they showed crinkled surfaces. Since this kind of 

t The use of the word “extinction” for this phenomena, and for the phenomenon 
described in the next section as secondary “extinction,” is unfortunate. In both 
cases the beam becomes attenuated as it traverses the crystal, but in no case is 
utterly extinguished. There is another and more exact use of the word extinction 
in x-ray crystallography, namely in space-group extinctiorij in which phenomenon the 
diffracted beam is utterly extinguished independently of the length of the path in the 
crystal. In this book the word “extinction” is placed in quotes when referring to the 
phenomena described in this chapter, to emphasize this distinction. It would be 
better to use the words primary and secondary attenuation instead of primary and 
secondary “extinction” for these phenomena. 
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imperfection provided a difficult model of an imperfect crystal to handle 
mathematically, Darwin invented an artificial imperfection strictly for 
ease of mathematical handling. This model, called an ideally imperfect 
crystal, was composed of a mosaic of blocks so small that within each one 
primary ‘"extinction” did not occur to an appreciable amount. 

It is an interesting commentary on those who have extended the idea of 
mosaic theory that they evidently do not know that Darwin invented the 
model as a matter of mathematical convenience. It is now recognized 
that crystals do not conform to Darwin's simple jumble of mosaic blocks, 
yet they do nevertheless contain imperfections which serve the same pur¬ 
pose so far as ^^extinction” is concerned. For example, it is known from 
observation that the body of a crystal is branched from the nucleus 
outward and that the detailed structures of the branches do not register 
where they touch. This observed imperfection is known as lineage 
structuref^ The adjacent regions of a crystal displaying lineage struc¬ 
ture are separated from one another by gaps which are not integral 
translations, and the adjacent regions are almost, but not quite, parallel. 
Recent developments in the theory and observation of a type of imper¬ 
fection in crystal structures known as dislocations (about which there is 
now a vast literature) further confirm the fact that a megascopic crystal 
is rarely, if ever, so perfect that a single lattice could be drawn through 
the entire structure. Rather, the crystal is made up of small, nearly 
perfect regions which are continuous with each other structurally, yet 
contain regions of disregistry. 

In any case, most crystals are imperfect to some extent, and one can 
imagine an ideally imperfect crystal in w^hich the perfect regions are so 
small that primary “extinction” is inappreciable. In such a crystal, 
the small perfect regions reflect as units, and since the units are not related 
to one another in position or orientation by translational repetition, the 
radiation twice reflected from the planes of one region is not in phase 
with the radiation twice-reflected from the region farther along the path of 
the direct beam. Accordingly, the direct beam is not appreciably 
attenuated by primary “extinction.” Furthermore, since the regions 
below are not necessarily parallel to those above them, these regions do 
not, in general, reflect at the same time. The range of orientations of 
the regions has the effect of drawing out the otherwise sharp Bragg 
reflection so that it extends over an appreciable range of angular orienta¬ 
tions of the crystal. 

Crystals, even of the same species, differ with regard to the size of the 
regions and with regard to the range of orientations of the regions of per- 

t M. J. Buerger. The significance of ‘^block structure^^ in crystals. Am. Mineralogist 
17 (1932) 177-191. 

5 M. J. Buerger. The lineage structure of crystals Z. Krist. (A) 89 (1934) 195-220. 
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fection. Certain crystals, like some diamonds, some calcite, and some 
quartz, are fairly perfect crystals, i.e., their regions of perfection are large. 
Others, such as most NaCl crystals, are highly imperfect. Thus, crystals 
range in ^^extinction” effects all the way from perfect to ideally imperfect, 
but fortunately for the crystahstructure analyst, most crystals are nearer 
to the ideally imperfect model. 


Table 1 


Some values of the function 


tanh sq 
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3 5 
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4 0 

.9993 
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9998 
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Darwin^ is also responsible for an approximation by which allowance 
can be made for the primary ^‘extinctions^ in reflections from crystals 
whose units are larger than those permissible in the ideally imperfect 
case. If the “mosaic’’ unit of the crystal contains s planes in perfect 
sequence, then the integrated reflection is 


— QY 

I sq 


(3) 


In other words, the factor (tanh sq)/sq corrects the intensity for primary 
“extinction.” Some values of this factor for the argument sq are given in 
Table 1. In this equation Q is given by (82) of Chapter 3, and V is the 
volume of the crystal and corresponds to dV of (81) of Chapter 3, except 
that now it refers to the whole volume of the crystal, since this is the sum 
of the ^Z7’s of the mosaic blocks. The quantity q is the reflecting effici¬ 
ency of the individual plane and was given by (56) of Chapter 3. 
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Table 2 


Values of the primary “extinction” correction. 
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To appreciate how primary ^'extinction'^ affects particular situations, 
one can transform the expression for q given in (56) of Chapter 3, which 
was 




= Nd 


sin 6 mc^ 




(4) 


by substituting from Bragg's law, 

nX == 2d sin 6, 


_X _M 

sin 6 n 

Making the substitution, one obtains 


n me 


(5) 

( 6 ) 

(7) 


From this it is evident that primary ‘^extinction," as indicated by the 
correction for it given by (tanh sg)/sg, is greater for 

large structure factors, F, 
large spacings, d, 
small orders, n. 

Since (7) does not involve X, primary “extinction" is independent of 
wavelength. 

In Tables 2 and 3, quoted from Lonsdale,® the specific effect of primary 
“extinction" in some reflections for NaCl and diamond are given for 
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Table 3 


Values of the primary ‘‘extinction” correction, 
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004 
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0 65 
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various thicknesses D. These tables make it evident that primary 
“extinction^' becomes appreciable for crystal thicknesses greater than 
about 10”^ cm., and that at dimensions of 10“"^ cm. it is already extreme. 
In an exaggerated case, obviously the only part of the volume of a fairly 
perfect crystal which is effective in reflecting x-rays is a relatively thin 
shell or skin of the order of 10“"^ cm. thick. 

The actual use of Darwin's factor, (tanh sq)/sq, for correcting for 
“extinction^' effects has been criticized by Weiss^^ and others.^^~^^ 
Darwin's derivation of (3) was based upon an infinite plate with the 
reflecting planes parallel to its surface. Neither condition is approached 
in diffraction by powder samples. Rather the scattering regions are of 
approximately equal dimensions and the planes are at arbitrary angles. 
The average path length is the same for all planes, and not proportional 
to 1/sin 6. If the particles are taken as spheres of diameter D', then 
Ekstein’s^^ result can be applied in the form 

According to Ekstein, this is close to what Zachariasen® gives: 

I A \mc^ ) 

in which A is the expression in parentheses and 

= r“^’ 

170 TH ^ 
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where ti) ^ plate thickness, 

7o. 7 h = direction cosines of the normal to the 
plate for direct and diffracted rays. 

In current crystal-structure analysis, corrections are not ordinarily 
made for primary-'‘extinction'^ effects because of the difficulty of making 
the correction. Two means are commonly used to avoid the correction. 
One is to attempt to eliminate the effect. Two methods have been 
employed to this end. One method is to crush the crystal to a powdei 
so that the grain size is of the order of cm. and then employ the 
powder method of determining intensities. Of course this method suffers 
all the disadvantages of the powder method, discussed in Chapter 7. 
Another method is to dip the single crystal into liquid air. This pro¬ 
cedure apparently produces such internal strains that the crystal 
effectively becomes a mosaic. Unfortunately this method does not 
induce imperfection in all crystals. It has been found to work well on 
certain organic crystals but has failed on inorganic crystals such as 
diamond and calcite. The presence or absence of primary ^^extinction 
can be detected by a divergent-beam x-ray technique perfected by 
Lonsdale.^ 

In the event that primary ^^extinction” has not been eliminated, it has 
the effect of reducing the apparent values of the measured intensities for 
spectra having large \F\’s and large d’s. This is most annoying during 
the process of refinement. It is customary, therefore, to omit F’s sus¬ 
pected of having large ^ ^extinction'’ effects when computing the residual 
factor R (Chapter 22). It is also customary to substitute in Fourier 
syntheses the computed values of the [F|'s for the observed values, where 
^‘extinction" effects are suspected of being large. 

Secondary ^ ^extinction.” When an x-ray beam is incident upon a 
crystal whose orientation is such that the Bragg condition is not satisfied 
for any set of planes, the primary beam, as it penetrates the crystal, is 
reduced in intensity due to ordinary absorption. But if the Bragg condi¬ 
tion is satisfied for any set of planes, there is an additional attenuation of 
the primary beam even if there is no primary “extinction," or if the 
primary “extinction" is allowed for. The reason for this is that diversion 
of the energy from the primary beam by the reflection weakens it. 
Therefore the intensity of the primary beam received by a plane is equal 
to that of the original beam less that which has been reflected by the 
planes preceding it, less any absorption in the path to it. The reduction 
of the intensity of the primary beam due to this kind of previous reflection 
was called by Darwin® secondary ^^extinctiond^ 

Since secondary “extinction" behaves a good deal like ordinary absorp¬ 
tion, it is customary to consider it as adding to the ordinary linear absorp- 
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tion coefficient. If the ordinary absorption coefficient is fj,, then an 
absorption coefficient containing an allowance for secondary" '‘extinction’^ 
is of the form 

/z' = jj>+gQ, (9) 

where Q is the energy removed in the reflected beam, and g is a> constant 
characteristic of the crystal but independent of X. When both primary 
and secondary ^^extinction” occur, it is necessary to use a more compli¬ 
cated form, 

, ( 10 ) 


where g' depends on the degree of perfection and other features. In 
(9) and (10), Q is the actual energy of the reflection corrected for primary 
^^extinction,” specifically, 


Q = Qo 


tanh sq 
sq 


( 11 ) 


As in the case of pure absorption (discussed later in this chapter), 
the intensity of the reflection tends to decrease with the path, if, due to the 
factor concerned with reduction of the primary beam, yet, on the other 
hand, the reflection tends to increase with path since the number of planes 
contributing to the reflection increases with path. Specifically, the 
proportion of the energy of the primary beam reflected is 

p = t (12) 


With these two opposing tendencies, a maximum reflection occurs for a 
particular value of t. This can be found by differentiating (12) and set¬ 
ting the result equal to zero: 

^ 

at 

= - fx't). (13) 

If one sets 

I ^ 0 , 


t 


opt 



(14) 


This t corresponding to a naaximum reflection provides a method of meas¬ 
uring m'- The proportion reflected at this thickness is found by sub¬ 
stituting (14) into (12): 

Popt = 

p 

e n' 


( 15 ) 
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To measure ju', one measures p for various crystal thicknesses to, for which 
the path t is 


t = 


h 

cos 6 


(16) 


When p is plotted against a maximum is found corresponding to (14) 
for which the value of the coefficient is given by 


p' = 


cos 6 
to 


(17) 


Although this method of determining p' has been applied by physicists 
in investigating “extinction/’ it is of little help to the crystal-structure 
analyst, who ordinarily must deal with a tiny single crystal. It can only 
be applied where relatively large slabs can be cut from single crystals. 

Secondary “extinction,” and methods of attempting to correct for it, 
have been discussed by Weiss,Lang,^^ Williamson and Smallman,^® 
Vand,^^ Gatineau and Mering,^^ and Chandrasekhar.^^ 

Absorption 

X-radiation is absorbed by matter. The extent to which this occurs 
in the tiny crystal samples used in crystal-structure analysis is much 
greater than ordinarily appreciated, and the effects of absorption can be 
ignored only for rough work. On the other hand, the amount of absorp¬ 
tion which takes place during the transmission of x-radiation through the 
crystal while a particular reflection is being produced is very tedious to 
calculate since this is a function of the shape of the crystal sample and the 
relation of the direct and diffracted beams to this shape. While it is 
ordinarily out of the question to spend the time making an exact allow¬ 
ance for absorption, it is often possible to approximate the allowance. 

Elementary absorption theory. After an x-ray beam of intensity 
I penetrates an elementary slab of crystal whose thickness is dt, the 
intensity is reduced by an amount dl. The decrease, —dl, is propor¬ 
tional to the original intensity /, to the thickness dt, and to the specific 
absorption ju (known as the linear-absorption coefficient,'^ expressed in 
cm.“^ units). Consequently, 


-dJ = fildt] (18) 

+ This coefficient applies to the absorption of a particular monochromatic radiation 
by a particular material. If the radiation is polychromatic the various wavelengths 
are differently absorbed, the less penetrating becoming more attenuated with depth. 
Such a system does not have an absorption coefficient which is independent of depth. 
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or 


I 


n dt. 


(19) 


If the intensity of the original x-ray beam is designated Iq and that of the 
beam which has traversed a thickness t is designated by /, integration of 
(19) gives 

— log /o -t- log I = —fit, (20) 

or 

log y = -^t. (21) 

io 


This can be expressed in exponential form as 



I = 


( 22 ) 

(23) 


Therefore, after the radiation passes through a thickness the original 
beam is reduced by a factor 

Calculation of linear-absorption coefficients. The linear-absorp¬ 
tion coefficient for any crystal, required for (23), can be computed from a 
knowledge of its chemical composition, its density, and a table of mass- 
absorption coefficients of the elements. For minerals the first two data 
are given for each mineral in Dana's Textbook of mineralogy. A table of 
mass-absorption coefficients of the elements is given in International 
tables for x-ray crystallography, Vol. 3. The mass-absorption coefficients 
are functions not only of the elements but also of the wavelength of 
x-radiation employed. 

The linear-absorption coefficient, m, in (23) is computed from the mass- 
absorption coefficient, ju/Pj of the crystal, by means of the relation 



where G is the density of the crystal. The mass absorption for the crystal 
is computed from the individual mass-absorption coefficients of the 
elements A, B, C • • • m the crystal by means of the relation 


P 




(25) 


where pa is the fraction by weight of element A in compound ABC • * • . 
An example of the computation of (25) is given in Table 4. The calcula¬ 
tion incidentally brings out the fact that the absorption coefficients may 
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Table 4 

Example of the computation of the linear absorption coefficient for 
Moliastonite, CaSiOs^ O = 2.72 g./cc» 




Total 

Fraction 



weight 

of 


Atomic 

of atom species 

total weight 

Atom 

weight 

in compound 

P 

On 

40 

40 

34 5% 

Si 

28 

28 

24 1 

SO 

16 

48 

41 4 



116 

100 0% 

For CuKa radiation: 

/At 

/A 


Atom 

(;) 

'(;) 


Ca 

172 g.'i 

59.4 


Si 

60 3 

14 5 


0 

12 7 

5 3 


p for compound: 

79 2 g.-‘ 


li 

n 

2.72 X 79 2 = 

215 cm 


For MoKa radiation: 

/At 

/A 


Atom 

© 



Ca 

19 8 g.'^ 

6.8g.-i 


Si 

6.7 

1.6 


0 

1.5 

0 6 







X'fc) 

1 -& 


for compound: 


= 2.72 X 9.0 - 24 cm. ^ 


9.0g.-i 


t From International tables for x-ray crystallography. 


be reduced by as much as an order of magnitude by using Mo rather than 
Cu radiation. 

The transmission factor. When a crystal diffracts x-rays, the 
primary beam is absorbed as it enters the crystal and the diffracted beam 
is absorbed as it leaves the crystal. As a result of absorption, therefore, 
the diffracted beam is weaker than if there were no absorption. It is 
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convenient to define as the transmission factor for a reflection the ratio 
of the intensity which is diffracted to the intensity which would be 
diffracted if there were no absorption. Let K be the fraction of the 
intensity of the direct beam diffracted by a crystal in a particular spec¬ 
trum; then the transmission factor for that spectrum is 


T 


KI 

KU 


(26) 


The value of the diffracted intensity is reduced due to absorption accord¬ 
ing to (23). But if the crystal is not a plate, the various path lengths are 
unequal, so that (26) must be integrated over the various paths in the 
volume of the crystal. Thus the value of (26) becomes 


[” KIdV 

T = - 

j KlodV 

P KIo dV 

f" Kh dV 

P e-’^ dV 

= y 


(27) 


The meaning of (27) is illustrated in Fig. 2. The volume of the crystal is 
represented by the outline in Fig. 2. The quantity must be inte¬ 
grated over the irradiated volume of the crystal. 

Note that the total path t is composed of a part 

from the boundary of the crystal along the 
primary-beam direction to the element of volume 
dVj plus a part t 2 from dV along the diffracted- 
beam direction to the boundary of the crystal. 

This integration depends not only on the glancing 
angle, but also on the detailed shape of the 
crystal. It is possible to prepare tables of (27) only for a limited 
number of simple shapes. 

Cylindrical specimens. One of the simple shapes for which (27) can 
be tabulated is a cylinder. The tabulated results are not only applicable 
to correcting powder-photograph data for absorption, but can also be 
applied to intensities derived from a single crystal provided that the 
crystal has been shaped to cylindrical form by one of the methods men¬ 
tioned in Chapter 5. 

The transmission factor for a cylindrical specimen can be expressed by 
taking the element of volume dV as prismatic, and equal to the product 
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of an element of area dA perpendicular to the cylinder, and length L 
equal to the length of the irradiated cylinder. Thus (27) becomes 

" e-"' L dA 
LA 

where R is the radius of the cylinder. The integral cannot be evaluated, 
but it can be solved graphically. This was first done by Claassen^^ and 




Fig. 4. 

(After Claassen.21) 


later by Bradley. Claassen^s method consists of dividing the area of 
the circular cross-section, Fig. 3, into strips of area S, within which the 
sum of the lengths of incident and diffracted rays lies between some 
selected limits t and ^+A^. It is convenient to specify the length of the 
path t in terms of a fraction x of the radius of the cylinder, so that 

t = xR. 

In this way (28) can be written as a summation: 

Claassen presented an ingenious method of locating strips of constant 
xR, which is illustrated in Fig. 4. Radii are drawn from the center and 
in directions opposite to the primary and diffracted rays. These radii 
are divided into lengths equal to some specific submultiple of R (in Fig. 
4 they are divided into ^R), Suppose one wishes to map the locus of 
points in such a way that tx+t 2 = fi2. A distance DOE is selected 
along BOC equal to fi?. There are a succession of ways of selecting a 
distance along BOC equal to f 12, a particular one of which is illustrated 
in Fig. 4. From D and E lines parallel to radii OG and OH are drawn; 


(29) 

(30) 
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at their intersection, F, is the required dA such that ^1 + ^2 = f-K- That 
this is so can be seen by noting that DFGO is a parallelogram, so that 
t 2 = DO. Similarly = OE. If DO is reduced by one division, and 
OE increased by one division, and the construction repeated, then another 
point is located within S of Fig. 3. 

The magnitude of T in (30) can be evaluated by measuring the areas S 
with a planimeter, multiplying the value found by the value of and 
summing over all areas S. The value of T as found by Bradley^^ for 
several values of the glancing angle 6 is tabulated against fiR in Table 5 
and Table 6 . To make use of these data, it is necessary to plot a curve 
of T versus 9 (or sin 6) so that the correction can be applied to reflections 
having any value of 9. 

Cylindrical specimens, upper levels. 

Figure 5 shows a cross-section of a crystal / 

ground to circular cross-section. The 

transmission factor for the zero-level reflec- A \ \ 

tion with the beam normal to the cylinder ->—ZiLc /1 - 

axis can be written ) 




In the general case. Fig. 6 , the primary 5 ^ 

beam makes an angle p, and the diffracted (After Buerger and Niizeki.^i) 



Fig. 6. 

(After Buerger and Niizeki.'*^) 
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Table 5 

Transmission factors for c;ylindrical samples (/sR < 5) 
(After Bradley22) 


e 


fiR 

. 0° 

22-i'° 

35° 

45° 

55° 

67^° 

90° 

0 0 

1 0000 

1 0000 

1 0000 

1 0000 

1 0000 

1 0000 

1.0000 

0 1 

: 0 8470 

0 8480 

— 

0 849 

— 

0 850 

0 851 

0 2 

7120 

7160 

— 

719 

— 

724 

729 

0 3 

1 6000 

.6060 

— 

614 

— 

627 

635 

0 4 

! 5000 

5170 

— 

527 

— 

.545 

556 

0 5 

j 4350 

4420 

— 

458 

— 

.478 

490 

0 6 

1 3690 

3780 

— 

.398 

— 

.423 

436 

0 7 

.3140 

3240 

— 

.348 

— 

.378 

393 

0 8 

2680 

2786 

— 

.305 

— 

.337 

356 

0 9 

2300 

2410 

__ 

274 

— 

.305 

324 

1 0 

1 1977 

2005 

— 

.242 


2785 

295 

1 1 

1698 

. 1828 

— 

2170 

_ 

2550 

.2715 

1 2 

.1459 

1600 

— 

.1954 

— 

2350 

.2510 

1 3 

1256 

.1403 

— 

.1770 

— 

2170 

2335 

1 4 

.1084 

1233 

— 

1611 

— 

2010 

2180 

1 5 

0038 

1091 

— 

1469 

— 

1866 

.2050 

1 6 

0811 

0973 

— 

.1352 

— 

1746 

1932 

1 7 

0710 

0871 

— 

.1217 

— 

1641 

.1824 

1 8 

0615 

0780 

— 

1154 

— 

1542 

.1730 

1 9 

0537 

.0702 

— 

.1074 

— 

.1459 

1644 

2 0 

.0471 

0635 

— 

.1005 

— 

1384 

.1567 

2 1 

.0416 

0579 

— 

.0944 

_ 

1315 

1493 

2 2 

0367 

0531 

— 

.0889 

— 

1250 

.1426 

2 3 

.0324 

.0486 

— 

.0838 

— 

.1189 

.1365 

2 4 

02865 

0447 

— 

.0791 

— 

1135 

.1309 

2 5 

.0255 

.0412 

— 

.0750 

— 

.1086 

1256 

2 6 

.0227 

0382 

— 

.0711 

— 

.1010 

.1211 

2 7 

0202 

0355 

— 

.0675 

— 

.0998 

.1167 

2 8 

01803 

0330 

— 

.0541 

— 

.0962 

.1127 

2 9 

' 01607 

0308 

— 

.0610 

— 

.0925 

.1089 

3 0 

.01436 

.02885 

0 0443 

.0582 

0 0724 

.0389 

.1054 

3 1 

01288 

02705 

0122 

0558 

.0697 

.0857 

.1021 

3 2 

01159 

0255 

0102 

.0535 

0672 

.0830 

.0990 

3 3 

01049 

02415 

0384 

.0514 

0648 

0804 

.0961 

3 4 

00055 

0229 

0368 

0195 

.0626 

0778 

0933 

3 5 

00871 

0217 

03525 

.0477 

0605 

0755 

.0906 

3 6 

.00796 

.0206 

03385 

.0460 

.0585 

.0733 

.0881 

3.7 

.00729 

.01968 

03255 

0444 

.0566 

.0711 

.0858 

3 8 

00670 

.01875 

0314 

.0429 

.0549 

.0592 

.0836 

3 9 

00617 

.01787 

.0303 

.0415 

.0533 

.0673 

0845 

4 0 

.00568 

.01706 

.02925 

.0402 

.0547 

.0353 

.0791 
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Table 5 (Continued) 

Transmisfeion factors for cylindrical samples (ixR < 5) 




35 ° 


45° 


55° 




00 ° 


0 01620 0 02825 


4 1 

1 0 00525 

4 2 

00488 

4 3 

00453 

4 4* 

00420 

4 5 

00391 

4 6 

00364 

4 7 

00340 

4 8 

00316 

4 9 

002945 

5 0 

002755 


01563 

0273 

01500 

.02645 

01445 

02555 

01390 

02485 

01343 

0241 

01300 

0234 

01259 

02275 

01222 

0221 

01189 

02155 


0 0389 

0 0502 

0377 

0488 

0366 

0475 

0356 

0462 

0347 

.0450 

0638 

.0439 

0329 

.0428 

0321 

.0418 

0313 

.0408 

0305 

.0399 


0 0635 

0 0774 

0618 

0755 

0602 

.0738 

0578 

0721 

0573 

0705 

.0561 

.0589 

.0547 

0675 

0535 

0661 

.0525 

0647 

.0514 

0635 


Table 6 

Transmission factors for cylindrical samples (fiR > 5) 
(After Bradley®^) 


e 


yJR 



0° 

22^° 

35° 

45° 

55° 

67i° 

CD 

O 

o 

5.0 

0 0434 

0 1871 

0 3393 

0 4809 

0 628 

0.810 

1 00 

5 5 

0350 

1778 

3295 

.4705 

620 

.804 

1.00 

6.0 

0291 

1701 

3210 

.4625 

613 

.799 

1 00 

6 5 

0244 

1640 

3140 

.4560 

607 

795 

1 00 

7.0 

0212 

1589 

.3080 

4505 

602 

792 

1 00 

7.5 

0183 

1546 

3030 

4450 

.598 

789 

1 00 

8.0 

i 0161 

.1509 

.2985 

.4405 

.594 

786 

1 00 

9 0 

0126 

1445 

.2910 

4335 

587 

781 

1.00 

10.0 

0102 

1398 

.2855 

4275 

.582 

777 

1 00 

11.0 

.0084 

1359 

.2810 

.4225 

.578 

774 

1.00 

12 0 

0069 

1326 

.2770 

4185 

574 

772 

1 00 

13 0 

0059 

.1300 

.2740 

4150 

571 

770 

1 00 

14.0 

.0050 

.1278 

.2715 

4125 

.569 

768 

1 00 

15 0 

0044 

1259 

.2690 

.4100 

.567 

767 

1.00 

20 0 

.0025 

1193 

2605 

.4020 

.559 

762 

1.00 

25.0 

0016 

1155 

2560 

.3970 

.554 

.758 

1.00 

30 0 

0011 

1129 

2525 

3935 

551 

.756 

1.00 

40 0 

0006 

.1097 

2485 

3895 

548 

.753 

1.00 

50 0 

0001 

1079 

.2460 

3870 

545 

751 

1.00 

75 0 

.0002 

.1054 

.2430 

3840 

542 

.749 

1.00 

100 

0001 

1042 

.2410 

3820 

.540 

748 

1 00 

200 

.0000 

.1018 

.2390 

3800 

.538 

746 

1 00 

oo 

.0000 

.1007 

.2365 

.3770 

.536 

744 

1.00 
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ray raakes an angle Vj with the plane normal to the cylinder axis. 
The direction of the diffracted beam is more completely defined by the 
cylindrical direction coordinates p (the angular component in a plane 
parallel to the cylinder axis) and T (the angular component in a plane 
normal to the cylinder axis). Both jX and p are setting coordinates for 
any method involving a rotating crystal. T is a setting coordinate of the 
counter diffractometer (Chapter 6), and also is the coordinate on the 
Weissenberg film normal to the center line of the film. Jsow, if one 
compares Fig. 6 for a value of T equal to 2$ in Fig. 5, it is evident that, for 
the general case, the path h is replaced by ii/cos /Z, and the path t 2 is 
replaced by the path t^/oos v. Therefore the transmission factor has a 
form similar to (31), specifically, 

r = f g—(j'^i/cosM+iifa/cosj’) ( 32 ) 

This has a simple solution when v = —p, (equi-inclination, general level) 
or when v = +p (anti-equi-inclination, zero level only). In these cases 


T 


V 

V 


f 

f 


hoav 




(33) 


This is exactly the same as (31) except that every ray path is increased by 
the factor 1/cos v. To correct the upper-level equi-inclination reflection 
for absorption, therefore, one applies the same correction that would be 
applied at the same value of T for the zero level (where T = 26), except 
that the correction should be looked up under the value y.R/e,os v, not 
fiR. 

This analysis neglects an end effect (for which there is less absorption) 
for the ends of the cylinder in Fig. 6. This end effect is negligible if the 
length-to-diameter ratio of the cylinder is large. (If the absolute length 
of the cylinder is so large that the ends are not in the x-ray beam, then 
there is no end effect, but there must be a correction for the volume inter¬ 
cepted by the beam. This is proportional to 1/cos v, so that the “inte¬ 
grated intensity” must be corrected by cos v if the x-ray beam does not 
bathe the full length of the cylinder.) 

To illustrate the importance of making a correction for absorption in 
data taken from upper levels, an example is given here of the computa¬ 
tion of the correction and its application: Three-dimensional data were 
obtained from a small crystal of wollastonite. The average diameter was 
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Table 7 

Calculation of correction for absorption for rod-shaped crystal of wollastonite 
iixi = 215 cm.“"^ for CuKa^ radius, R = 0.0058 cm.) 

(After Buerger and Niizoki^^) 


Transmission factor, T 


T 

level: 

0 

1 

2 

3 

4 

5 

6 

7 

8 


p: 

0° 

6°03' 

12°10' 

18°25" 

24°55' 

31°47' 

39°12' 

47°31' 

57°26' 


cos p: 

1 

0 994 

0 978 

0 949 

0 907 

0 850 

0 775 

0.675 

0 538 


PI R/cos Pi 

0 81 

0 815 

0 828 

0 853 

0 893 

0 954 

1 045 

1 20 

1 505 

0° 



0 262 

0 257 

0 248 

0 233 

0 213 

0.185 

0 146 

0.088 

45° 


0 274 

0 272 

0 267 

0 258 ; 

0 243 

0 224 

0 198 

0 160 

0.103 

90° 


0.302 

0 300 

0 295 

0 287 I 

0 273 

0 255 

0.230 

0 195 

0 141 

135° 


0 334 

0 332 

0 328 

0 320 

0 307 

0.291 

0 268 

0 235 

0.181 

180° 


0 353 

0 351 

0 347 

0 339 

0 326 

1 

0 308 

i 

0.285 

i 

0.251 

0 199 
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Table 8 

Transmission factors for spherical samples (fiR < 5j 
(From Evans and Ekstein'^^j 


e 


m/s' 



; 

224-° 

45° 

eri” 

90° 

0 0 

' 1 000 

1 000 

1 000 

1 000 

1 000 

0 1 

^ 0 862 

0 862 

0 863 

0 869 

0 872 

0 2 

; 742 

742 

.743 

748 

753 

0 

i 646 

646 

.647 

655 

661 

0 4 

560 

.560 

.567 

580 

.580 

05 

489 

.490 

.502 

520 

.531 

OG 

.422 

.424 

.441 

462 

476 

0 7 

.368 

.372 

391 

415 

432 

0 8 

321 

.326 

.348 

374 

393 

0 9 

.281 

.287 

.313 

.340 

.359 

1 0 

245 

.252 

281 

.310 

330 

1 1 

.245 

.224 

256 

.285 

306 

1 2 

189 

.200 

233 

.263 

286 

1 8 

.167 

.179 

214 

.245 

267 

1 4 

.147 

.159 

.196 

.228 

250 

1.5 

131 

.143 

.180 

.215 

236 

1 6 

.115 

.128 

.166 

.201 

222 

1 7 

.102 

.116 

154 

.190 

210 

1 8 

.0910 

.105 

.143 

.179 

.199 

1 9 

.0814 

.0953 

134 

.169 

189 

2 0 

.0731 

.0874 

.125 

.161 

181 

2 1 

.0653 

-0797 

.117 

.152 

.173 

2 2 

.0585 

-0729 

.109 

.145 

.165 

2 3 

.0528 

.0673 

.103 

.138 

159 

2 4 

0476 

.0521 

0977 

.132 

.152 

2 5 

0130 

.0575 

.0925 

.126 

.147 

2 6 

0388 

.0532 

.0877 

.121 

.111 

2 7 

.0352 

.0196 

.0835 

.116 

.136 

2 8 

.0321 

.0463 

.0796 

,112 

.131 

2 9 

.0290 

.0433 

.0760 

.108 

.126 

3 0 

.0267 

.0405 

0726 

.101 

.121 

3 1 

.0244 

.0381 

.0695 

.100 

.118 

3 2 

.0224 

.0359 

.0666 

.0971 

.114 

3 3 

0205 

0338 

.0638 

.0939 

.111 

3 4 

0189 

0319 

.0614 

0911 

.108 

3 5 

0174 

0302 

.0590 

.0883 

105 

3 6 

.0161 

0287 

0569 

.0587 

102 

3 7 

.0149 

0273 

.0549 

.0833 

.0991 

3 8 

0138 

0260 

0530 

.0809 

0967 

3 9 

.0128 

0247 

.0512 

0786 

0041 

4 0 

.0119 

0235 

.0494 

0765 

0918 
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Table 8 iContinued) 


fxli 

e 

0° 

22^° 

45° 

67^° 

90° 


4 1 

0111 

0224 

0481 

0744 

0895 

4 2 

! 0103 

.0214 

.0466 

0725 

0873 

4 3 

.00960 

.0205 

0457 

0705 

0852 

4 4 

00899 

0197 

0439 

0688 

.0833 

4 5 

00844 

.0189 

0127 

0672 

.0815 

4 6 

00787 

.0182 

0415 

0656 

0797 

4 7 1 

00738 

0175 

0403 

0641 

.0780 

4 8 

00693 

.0169 

.0393 

0627 

0765 

4 9 

.00650 

.0163 

0383 

.0612 

.0749 

5 0 

.00613 

.0157 

.0373 

0600 

.0734 


Table 9 

Transmission factors for spherical samples {fiR > 5) 
(From Evans and Eksteins®) 


fxR 

e 

0° 

22i° 

45® 

67^° 

90° 

5.0 

0 0835 

0 214 

0 508 

0 817 

1 00 

5.5 

.0687 

200 

495 

811 

1.00 

6 0 

.0575 

189 

.484 

806 

1 00 

6 5 

.0489 

.181 

.475 

802 

1.00 

7.0 

.0423 

.173 

.468 

.799 

1.00 

7.5 

0367 

167 

.461 

.795 

1.00 

8.0 

.0326 

.161 

.455 

.793 

1.00 

9.0 

.0256 

.152 

.445 

.788 

1,00 

10.0 

.0207 

.146 

.438 

.783 

1.00 

11.0 

.0172 

.141 

.433 

780 

1.00 

12.0 

.0144 

.137 

.426 

.777 

1.00 

13.0 

.0122 

.134 

422 

.775 

1.00 

14.0 

.0106 

.131 

418 

.773 

1 00 

15.0 

0.00923 

.128 

.416 

771 

1.00 

20 0 

.00513 

.119 

.402 

769 

1.00 

25.0 

.00317 

.114 

.397 

767 

1 00 

30 0 

.00227 

112 

.392 

.765 

1.00 

40.0 

.00124 

.107 

.386 

.763 

1.00 

50.0 

00078 

.105 

382 

.761 

1.00 

75.0 

.00034 

.102 

.378 

.759 

1.00 

100.0 

.00019 

102 

.375 

.758 

1.00 

200.0 

.00000 

100 

.372 

.756 

1.00 


.00000 

.098 

.369 

.755 

1 00 
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0.0075 cm. The linear-absorption coefBcient, calculated as shown in 
Table 4, is m = 215 cm.~' for CuKa. Thus jxR = 0.81. Table 7 shows 
the computation of the transmission factor. For each level there is 
derived a value of jui?/ cos v. For each of these values, the transmission 
factor is found by interpolation from the corresponding value of fiR in 
standard tables. To make actual use of these sample values of the trans¬ 
mission, they should be plotted and connected by curves as shown in 
Fig. 7. Then the transmission factor T for any reflection on any level 
can be read when the value of T for the reflection is known. Since this 
is a Weissenberg coordinate, and also a setting coordinate for the single¬ 
crystal counter diffractometer, the value is known for each reflection. 

Figure 7 brings out the importance of making appropriate corrections 
for absorption in upper-level intensity data. The transmission factors 
for the higher levels differ so widely from those of the zero level that only 
a poor residual factor^ R can be expected if the zero-level correction is 
applied to aU levels. The crystal in the example is about as small as 
can be handled conveniently, yet the transmission factor falls in the range 
8 % to 35% for CuiTa radiation. For MoKa, the value juhi is of the order 
of only 10 % of that for CuKa, and the corresponding transmissions are 
in the range 90% to 100%. 

Spherical specimens. The correction for absorption for spherical speci¬ 
mens is comparatively simple since the transmission factor for a given 
sample is a function of Q only. Bond has shown how crystals of spherical 
form can be prepared (Chapter 5). The chief disadvantage in using a 
spherical shape is that the crystal clothed in this spherical shape must be 
oriented crystaUographically before any experimental work can be 
undertaken. With all external evidences of crystallographic directions 
removed, this is ordinarily a very trying task. 

Evans and Ekstein®® have tabulated the transmission factors for spheri¬ 
cal crystals. Their results are listed in Tables 8 and 9. 

Rod-mounted powder specimens. It is common practice to make a 
powder sample by sticking the powder to the outside of a glass rod or hair. 
This combination has a more comphcated transmission factor than a 
powder sample composed of a solid sample of the crystalline material 
only. In the rod-mounted case, the transmission factor is not only a 
function of pR and 6, but of Riod/R and jurod also. The transmission 
factor for such samples has been tabulated by Mdller and Jensen.®^ 

Prismatic specimens. The correction for absorption for crystals with 
prismatic cross-section has been treated by many authors. The general 


t See Chapter 22. 
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nature of the problem is illustrated in a solution due to Albrecht.^® To 
find the transmission factor, (27) must be evaluated for all paths i = 
h+h in Fig. 8. Albrecht divides the volume of the crystal into n 



Fig. 8. 


Pig. 9. 



equal prisms whose length L is the length of the crystal, and whose base 
AA is determined by the mesh of a grid whose directions are parallel 
to the primary and diffracted rays. Fig. 9. Then (27) can be a approxi¬ 
mated by the summation 


T = 


2 


nLAA 


(34) 


1 


n 




/iCil+fg) 


(35) 


To determine T, one merely measures with a ruler on a scaled-up drawing 
each of the paths, ti+t 2 , to and from an intersection in Fig. 9. For 
each path the quantity e~'^ is looked up in tables, the sum of these 
recorded, and the total divided by n, the number of samples into which 
the cross-section of the specimen was divided. This evaluation of T 
takes a different form for each reflection because the angle <t>, Fig. 9, 
which the crystal makes with the primary beam, is different for each 
reflection. Rogers and Moffett®’ use a scale graduated into e~‘^ for 
facilitating the computation. 

Evans®® showed that it is possible to divide the cross-section of a 
crystal into triangular and parallelogram-shaped areas within which 
(27) can be integrated. He lists the values of these integrals for five 
area types. 

High-speed digital computing has been recommended®® for computing 
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transmission factors. Probably this is the only sensible way of carrying 
out the tedious problem more exactly. 

Remarks on correction for absorption. The correction for absorp¬ 
tion is an exasperating one. Unlike the correction for ^^extinction/ 
which cannot be assessed in advance of the experimental work, the theory 
of the absorption correction is exactly known, and the correction can be 
computed for a crystal of any given shape, but the computation is so 
tedious for polyhedral crystals that it is carried out infrequently indeed. 
To carry it out for the thousand or so reflections required for a three- 
dimensional analysis is nearly out of the question. For this reason it is 
advisable to carry out experimental work with a crystal ground to 
cylindrical or spherical shape. 

The correction for absorption is such a large one that it is better to 
apply an approximate correction than none at all. For example, if a 
needle-shaped crystal is used it is better to correct reflections for all 
levels by treating the absorption as if it were from a cylindrical specimen 
whose diameter is the mean cross-section of the needle. Similarly if the 
crystal is an approximately equi-dimensional lump, it is better to apply 
an absorption correction based upon a sphere whose diameter is the mean 
diameter of the lump. 

flapping transmission in reciprocal space. It was discovered 
early by Wells^^ that Weissenberg photographs made by plate-shaped 
crystals rotated about an axis parallel to the plate, or by a needle-shaped 
crystal rotated about an axis normal to the needle, contain two diagonal 
lines on which absorption is extreme. The theory of this effect was 
generalized by Buerger^^ for crystals of any external shape. The effect 
was rediscovered by MacGillavry and Vos^^ about five years later. While 
the theory of the effect has been developed for planes of any slope^^ with 
regard to the rotation axis, the general nature of the effect is illustrated 
here for planes parallel to the rotation axis only. 

Weissenberg photographs. A case which is fundamental to the 
development of more complicated cases is that of a crystal having one 
plane surface in the zone of rotation. For the sake of discussion, the 
extension of the single surface in question is assumed to be indefinite. 
Figure 10 is a diagrammatic representation of this case. The incoming 
x-ray beam strikes the plane surface of the crystal, pp, at its intersection 
with the rotation axis, 0, Fig. 10c. The planes of the crystal reflect 
the incoming beam, producing reflected beams having reflection direc¬ 
tions, T, over the entire range of T == 0° to T = 360°. For the present 
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discussion, however, the planes may be sharply 
separated into two categories: 

1. Planes, like bb, which reflect to a spot, 
B, on the film, which is within the arc CEG. 
Such reflections may be termed transmitted 
reflections because they can only be recorded 
after either the incident x-ray beam or the 
reflected beam itself has been transmitted 
through the body of the crystal. If the 
crystal has any appreciable absorption, such 
reflections are most severely reduced in 
intensity. 

2. Planes, like ff, which reflect to a spot, 
F, on the film, which is within the arc CEG. 
Such reflections may be termed surface 
reflections because neither the incident x-ray 
beam nor the reflected beam need penetrate 
any appreciable body of the crystal to pro¬ 
duce them. 

It is plain from Fig. 10 that the arcs of sur¬ 
face reflections and transmitted reflections 
each occupy an T range of 180°. These arcs 
are dependent upon the surface, pp, for their 
delimination, since their boundaries are fixed 
by the points C and G, the extension of the 
plane pp to the actual film. The arcs there¬ 
fore travel around the film with the same 
velocity as the crystal rotation. 

Suppose, now, that at the zero azimuth of 
crystal rotation, the crystal surface has a rota¬ 
tion coordinate cop (Fig. 10a) and has not yet 
attained parallelism with the x-ray beam. 
The surface, pp, is in the x-ray shadow of the 
body of the crystal and so no surface reflec¬ 
tions are possible and only transmitted reflec¬ 
tions can be recorded on the Weissenberg 
photograph. A rotation of the crystal through 
the angle Up brings the plane parallel with the 
x-ray beam (Fig. 106) and permits surface re¬ 
flections for the first time over the 180° range 
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Fig. 11. 

(After Buerger. 26) 


CEG, which records on the Weissenberg projection as the line CG, Fig. 11. 
The Weissenberg projections illustrated here are drawn with a 180° over¬ 
lap in T to illustrate both the usual Weissenberg film appearance, 
NLN'J'IJj where the values of T range from —180° to +180°, and also 
the back-reflection range LN'UFJ'I, in which the T range is from 0° to 
360°. The latter range is more convenient for derivations of Weissen- 
berg-projection properties. 
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As the crystal continues to rotate, the 180® arc CFG traverses the 
film circumference at the speed of crystal rotation and the arc successively 
occupies the positions CFGj C'EV' and Fig. 11, corresponding 

with the cases represented in Fig. 106, c, and d, after which no more 
surface reflections are possible because the surface is in the x-ray shadow 
of the body of the crystal, Fig. lOe. Since the line CC'C" represents a 
plot of the position of crystal rotation, a?, against film translation, which 
in turn is equal to the crystal rotation, oj, it is a straight line of slope 1. 
The reflection from a surface travels at twice the angular speed as the 
surface; therefore, the line of reflections CP'ff", is twice the height of 
CC'C" at any point, and consequently has a slope of 2. 

From the foregoing discussion it is obvious that the distribution on the 
Weissenberg projection of surface reflections from any given crystal sur¬ 
face is independent of the extent of the surface and of the possible exist¬ 
ence of other surfaces. 

The Weissenberg projection of the entire crystal surface is the com¬ 
posite projection of the surface reflection areas of all its separate faces. 
Any composite case not illustrated may be derived from a knowledge of 
the two-circle coordinate angles, p and co, of the surfaces which are actually 
in the x-ray beam. 

Consider a crystal whose habit is such that there are n natural faces 
in the zone of the rotation axis. These faces have angular coordinates in 
the rotation zone of wi, co 2 , * * • con. As the rotation of the crystal 
brings each of these faces to parallelism with the x-ray beam, its arc of 
surface reflections begins to sweep out a parallelogram-shaped area identi¬ 
cal with that just discussed and illustrated in Fig. 11. Where two 
parallelograms overlap, this common area contains surface reflections 
from both of the corresponding faces. Two important actual cases com¬ 
monly arise: 

1. A tabular crystal with negligible edge faces, having the rotation 
axis in the zone of tabular development (Fig. 12). 

2. A crystal of prismatic development in the zone of the rotation 
axis (Fig. 13). 

A particular variety of 2 is a crystal bounded by pairs of pinacoids in 
the zone of the rotation axis. The Weissenberg projection of this case 
is the same as 2, except that the angular separations of the wedge points 
are specialized for symmetrical crystals. 

It is apparent from the above discussion that in the particular habit 
discussed by Wells, namely the thin crystal plate (Fig. 12), the diagonals 
of extreme absorption (those bounding the parallelograms) are only a 
special case of a much more general absorption situation. All reflections 
in entire unshaded areas of Fig. 12 are subject to important absorption. 
This is least in the center of an unshaded area, where the transmission is 



222 


Chapter 8 



Fig. 12. 

(After Buerger.2®) 

directly through the plate, and becomes progressively greater toward the 
diagonals of the parallelogram, as the path of transmission increases. It 
is possible to prepare a chart for this area giving the correction for absorp¬ 
tion in Weissenberg photographs. A similar correction chart for the 
comparatively small corrections of the shaded areas of surface reflections 
may also be prepared. 

In the more general case of equatorial photographs from crystals with 
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Fig. 13. 

(After Buerger.2fi) 
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completed polygonal cross-section such as shown in Fig. 13, the correction 
factor is more complex. It appears that composite diagrams such as 
Fig. 13, based upon the actual habit of the experimental crystal, may be of 
possible aid in determining the appropriate absorption correction factor 
to be applied for any reflection, for the diagram reveals at a glance the 
character of the individual contributions to the reflection. With the 


Fig. 14. Fig. 15. 

(After Buerger.2^) (After Buerger. 2 ®) 

aid of the diagram it is possible to quickly decide when the use of a 
certain reflection for parameter study is dangerous due to high absorption 
correction. 

It is interesting to observe that in the n-layer equi-inclination photo¬ 
graphs the contributions from a plane surface of slope p = 0 to aU reflec¬ 
tions, regardless of position on the Weissenberg photograph, have been 
transmitted through substantially identical paths and therefore have 
identical absorption corrections. The transmission factor may therefore 
be eliminated from any intensity study of the n-layers made with this 
technique, provided that a crystal is employed which has a natural or 
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artificial termination normal to the rotation axis which is of dimensions 
large enough to receive the entire x-ray beam. 

The areas derived as surface-reflection areas can experimentally be 
made to appear on Weissenberg films as background 'patterns. Several 
of these are illustrated in Figs. 14 and 15. The blackened areas represent 
the distribution of soft, incoherently scattered radiation. The scattering 
can be made especially intense by employing radiation just below the 
absorption edge of one of the elements present in the crystal. Extreme 



Fig. 16. 


absorption and scattering of the incident ray occur in the immediate 
region of the surface of incidence. The scattered radiation reaches the 
film in the hemispherical solid angle above the crystal surface, while the 
film in the other hemisphere is in the shadow of the crystal body and is 
therefore effectively shielded from scattered radiation. The geometry of 
this effect is thus the same as that of surface reflections. The amount of 
background blackening produced by any one crystal face is proportional 
to the area of the face included in the x-ray beam. 

MacGillavry and Vos^^ suggest using the blackening of the background 
pattern as a measure of the transmission factor in that neighborhood. 
This is based upon the supposition that the absorption coefficient for the 
incoherently scattered radiation is the same as that for the coherently 
diffracted radiation. 

Several authors^®^ ^ 2 .34 advocated contouring the map of the Weis¬ 
senberg film in values of the transmission factor as computed by one of 
the various methods. When this is done, discontinuities appear which 
correspond to outlines of the areas on the background pattern. 
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Precession photographs. Takeuchi®^ has investigated some of the 
properties of surface-reflection fields for precession photographs. These 
and some additional properties are noted below. 

The general scheme of the precession method is shown in Fig. 16. 
To see how the surface-reflection fields are derived, consider a crystal 
which has a single surface plane. First, let this plane be set so that it 
contains both the dial axis and the axis of the Laue cone. Fig. 16. As the 
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B 



(After Takeuchi.39) 



Fig. 21. 

(After TakeucM.®®) 


Fig. 22. 


precessing motion progresses, the Laue cone processes around the direct 
beam. When the axis of the cone is directed downward, as in Fig. 
17A, the surface of the crystal is in the shadow of the direct beam, and 
there are no surface reflections. When the axis of the cone is just hori¬ 
zontal, Fig. 175, surface reflections become possible in the upper half of 
the cone. The rays for these surface reflections intersect the photo¬ 
graphic film in a semicircular arc, drawn heavy in Fig. 175. The surface 
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reflections continue to record along this semicircular arc as the precessing 
motion progresses, Fig. 17C, A number of these arc loci are shown in 
Fig. 18A. These sweep out the shaded field of Fig. 18.B, which is the 
surface-reflection field of this surface plane of the crystal. 

The surface-reflection fields for any crystal whose habit is composed of 
plane faces set parallel to the axis of the cone can be derived by combining 
fields like the one shown in Fig. 18B, one for each face of the crystal. 
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For example, the surface-reflection fields for a plate-shaped crystal are 
given in Fig. 19, for a trigonal prism in Fig. 20, for a tetragonal prism in 
Fig. 21, and for a crystal bounded by a more general prism in Fig. 22. 

If the crystal plane is not parallel to the Laue cone, but makes an 
angle +d with it, Fig. 23, then before the axis of the cone becomes hori¬ 
zontal, the surface becomes parallel with the x-ray beam, and surface 
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Fig. 27. 


reflections occur along the part of the cone which is above a horizontal 
plane, Fig. 2SA. A precession motion through an angle co is necessary 
to make the cone axis horizontal. As the precession motion proceeds, 
Figs. 23(7, the same arc remains uncovered, and this sweeps out the areas 
noted in Fig. 25. This results in a field in which surface reflections 
occur for both right and left sides, and another pair of fields in which 
surface reflections occur for only one side. The slope, 5, of the plane 
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with respect to the axis of the cone can be computed from the distance C 
of the cusp from the origin. This cusp occurs at twice the displacement 
of that circle to first permit surface reflections, Fig. 23A. From Fig. 
23 A j this gives cos d = C/2F. If the plane makes an angle —5 with the 
cone axis, Fig. 24, then it reaches parallelism with the direct beam only 
after the precession motion has proceeded for an angle o) beyond the con¬ 
dition when the cone axis is horizontal. Then surface reflections occur 
over an arc greater than a semicircle, producing the fields shown in Fig. 
26. 

Figure 27 illustrates the surface-reflection field for an upper-level 
photograph for a plane making a positive angle with the cone axis. The 
case is somewhat similar to that for the zero level, shown in Fig. 25. 

The temperature factor 

In discussing the intensity of the x-ray diffraction spectra it has been 
tacitly assumed that the crystal structure is a static one, i.e., that it can 
be thought of as a periodic pattern of stationary atoms. Temperature 
modifies this situation since it requires every atom to undergo thermal 
motion. The general nature of the modification can be appreciated by 
noting that the effect of the thermal motion is to make the electrons of 
each atom sweep out a larger average volume than they would occupy if 
the atom w^'ere at rest. This causes the effective/curves of the atoms to 
fall off more rapidly with (sin d)/\ than for the same atoms at rest. 

It is a very complex matter to make an accurate allowance for thermal 
motion. Each atom undergoes a motion such that its electron density is 
smeared over a small anisotropic volume, usually regarded as a triaxial 
ellipsoid in the general case. Each non-equivalent atom not only has a 
different ellipsoid, but the ellipsoids are differently oriented. Obviously 
the consideration of how such a complex motion affects the measured 
intensities is extremely diflficult, and for discussions of it the reader is 
referred to original literature^and to Chapter 22. 

The Debye-Waller correction. Waller^^ showed that a fair approxi¬ 
mation to the effect of thermal motion on the intensity of x-ray reflec¬ 
tion can be made for isometric structures containing only one kind of 
atom. In this simple case 

/ (36) 

The quantity B is called the temperature coefficient. Its value is given 

by _ 

B = 87r2^^x^ (37) 

where is the mean square displacement normal to the reflecting plane 



232 Chapter 8 

of the atoms from their mean position. The value of B can also be evalu¬ 
ated in terms of the Debye characteristic temperature: 


where 



(38) 


Q 



the mass of the atom, 

Planck’s constant, 

Boltzmann’s constant, 
absolute temperature, 

Debye characteristic temperature, 

a quantization factor which has been 

tabulated and does not differ appreci- 

© 

ably from unity unless 7 = < 1 . 


These relations involve quantities which are ordinarily unknown to the 
crystal-structure analyst and so are usually of little help in making a 
temperature correction. 

While it has long been recognized that the simple form of temperature 
correction given in (36) cannot be applied in more complicated cases, 
it is nevertheless true that it can often be used as an approximation. 
This type of approximation assumes that, in thermal motion, each atom 
of the crystal undergoes the same average isometric motion. When this 
assumption is made the correction can be used for each f in 

the summation for F, so that 


and 


where 


Tp _ Ojipg—(Bsin2 fl)/X2 


(39) 


117?'| 2 = ] 0^1 2 g-( 2B sin2 9) /X2 

“F = the structure factor at 0 °K. 

= the structure factor at the temperature 
of the experiment. 


If logarithms are taken of both sides of (39) there results 


In 



= -B 


sin^ 6 


(41) 


This has the form 


y = kx, 


(42) 
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where 



so that (41) should plot as a straight line of slope 

fc = -B. (43) 


Some data by Thewlis®^ on tetragonal /3-uranium are shown plotted in 
this way in Fig. 28. 



Fig. 28. 

(After Thewlis.®'^) 


Unfortunately this method of determining B requires that the structure 
be solved, whereas B is desired in advance of the solution. The value of B 
can fortunately be determined by another method, which is discussed below. 

The determination of B and the absolute scale. The temperature 
parameter, B, can be found, and at the same time the set of can be 
placed upon an absolute basis, by a method first presented by Wilson^® 
and later rediscovered by Harker.®® The theory of this is as follows; 
From (4) of Chapter 10, the general value of the structure factor is 



^i2T{hxj+kyj+lZj ) 


(44) 


The square of the absolute value of F is found by multipl 3 dng it by its 
complex conjugate: 

\F\^ = FP 


t i 

_ ^ ^ IXf—x,] -¥h b/c-Vj^ IXi—Zj] ) _ 


(45) 

(46) 
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This can be separated into two parts, according tin i = j and t 9 ^ j: 

i/?|2 = V V V j-,14j li/,—(47j 

J I J 

19^) 

If either the average or the sum is taken over all hid, the last term tends 
to zero since it contains as many positive as negative components, so that 


rc- = IfA 

J 

(48) 

Xow, consider [Fobs!" the absolute value of |F|“. 

usually known on an arbitrary scale, so that 

The iFobsl' is 

iFobsl- = K\F\\ 

(49) 

Accordingly 


Fob, ^ 

(50) 


But the right side of (50) is known from (48). Thus 


= K 

; 

From this the scale factor is 


K = 


1 ^. 


obsl 




(51) 


But the/’s are the true scattering powers under the conditions of observa¬ 
tion. If the Debye-Waller temperature correction is assumed, then 
according to (36) 

_ 0j2 (2asm20)/X 


Accordingly, (51) may be written 

K = 

From this it follows that 


obsl 


2’A 


2 g—(2iSsin2&)/X2 


1 ^. 


obs 


2 ”/,^ 


sm29)/X2_ 


(52) 


(53) 


(54) 
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If this is plotted against sin^ 6 or sin^ d/\, then, as 





(55) 


This provides a way of finding coefficient Kj which is necessary to place 
the l^obsl^^s on absolute scale. 

If logarithms are taken of both sides of (54) there results 





This is shown plotted in Fig. 29. To solve (56) for B, it is convenient 
to rearrange it to 





y 


This has the form 


= Ax. 


(58) 
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To solve for -4, 


so that 


I ^ 

X X 2 — X 1 


-2B 

X' 


In 



sin^ 6 


(59) 


Note that natural logarithms are used. 

Table 10 

Suggested zones for Wilson’s method for use with a precession photograph 


Zone 

sin^ e 

sin d 

number 

range 

middle 

range 

1 

0 - 0 050 

0 025 

0-0 223' 

2 

0.050 - 0 100 

075 

0 223 - 0 316* 

3 

.100-0 150 

.125 

316 - 0 387i 

4 

.150-0 200 

175 

.387-0 447. 

5 

.200- 0 250 

.225 

447 - 0 500 


Table 11 

Suggested zones for Wilson’s method for use with methods involving a 

rotating crystal 


Zone 

number 

sin^ e 

sin d 
range 

range 

middle 

1 

0-0.200 

0.100 

0 - 0 447 

2 

0.200-0.400 

.300 

0.447-0.632 

3 

.400-0.600 

.500 

.632-0.775 

4 

.600-0.800 

.700 

.775-0 894 

5 

.800- 1.000 

.900 

.894- 1.000 


To make use of this, divide the reciprocal lattice into a limited number 
of equal sin^ 6 zones within which it is assumed that an appropriate 
averaging takes place to warrant the reduction of (47) to (48). Appropri¬ 
ate zones are suggested in Table 10 for precession photographs and in 
Table 11 for methods involving a rotating crystal. Then 

a. Plot all iFobsl ^ on the reciprocal lattice. 

&. Find the average for each 2 ?one, counting zero intensities and 
extinguished reflections as points present but having zero intensity. 
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If only a fraction of the reciprocal lattice is used because of symmetry, 
remember to count border points at half value. Omit |Faooi 

c. Determine ^ V/ for each of the five zones. 

_ _ 

d. Prepare a table of for each of the five zones. 

e. Make a plot^ similar to Fig. 29. 
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9 

The number of atoms in the unit cell 
and their distribution 
among the equipoints 


If the phases of the F’s as well as their amplitudes could be determined, 
it would be possible to proceed directly to a Fourier synthesis of the 
crystal structure without making any use of chemical information about 
the crystal. In most instances, however, the phases of the F’s are not 
known, and it is desirable to proceed as far as possible in locating some or 
all of the atoms by making use of the chemical formula of the sub¬ 
stance, the size of its cell, and the distribution of symmetry in the cell. 

By making use of such information (as detailed in this chapter) it 
is possible to determine the exact number of atoms in each unit cell, and 
to limit the number of ways these atoms can be distributed with regard to 
the symmetry elements of the cell. It is usually not possible to determine 
uniquely how the atoms are distributed with regard to the symmetry 
elements, for there are often several possible distributions. But for¬ 
tunately, the number of such distributions is always limited, even though 
it may be large in some instances. In simple structures a knowledge of 
this distribution may partly or wholly determine the structure; other¬ 
wise it may lead to a suggestion as to the general nature of the correct 
structure. 

The unit-cell content 

General principles. If the unit-cell dimensions and the empirical 
chemical formula of a crystal are known, the chemical content of the cell 
can be determined. This possibility arises because the unit cell and 
formula can be combined to give a theoretical density, and the actual 
density can be measured experimentally. 
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Let M be the ma;ss of the collection of atoms constituting a unit of the 
chemical formula, and let X be the number of such formula units per unit 
cell. The volume, L, of the ceil is known, of course, since the cell dimen¬ 
sions have been measured by x-ray diffraction means. Then the density, 
G, of the cell, in teimis of these data, is evidently 


cell mass NM 

cell volume V 


( 1 ) 


Now, the density of the crystal can also be measured^ by standard 
experimental procedures, for example, by the picnometer method. 
Recently, the Berman torsion density balance^ has come into considerable 
use for the measurement of the densities of a few small fragments of a 
crystal, and is recommended for determining densities required for 
crystal-structure investigations. When the density of the crystal has 
been learned by one of these experimental methods, the only unknown 
remaining in (1) is iV, the number of formula units per cell. Conse¬ 
quently, (1) can be solved for N. The usefulness of this information will 
be discussed in a later place in this chapter. 

Density is customarily expressed in grams per cubic centimeter. 
Therefore, to use (1), the mass of the chemical formula unit must be 
expressed in grams. The standard units used by chemists to compare 
masses or weights of various chemical-formula units are the atomic 
weights, which are based on H 1, 0 = 16. To convert this unit to 
grams, it should be multiplied by the factor ^ 1.660 X Further¬ 

more, the volume of the cell, F, is derived from the cell edges, a, 6, and c, 
ordinarily expressed in Angstrom units, which are 10“® cm. In cgs units, 
therefore, the volume is ordinarily derived in 10“^^ cm.^ Taking into 
account these conversion factors, relation (1) should be expressed as 
follows: 

/grams\ N X M (atomic-weight units) X 1.660 X 10“^^ 

F(A^) X 10-^^ 

^ Measured densities are often too low due to voids in the crystal. 

5 If the atomic weight of oxygen is defined as 16, then one mole of oxygen gas, O 2 , 
weighs 2 X 16 = 32 grams. The number of molecules in a mole of gas is Avogadro’s 
number, 6.023 X 10^^. The mass of each oxygen atom is thus 

32 

*" = i = 2.6565 X 10“^® grams. 

® 6.023 X 10®® 


The factor which converts atomic weight to mass in grams is therefore 


2.6565 X 10-®® 


1.660 X 10-®^ 


_ grams _ 

atomic-weight unit 


16 
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Determination of the chemical formula. Under ordinary circum¬ 
stances, the composition of the crystal corresponds with an ideal Dal¬ 
tonian formula. In these instances, (Ij is used chiefly as a solution for 
N, namely 


.V = 


GV 

M 


(3) 


Unfortunately, in many crystals, deviations from an ideal formula occur 
because of solid solution. 

Solid solution may occur in crystals in any of three ways:- 


a. If the ideal formula of the crystal is represented by AB^ then a 
certain amount of an element C may be present in the formula in addi¬ 
tion to AB. The formula of the crystal is then ABCp, where p is some 
irrational fraction, usually small. This is known as addition solid 
solution. In special cases, C may be additional amounts of A or B. 

b. If the ideal formula of the crystal is represented by ABj then 
some fraction of ^4 or B may be omitted. In this case the actual 
formula would be, say, ABi^p, where p is a fraction, usually small. 
This is known as omission solid solution. 

c. If the ideal formula of the crystal is represented by AB, then the 
place of some B may be taken by C. The formula of the crystal is 


then A 


^ 1—33 


This is known as substitution solid solution. Per¬ 


haps this type of solid solution is the most common. It is almost 
universal in crystals of minerals, especially in those minerals which 
were formed at high temperatures where a certain amount of dis¬ 
order® in the B position is tolerated. 


When solid solution occurs, the chemical formula, obtained by attempt¬ 
ing to reduce the chemical analysis of the crystal, may appear to be 
irrational, and in any case not ideal. The analysis of the crystal may not 
suggest any obvious formula at all. When this condition obtains, then 
relation (1) has another use: It can be used to find the chemical mass of 
the unit cell, namely NM : 

NM = GV, (4) 


In order to express NM in chemical formula-weight units, which are most 
convenient for the purpose, the following scheme of units should be 
observed: 


NM (in atomic-weight units) 


(?(g./cc.) X V{P) X 10^^" 
1.660 X 


( 5 ) 


To make use of (4) only a knowledge of the density and cell dimensions 
is required. When NM is found, it can be multiplied by the weight per- 
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cent ages of each atom as given by the chemical analysis, thus yielding the 
mass of each atom in the cell. This can be easily converted into the 
number of each kind of atom per unit cell. Xow, this should be an 
integer, for the space-group operations generate an integral number of 
motifs from an original motif. Therefore the motif formula, which is 
the true chemical formula in simplest form, must be a submultiple of 
the cell formula, which was found by the aid of (4). Furthermore, the 
multiplicity in question must be one which is a possible multiplicity 
produced by the operations of the space group. 

If one or several atoms should occur in the cell to an extent which does 
not conform to the integral concept just discussed, it must be concluded 
that such atoms are involved in de\dations from the ideal formula by 
reason of solid solution. In such cases, a judicious juggling of the 
amount of atoms which do not occur in proper integral amounts (in 
accordance with the possible schemes of solid solution discussed above) 
will usually reveal the nature of the ideal formula of the crystal. 

As a simple example of the use of such crystallographic methods in 
deciding the chemical formula, consider the case of the mineral lollingite.^ 
This is an iron arsenide in w’hich the iron and arsenic are not usually 
present in simple Daltonian amounts. The chemical analysis of a 
particular l5llingite from Franklin Furnace, New^ Jersey, is shown in the 
first column of Table 1. The second column of the table gives the atomic 

Table 1 


Reduction of analysis of Franklin lollingite 



1 

2 

3 

4 

5 


Weight 

Atomic 

wt. % 

Atomic 

Ratio of 


% 

weight 

Atomic wt. 

% 

atoms 

Fe 

29.40 

55.84 

0 530 

36 1 

1 

As 

69.80 i 

74 93 

0 933 

63.31 

1.78 

S 

0 21 

32.06 

0.007 

O. 5 J 

z 

99 41 1 


1.470 

99 9 



weights of elements present; the third gives the relative proportions of 
the atoms in the crystal. In the fourth column this is reduced to per¬ 
centages, and in the last column the ratio of iron to arsenic is derived. 
This shows that the empirical formula of this particular lollingite is 
essentially FeAsi.yg which is an irrational formula. Such non-Daltonian 
formulae are the rule for lollingite, and the ratio of iron to arsenic varies 
inl5llingite crystals from different mineral localities. 

The meaning of this irrational formula can be determined by finding 
the mass of atoms in the unit cell. This can be done by applying relation 



246 


Chapter 9 
Lollingite is an orthor- 


(5). To do this the cell dimensions are required, 
honibic mineral with the following cell: 


a = 5.26A, 
h = 5.93, 
c = 2.86, 

7 = 89.2 Al 


The density, found experimentally, is 7.53. If relation (5) is used, the 
mass associated with this cell is found to be 


NM = 


7.53 X 89.2 X lO"^^ 
1.660 X 10“"24 


= 404 atomic-weight units. 


This total chemical mass may now be apportioned to iron, arsenic, and 
sulfur by multiplying it successively by the weight percentages of these 
elements as they are known from the chemical analysis to be present in 
the crystal. This computation is carried out in columns 1 and 2 of 
Table 2. By dividing the total mass of each type of atom in the cell 

Table 2 


Computation of cell content of Franklin lollingite 



1 

Weight 

% 

2 

Mass per 
cell 

(atomic-weight 

units) 

3 

Mass of 
one atom 
fatomic-weight 
units) 

4 

Number of 
atoms 
per 
cell 

Fe 

29.40 

119 

55.84 

2.13 

As 

69 80 

282 

74 93 

3.77 

S 

0 21 

0.9 

32 06 

0.03 

z 

99.4 

402 


5.93 


(column 2) by the atomic mass of one such atom (column 3), the absolute 
number of atoms of each kind in the cell is obtained (column 4). This 
shows that the average unit cell contains atoms which could be repre¬ 
sented by the empirical formula Fe 2 . 13 As 3 . 77 S 0 . 03 - this formula, note 
that the cell has Fe atoms to the extent of 0.13 in excess of the integral 
number 2. This is very close (within the limits of error of the chemical 
analysis, which does not add to quite 100%) to the number of atoms by 
which As + S fails to attain the integral number 4. Such a correlation 
very strongly suggests that, on the average, 0.13 atoms of Fe per cell are 
present in the As position of the structure, so that the formula of this 
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particular crystal could be written 


I^^2.00 


AS3.77 

Feo.13 

So.03 


3 93 


Thus, there is a good preliminary argument in favor of the view that 
the excess Fe atoms substitute for some of the As, and that the ideal cell 
formula of lollingite should be Fe 2 As 4 . But there is also a confirmatory 
argument, and that is that this formula is an exact multiple of FeAs 2 , 
the multiplicity factor being 2 . This is a permissible multiplicity of the 
space group P 2x1 n 2i/n 2/m, to which lollingite conforms. As a conse¬ 
quence it can be said that ideal lollingite has 2 formula weights of FeAso 
per cell, and that usually Fe proxies for As, atom for atom, at least up to a 
certain small fraction of the As atoms. 

An example of the power of this method in an extreme case, even with 
rather poor density data, is afforded by the crystal tourmaline, which is a 
common mineral silicate. In tourmaline there is always such extensive 
solid solution that the very formula was in doubt until x-ray methods 
were applied to it. But some aspects of the formula are plain after a 
treatment of the cell data and chemical analysis by the plan used for 
treating the lollingite data. Tourmaline belongs to space group i23m. 
A white tourmaline from De Kalb, New York, for which both analysis 
and density are available, has the following dimensions,referred to a 
(triple) hexagonal cell: 


A = 15.95 A, 

C = 7.24, 


I 1595 A^ for the triple hexagonal cell, 

\ 532 A^ for the primitive rhombohedral cell. 


The analysis and density of this material are given by Pennfield and 
Foote. ^ Unfortunately, the density is said to vary between 3.06 and 
3 . 12 . The lower value of this is taken for present purposes (and this 
even appears to be slightly too high, judging by the final results). Then, 
applying ( 5 ), one finds the mass associated with the primitive rhom¬ 
bohedral cell to be 


,,,, 3.06 X 532 X 10-=** 

NM -- 3 : 24 — ~ atomic-weight units. 

1.660 X 10 

^ Gabrielle E. Hamburger and M. J. Buerger. The structure of tourmaline. Am. 
Mineralogist 33 (1948) 532-540. 

5 S. L. Pennfield and H. W. Foote. TJeher die chemische Zusammensetzung des 
Tourmaline. Z. Krist. 31 (1899) 332. 
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Table 3 gives the analysis of this tourmaline in the first column. When 
the 980 chemical units are multiplied by these weight percentages, the 
weights of each of the oxides present in the cell are obtained, column 2. 
Dividing these results by the chemical weights of the oxides, column 3, 
gives the number of ‘'molecules” of each of the oxides in the cell, column 

Table 3 


Compulation of cell content of the De Kalb tourmaline 



1 

Weight 

% 

2 

Mass per 
cell 

(atomic- 

weight 

units) 

3 

“Molecular 
weight’ ’ 
of 

oxide 

4 

Number of 
“mole¬ 
cules” of 
oxide 

5 

Number of 
metal 
atoms 
per cell 

6 

Number of 
oxygen 
atoms 
per cell 

Si 02 

36 72 

360 

60 06 

5 94 

5 94 

11 98 

TiOo 

0 05 

0 5 

79 90 

0 006 

0 01 

0 01 

B 2 O 3 

10 81 

106 

69 64 

1.53 

3 05 

4 58 

AI 2 O 3 

29 68 

291 

101 94 

2 85 

5 70 

8 55 

FeO 

0 22 

2 2 

71 84 

0 03 

0 03 

0 03 

MgO 

14 92 

146 

40 32 

3 62 

3 62 

3 62 

CaO 

3 49 

34 2 

56 08 

0 61 

0 61 

0 61 

NaoO 

1 26 

12.35 

61 97 

0 20 

0 40 

0.20 

K 2 O 

0 05 

0 5 

94 20 

0 005 

0 01 

0 01 

H 2 O 

2 98 

29 2 

18 

1 62 

3 24 

1 62 

F 

0 93 

9 1 

19 

0 48 

0 48 


2 

less 0 

equivalent 
to F 

101 11 

0 39 

100,72 





31 21 


4. This number is decomposed into the metal, column 5, and its oxygen 
content, column 6. The total number of oxygen atoms in the cell is 
the sum of the figures in this column. 

The space group 223m, referred to a primitive rhombohedral cell, has 
ITold, STold, and 6-fold equipoints. It is therefore necessary to cause 
sets of numbers from the second last column of Table 3 to conform to the 
integers 1, 3, and 6. One way of doing this is 


Nao. 4 o 


M5.52 


Sis. 94 


031.21 

Cao .61 

Mgs .05 B3.05 

Mgo.57 


Mo. 18 


F 0.48 

Ko.oi 







1.02 


6.12 


6 12 


31.69 
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It will be noticed that these sums are about 2% in excess of the numbers 
1, 3, 6, and 31. This suggests that the idealized formula is probably 

XaMg3B3Al6Si6027(OHj4- 

Indeed this formula is confirmed by the results of a complete crystal- 
structure analysis. The 2 % excess of the summation probably represents 
a 2% error in the experimental values entering the density-volume pro¬ 
duct in the computation above. The elements in the columns of the 
above formula are isomorphous substitutions, or, to put it another way, 
there is disorder among the atoms in each column over the equipoint of 
the column. 

Distribution of atoms among the equipoints 

Special positions of a space group. If an atom lies in a general 
position with respect to the symmetry elements of a crystal, the symmetry 
operations require that the cell contain m atoms, related to one another 
by the m operations of the cell of the space group. If the atom should lie 
on a symmetry element, this number may be reduced. The reduction 
occurs in all cases where the symmetry operation of the element does not 
contain a translation component, as shown below. It occurs, therefore, 
when the atom lies on an inversion center, on a reflection plane, or on a 
rotation axis. These locations are designated special positions of the 
space group. Elements whose operations do involve translation com¬ 
ponents, namely glide planes and screw axes,^ are not special positions, 
for reasons which will be evident presently. 

The reason for the reduction can be appreciated by imagining an atom 
in the general position to migrate toward an inversion center, a reflection 
plane, or a rotation axis. When the atom reaches the symmetry ele¬ 
ment, it can migrate no further without becoming coincident with its 
n — 1 partners related by the n operations of the particular symmetry 
element. Therefore, if the atom comes to be located on the symmetry 
element, the n atoms related by the symmetry element become 1 atom. 
The value of n is 2 for an inversion center and for a reflection plane, but is 
equal to n for an n-fold rotation axis. 

If the multiplicity of the general position of the space group is m, and 
the atom lies on a rotation axis of period n, then the number of atoms in 
the cell is (l/n)m. Of course, by the theory of groups, n is a factor of m, 
so (l/n)m is an integer. Suppose that the space group contains two 
intersecting special positions of multiplicity ni and n%. The combined 
multiplicity of the pair of symmetry elements is their product, ni 

Except when the order n and the pitch subscript contain a common factor, which 
occurs in the screws 42, 62, 63, and 64. 
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If an atom lies on this intersection, it suffers a reduction compared to 
its number in the general position, by a factor l/rii no. Again, if the 
multiplicity of the general position of the space group is m, then the 
number of atoms for the combined special position is m ni no. 

There is no reduction of multiplicity if the atom comes to lie on a screw 
axis"^ or a glide plane. This follows from the above discussion, because 
the atom, migrating from the general position and arriving at the screw 
axis or glide plane, does not coincide with its symmetry equivalents. 
These are distant from it by amounts which are multiples of the transla¬ 
tion component of the symmetry element. 

When an atom occupies a special position, it must conform to the sym¬ 
metry of that equipoint. This restricts the possible locations of atoms 
of known coordination. For example, Si is known only with tetrahedral 
coordination with respect to oxygen. It can therefore never be placed 
upon an inversion center, but may be placed on a 2-fold axis, on a plane 
or at a 4 equipoint. On the other hand, A1 can have either tetrahedral or 
octahedral coordination. If it occupies an inversion center its coordina¬ 
tion must be octahedral. 

Rank of the equipoint. An equipoint is a collection of points related 
to one point by the symmetry operations of the space group. The repre¬ 
sentative point of this collection can be in the general position, or it can 
be in some special position, usually at an inversion center, on a reflection 
plane, or on a rotation axis. Thus, the position of an atom in the cell may 
be described in general terms, and without necessarily involving the varia¬ 
ble parameters required to locate the representative atom, by describing 
the nature of the equipoint which the atom occupies. The number of 
points per unit cell in an equipoint is defined as its rank. 

For example, consider the space group P 2/m. This group contains 
2-fold rotation axes and, at right angles to them, reflection planes. The 
points of intersection of these two kinds of symmetry elements are loca¬ 
tions of inversion centers. The cell of the space group contains only four 
operations, namely 1, 2, m, and 1. If the atom lies in the general posi¬ 
tion, the cell must contain a total of four symmetrically equivalent atoms, 
one for each of the four space-group operations of the cell. The atom is 
then said to occupy an equipoint of rank 4. If it lies on either a 2-fold 
rotation axis or a reflection plane, it occupies an equipoint of rank 2 in 
either case, while if it occupies the intersection of the 2-fold axis and the 
reflection plane, it occupies an equipoint of rank 1. 

Sets of similar equipoints. The symmetry elements of a space 
group occur in several similar, but, in general, symmetrically unequiva¬ 
lent, sets. This situation arises as a consequence of products of the 

^ Except when the order n and the pitch subscript contain a common factor, which 
occurs in the screws 42, 62, 63? and 64. 
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operatioii> of the symmetry elements with the three translations of the 
space group. Lnless some of the operations become equivalent because 
they become related by other operations of the group, a primitive cell 
may be expected to have the following number of sets of symmetry ele¬ 
ments which constitute special positions: 

8 sets of inversion centers, 

2 sets of parallel reflection planes, 

4 sets of parallel 2-fold rotation axes, 

3 3-fold , 

2 “ 4-fold , 

but only 1 set of parallel 6-fold rotation axes. 

This means that equipoints also occur in such sets. 

In the more complicated space groups, it is usual to have several of the 
sets of similar symmetry elements related to one another by some other 
operations of the space group. For example, four of the eight sets of 
inversion centers may become related to the other four by means of 2-fold 
screws; there are then only four distinct sets of equipoints on inversion 
centers. Or, again, the twm sets of parallel reflection planes may be 
made equivalent to one another by a set of 2-fold screws parallel to the 
planes, and half-way between the two sets. In this case, there is only 
one special position on reflection planes. 

Equipoints are customarily labeled by means of a number followed by a 
letter. The number designates the rank of the equipoint, and the letter 
is a somewhat arbitrary way of distinguishing the several equipoints of 
the space group. The order of the lettering for equipoints proceeds in 
the order of increasing degrees of freedom. For example, in space group 
P 2/m, cited above, both rotation axes and reflection planes have rank 2. 
The first letters of the alphabet are therefore used to designate the 
equipoints of rank 2 on 2-fold axes, since an atom on the axis has only one 
degree of freedom, while subsequent letters of the alphabet are used to 
designate the equipoints of rank 2 on the reflection planes, since an atom 
on the plane has two degrees of freedom. These, and other equipoint 
designations of space group P 2/m are given in Table 4. 

Distribution of atoms on the equipoints. The first part of this 
chapter provided the method of determining how many atoms occur in a 
unit cell. Of course, this number must fit the numbers which can be 
provided by the equipoints. Ordinarily there are several ways in which 
the number of atoms may be distributed among the equipoint numbers. 

To make this clear by way of an example, the distribution of atoms 
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Table 4 

Characteristics of equipoints in space group P %lm (second setting) 

Degrees 

of Variable 


Position 

Rank 

Designation 

freedom 

parameters 

Inversion center at 000 

1 

la 

none 

none 

Inversion center at O-J-O 

1 

15 



Inversion center at OO-i- 

1 

Ic 

“ 

“ 

Inversion center at VOO 

1 

Id 


*• 

Inversion center at 4^0 

1 

le 


tt 

Inversion center at O^-^- 

1 

1/ 



Inversion center at -J-O-J- 

1 

D; 

11 

(1 

Inversion center at 

1 

Ih 


11 

2-fold rotation axes at OyO; OyO 

2 

2i 

1 

y 

2-fold rotation axes at -^yO; ^yO 

2 

2i 

1 

y 

2-fold rotation axes ht Oy^; OiJ^ 

2 

2A' 

1 

y 

2-fold rotation axes at ; ^y^ 

2 

21 

1 

y 

Reflection planes at xOz] xQz 

2 

2 m 

2 

Xy z 

Reflection planes at x^z; x-^z 

2 

2n 

2 

X, z 

General position at xyz; xyz] 





xyz; xyz 

4 

4o 

3 

X, y, z 


Table 5 

Eqxiipoints of the space group P 2i/n 2\/n 2/m 


Position 

Designation 

Coordinates 

Inversion centers 

2a 

000; 

00^; -^0 


Inversion centers 

26 


Inversion centers 

2c 

Q^-O; -g-O^ 
^00; 0|-|- 


Inversion centers 

2d 


2-fold rotation axes 

4e 

OOz; OQz; 


2-fold rotation axes 

4/ 

0^2; O-g-2; 

it 0, i+z; i, 0, -g -—2 

Reflection planes 

4? 

xyQ] xyO; 

i-Xj i+y, i; i+a:, i-y, i 

General position 

Sh 

xyz; xyz; 
xyz; xyz; 

i'~Xf i+y, i-\-Xy^—y,^-\^z; 

i4rx,i-y,^-z; ^+2/, i-s 


among the equipoints for the case of marcasite'*' may be cited. Marca- 
site is orthorhombic FeS 2 . The cell contains 2 FeS 2 so that 2 Fe and 
4 S must be distributed among the equipoints- The space group, 
P 2i/n 2i/n 2/m, has the equipoints shown in Table 5. 

^ M. J. Buerger. The crystal structure of marcasite. Am. Mineralogist 16 (1931) 
361-395. 
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It should first be noted that the two Fe atoms can only be distributed 
among the 2-fold equipoints (i.e., equipoints of rank 2). Thus, the Fe 
can be in either 

2n, 26, 2c, or 2 d. 

Since none of these equipoints has any degree of freedom, whichever one 
is chosen as the position for Fe cannot be used again as a possible site for S. 

The 4 S atoms must now be distributed over equipoints whose ranks 
sum to 4. This can be done either by placing the S atoms in one position 
of rank 4, or in two positions of rank 2. Therefore, the 4 S atoms may be 
distributed in the following possible specific ways: 


but excluding any combination 
if Fe is distributed in one of 
these equipoints. 


When the several possible distributions of Fe among the equipoints are 
combined with the above distributions for S, a total number of distribu¬ 
tions results as shown in Table 6. 

Many of the structures suggested by Table 6 are really duplicates, 
which become identical with one another on change of origin. That this 
might be so is suggested by noting that, in Table 5, some of the equi¬ 
points obviously can be transformed into others by the addition of, say, 
00|- to the coordinates of the set. Now, it is generally true that two 
similar sets of equipoints can be transformed into one another by the 
addition of their components of separation. Another way of describing 
this is to say that similar equipoints can be transformed into one another 
by a transfer of origin. It follows that certain combinations of equipoints 
are equivalent by transfer of origin. 

Since this situation is of general occurrence, it will be followed through 
in some detail for the example of marcasite, under discussion. Figure 1 
shows the locations of the special positions in P 2\/n 2i/n 2/m. Observe 
that the four most specialized equipoints, namely a, 6, c, and d, can be 
transformed into one another by adding half a translation in one of the 
three axial directions. Analytically, this can be demonstrated by adding 
00|-, 0^, or ^00 to the coordinates of the equipoints 2a, 26, 2c, and 2 d 
in Table 5. Furthermore, noting that a variable plus a constant is 


4c, 

4 /, 

4 ^, 

2a+26, 

2a+2c, 

2a+2d, i 

26+2C, 

26+2d, 

2c+2d, 
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Table 6 


Number of ways of distributing 2 Fe and 4 S among the equipoints of 
space group P %\/n 2i/n 2 /m 


Combination 

Fe 

S 

Characteristics 

number 

positions 

positions 

of structures 

1 

2a 

26+2c 


2 

2a 

26+2d 


3 

2a 

2c+2c^ 


4 

2b 

2a4-2c 


5 ! 

26 

2a+2d 


6 

26 

2c+2d 

12 symmetry-fixed 

7 i 

2c 

2a-{~2h 

structures; sulfur atoms 

8 ! 

2c 

2a~{~2d 

on inversion centers 

9 1 

2c 

2b+2d 


10 

2d 

2a+26 


11 

2d 

2a+2c 


12 

! 

2d 

26+2c 


13 

2a 

4e 


14 

2a 

4/ 

8 one-parameter struc¬ 

15 

26 

ie 

tures; sulfur atoms on 

16 

26 

4/ 

2-fold rotation axes 

17 

2c 

46 


18 

2c 

4/ 

z parameter of sulfur 

19 

2d 

4e 

atoms to be determined 

20 

2d 

4/ 





4 two-parameter struc¬ 

21 

2a 

4sr 

tures; sulfur atoms on 

22 

26 


reflection planes 

23 

2c 

4gr 


24 

2d 

4g 

X and y parameters of 
sulfur atoms to be 
determined 


simply another variable, and specifically that 


y ±h = 

z ± ^ z\ 

one finds that the additions just mentioned also carry the equipoints on 
the 2-fold axes into one another and carry the equipoints on reflection 
planes into one another. This is made even more obvious by imagining 
shifts of amounts OO-g-, 0-|0, or ^00 to occur in the location of the origin in 
Fig. 1. To examine systematically what happens with such additions, 
the transformations of the various individual equipoints of space group 
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Table 7 

Transformations between equipoints with change of origin 


Original 

Equipoints 

Equipoint designation when 
origin is transferred to 

004- 

040 

0 

a 

h 

c 

d 

h 

a 

d 

c 

c 

d 

a 

b 

d 

c 

b 

a 

e 

e 

f 

f 

f 

f 

e 

e 

9 

9 

9 

9 

h 

h 

h 

h 


Table 8 


Transformation of equipoint combinations with change of origin 


Original 

combination 

Equipoint combination when origin 

is transferred to 

004 

040 

400 

a he 

h ad 

c da — c ad 

deb d be 

a hd 

b ac 

cdb — cbd 

dca - dae 

a cd 
h ac 
b ad 
b cd 
c ab 
cad 
cbd 
d ah 
d ac 
d he 

h dc 

c ab 

1 

i 

dba - dab 

a e 

be 

cf 

df 

af 
h e 
bf 

ce 

cf 
d e 

df 

bf 

c e 

d e 

a g 
h g 
eg 
dg 

bg 

eg 

dg 
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P 2i/n 2i/n 2/rh into one another are tabulated in Table 7. What the 
same transformations do to the combinations of Table 6 can then be 
systematically found by transforming each of the equipoint letters of 
Table 6 according to the scheme of Table 7. This is carried out in Table 
8. Actually, the transformation need not be applied blindly to all 
equipoints if the following rule is adopted: Each set of letters representing 
an equipoint combination should be transformed by the several additions 

z 



Fig. 1. 

unless its combination has already appeared in an earlier transformation. 
In making the identification, it should be noted that the letters to the 
right of the space represent the equipoints of the sulfur atoms; when there 
are two of these, they can be interchanged without changing the structure. 
When these manipulations have been carried out, it becomes evident that 
the six combinations a be, a bd, a cd, a e, af, and a g represent the only 
distinctly different ones. 

This lengthy analytical procedure of eliminating duplications of equi¬ 
point combinations can often be avoided and the distinct combinations 
can be made intuitively, especially when the geometry is sufficiently sim¬ 
ple to sketch, as shown in Fig. 2. In this illustration, only one represen¬ 
tative location of each equipoint is shown. Again writing the Fe equi¬ 
point first, and the S equipoints after the space, it is obvious that a be, 
a bd, and a dc are distinct, and that no new types of combinations would 
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result by shifting any of these combinations in the direction of either of 
the three axes, since this would merely interchange labels. Further¬ 
more, it IS obvious that a 6* is distinct from a /. In the first case, the sul¬ 
fur is on the same axis as the inversion center containing the iron; in 
the second it is on the other axis. Finally, the more general position, g, 
can be combined with any center, a, b, c, or d, with the same resulting 
structure. 

With the possible distributions of the atoms over the equipoints known, 
it is often possible (as discussed in detail in Chapter 12) to eliminate cer¬ 
tain of them on the basis of fairly simple intensity considerations. The 



correct crystal structure then lies among the uneliminated equipoint 
distributions. 

It may not always be feasible to enumerate the total number of ways 
the atoms may be distributed among the equipoints when this number is 
very high. This situation often occurs if the number of atoms to be dis¬ 
tributed for some one atomic species is as great or greater than the rank of 
the general equipoint of the space group. For example, consider the 
possibility of distributing four atoms in space group P 2/m, the equi¬ 
points of which are listed in Table 4. Equipoints occur in the space 
group for ranks 4, 2, and 1. The four atoms to be distributed can be 
arranged, therefore, among the following rank sums: 

4 , 

2 + 2 , 

2+1 + 1 , 

l + l + l + l. 
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When an attempt is made to substitute all the combinations of specific 
equipoints sets in these combinations of rank, the number runs very high. 
To further combine these possibilities for one atom with the possibilities 
for another atom becomes very tedious indeed. 

Literature 

^ M. J. Buerger. The crystal structure of lollingite FeAs 2 ‘ Z. Krist. (A) 82 
(1932) 165-187. 

^ M. J. Buerger. The pyrite-marcasite relation. Am. Mineralogist 19 (1934) 37- 
61, especially 53-58. 

® M. J. Buerger. The temperature-structure-composition behavior of certain crys¬ 
tals, Proe. Nat. Acad. Sci. U. S. 20 (1934) 444-453. 

^ Harry Berman. A torsion microbalance for the determination of specific gravities 
of minerals. Am. Mineralogist 24 (1939) 434-440. 

® William G. Schlecht. Calculation of density for x-ray data. Am. Mineralogist 
29 (1944) 108-110. 



The structure factor 


In Chapter 2 it was shown that the wave scattered by a crystal can be 
characterized by a quantity F^ki^ This is a complex quantity whose 
magnitude is the amplitude of the scattered wave and whose direction in 
the complex plane is determined by the phase of the scattered wave. 
From the point of view of Chapter 3, Fhki is a factor which enters into the 
expression for the intensity of the scattered wave. Since this factor 
depends on the arrangement of matter in the specific crystal under dis¬ 
cussion, that is, on its crystal structure, the factor is commonly called the 
structure factor. In this chapter the structure factor is discussed in some 
detail with special attention to how it may be computed for any proposed 
crystal structure. 


Atomic scattering factor 

In Chapter 3 it was shown that the scattering unit is the electron. If 
the amplitude of the wavelet scattered by an electron is taken as the unit 
amplitude, then the amplitude scattered by a cell of the crystal can be 
written as the sum of the unit amplitudes of the wavelets, properly 
phased, which are scattered by the individual electrons in the cell. 
While this is a possible form in which the structure factor could be 
written, it is not a very practical one. An obvious objection to using the 
structure factor in this form is that it requires a summation over a very 
large number of electrons, and furthermore the positions of these elec¬ 
trons are not closely known. 

A more convenient way of arranging the structure factor is to recognize 
that each chemical atom has a specific number of electrons associated 
with it in space, the specific form of the distribution of the electrons about 
each atom being known from atomic-structure theory. Thus it should 
be possible to group together terms in the structure factor so that each 
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group of terms is associated with one atom. This treatment has advan¬ 
tages, for it turns out that it is unnecessary to know the location of each 
electron of an atom; one need only know the general distribution of the 
electrons with respect to the center of the atom. Each group of terms in 
this condensed structure factor represents the scattering by an atom in 
the cell. 

The scattering power of an atom, designated / (from '‘form” factor), 
is expressed in terms of the scattering power of a single, free electron. 



(sm 9 )l\ 

Fig. 1 


The maximum scattering by an atom is therefore equal to Z, its atomic 
number. This occurs at (sin B)/\ ~ 0. If the Z electrons of an atom 
were concentrated at a single point, there would be no destructive inter¬ 
ference between the wavelets scattered by them, and there would be no 
variation of / with (sin B)/\ as indicated by the upper line in Fig. 1. 
But since the electrons of actual atoms are distributed through the vol¬ 
ume of the atom, destructive interference sets in, as outlined elsewhere.'*' 
The larger the volume of an atom, the greater is the fall-off of / with 
(sin B)/\. If isoelectronic ions are compared, this effect can be readily 
noticed. A common example is Si^"^ and 0^“, both of which have 10 
electrons. In Si^"*" the electrons are concentrated in a small volume, 
whereas in they are spread out over a large volume. The corre¬ 
sponding scattering curves have the shapes"givenjby[the"middle"and lower 
lines respectively of Fig. 1. 

The scattering factors for the various chemical atoms are difficult to 
calculate, but are available both in the original literature^~^^ and in the 

^ M. J. Buerger. X-ray crystallography. (John Wiley and Sons, 1942) 51-53- 
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International tables for x-ray crystallography vol. 3. In most work it is 
assumed that the electron distribution in an atom has spherical sym¬ 
metry. The environment of an atom, its bonding to its neighbors, and 
its thermal motion often cause its electron distribution to deviate from 
spherical symmetry. This causes the reflection amplitudes computed by 
using spherically symmetrical / values to depart from those observed, 
especially at small glancing angles. 



Some forms of the structure factor 

Exponential form of the structure factor. The composition of 
the complex quantity Fhjci is shown in Fig. 2. Fundamentally it is a 
summation similar to (6) and (7) of Chapter 2, specifically 

Fhki = fi + h + /s ‘ (1) 

= (2) 

3 

the summation being taken over the J atoms of the unit cell. According 
to (43) of Chapter 2, the phase angle, <t>j, can be expressed as a function of 
the fractional coordinates xy, t/j, and Zj of the atoms of the cell: 

<f)j = 2Tr{hXj-{-ky j-\-lZj) j (3) 

so that the structure factor can also be written 

Fhkl — fl 4- ^2 2 + 2 ^ 2 ) . . . fj ^i^'^ihxji-kyj+lzj) 

3 

Component form of the structure factor. For purposes of com¬ 
puting structure factors it is usually convenient to express the structure 
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factors in terms of its real and imaginary components. Reference to 
Fig 2 shows that 


Phki = \Fhki\ cos 0 + i\Fhki\ sin <^> 


( 5 ) 


= (/i cos 01 + /2 COS 02 + /s cos 03 + ' ‘ 

+ i(fi sin 01 + /2 sin 02 + /s sin 03 + * * *) (6) 



] 


( 7 ) 


Again^ (6) and ( 7 ) can be rewritten as explicit functions of the coordinates 
of the atoms in the cell by substituting in them the value of 0 given by 
( 3 ): 

Fhkl = {/i cos 27 r(/irri + fcyi + Z2i) +/2 cos 27 r(te 2 + fc2/2 + Z2:2) + * ' *} 


+ i {/i sin 2 'ir(Jixi-\^ky\-^lzi) +/2 cos 2Tr{hx2'\~ky2~\''lz^ “h * ’ *} 

( 8 ) 


= {y /j cos 2TQix,-\-'kyj-\-lzj )| 

n 

sin 2 Tr{hXj+kyj+lZj)Y ( 9 ) 

3 



A 


Fig. 3. 


As an abbreviation (Fig. 3 ) it is sometimes convenient 
B to substitute 


A = cos 0, ( 10 ) 

5 = sin 0 (11) 


in (6) and ( 7 ), which then become 


Fhki = (/i Ai + f2 A 2 + fz Az + * • *) 

+/2R2 +/3^3 + ‘ * *) (12) 

3 3 

This is also illustrated in Fig. 2. 

From ( 10 ), ( 11 ), and ( 3 ), it follows that 


A = Q,o^ 2 TrQix+ky-\-lz)j 
B = sin 2 x(Aa;+%+fe). 


( 14 ) 
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The structure amplitude 

The magnitude of the structure factor may be called the structure 
amplitude, \Fhk^. Figure 2 shows that this magnitude is 

\Fhkl\ _ 

= V^c/l +/2 ^2 +/3 -^3 + 

3 3 

By substituting from (14), this can be expressed as a function of the 
coordinates of the atoms in the cell: 

\Fhki\ = Alt'- j cos 2T{hXj+kyj+lzj)^^ + sin 2T{hXj+kyj + lzj)^‘', 

3 3 

(17) 

Simplifications due to symmetry 

Simplification due to center of symmetry. An important simpli¬ 
fication of (16) and (17) occurs if the crystal class contains a symmetry 
center, and if the origin of coordinates, to which the positions of the 
atoms are referred, is taken as a symmetry center of the space group. 
Under these conditions, an atom having coordinates xyz is always accom¬ 
panied by an equivalent atom'*’ at xyz. The phases of the waves con¬ 
tributed by these two atoms are: 

<l>xyz — 2'KQhx-^ky-]rlz) (18) 

== 2T{-hx-ky-lz) (19) 

= --2T(hx+ky+lz) 

= “ <t>xyz- 

The waves contributed by the atoms of the cell therefore always occur in 
pairs having phases of equal magnitudes but opposite signs. Figure 4 
shows that under these circumstances the imaginary B components of 
the amplitudes of the centrosymmetrically related atoms cancel one 

Except that, if an atom occupies the symmetry center, it is its own centrosym- 
metrical mate. The discussion following remains valid if the atom on the center is 
regarded as two half atoms. 


‘ ■ 0^ + (/i-^i+/ 2 -B 2 +/3-S3 + * ■ 0^ 

(15) 

(16) 
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another, and (17) reduces to 

j 

F= ^ fj cos2Tr(hXj+ky^ + lzj) (21) 

j 

; = i 

Since these/s are alike in pairs, this can also be simplified to 

J/2 

F = 2j^fjA,. (23) 

Thus the use of a symmetry center as origin eliminates the B components. 



Fig. 4. 


A compact analytical proof of this is as follows: Since all the atoms of 
the cell occur in pairs with coordinates Xj yj and x^ y^ Zj, (4) can be 
rewritten for this case by splitting the summation into two summations, 
each containing one half of the centrosymmetrical atom pairs: 

J/2 J/2 

Fhkl = ^i2t( hxj+kyj+lzj) _|_ ^ ^—i2T(hxj+kyj-{-lZj) (24) 

This and other expressions can be rendered more compact by making 
use of the relations 

= 2. cos 0, (25) 

= i2 sin 0. (26) 

If (25) is substituted into (24) there results 

J/2 

Fhki = 2 ^ cos 2Tr{hXj+ky^+lz^), (27) 

The symmetry factor. In all except the simplest cases, unit cells 
contain rather large numbers of atoms, and computations involving the 
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summations indicated in (17) would become quite tedious. It is for¬ 
tunate, therefore, that symmetry conditions permit simplification of 
such summations, for, in all except the unsymmetrical space group, PI, 
an atom in the general position is accompanied by other atoms having 
symmetrically related coordinates. Thus there are groups of terms in 
the summations of (17) which not only have common values of/, (because 
the several symmetrically related atoms are identical), but also have 
related coordinates. The latter feature permits consolidating the 
trigonometric parts of (17) by the rules of trigonometric combination. 
Alternatively, terms of (4) may be combined by rules of exponential 
combination. 

The symmetry factor, S, can be defined as the wave scattered by a 
set of unit scattering particles, such as stationary electrons occupying 
an equipoint, ordinarily the general equipoint of the space group. Sup¬ 
pose the symmetry of the space group relates a set of m points in the 
general position. Then the symmetry factor is the wave scattered by 
a set of unit scatterers located on these m points. This has a form like 
(4) except that = 1 and / = 1, 2 • • * m. Specifically, 

s = (28) 


m 





iih 

I 


^i2v(JiZj +kyj+lz,) 


(29) 

(30) 


The scattering by a single set of equivalent atoms, say set I, in the 
general position is then simply fi Si, All the atoms in the cell consist of 
the several equivalent sets I, II, III • * • p. Therefore (4) can be 
rewritten in terms of p sets of equivalent atoms and their symmetry fac¬ 
tors, namely: 

(4): Fkki = J/i 

= /l + fll ^11 + /ill ^III + ‘ ‘ * /p (31) 


J«I 


(32) 


In the next section specific examples of symmetry factors are discussed. 


Illustrations of derivation of symmetry factors 

Space group Pmm2 using trigonometric notation. The deriva¬ 
tion of symmetry factors may be illustrated for the space group Pmm2, 
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xyz 0 

1- \ 

origin'^ 

xyzQ 

Qxyz 


X 

Fig. 5. 

Fig. 5. An atom in the general position of this space group is accom¬ 
panied by three other atoms. If the coordinates of the first atom are 
xyZj referred to a point on the 2 -fold axis as origin, the coordinates of the 
four atoms related by the symmetry of this space group (Fig. 5) are 

xyz xyz xyz xyz. 

The symmetry factor for this quadruplet of atoms is composed of a real 
component, A, and an imaginary component, B. The real component is 
as follows: 

A = Ai + A^ “b A 3 -h A 4 

= cos <t>i + cos 4)2 + cos 4>Z + cos 04 

= cos 2T(hx-\-ky+lz) + cos 27r( — hx+ky+lz) 

+ cos 2Tr( — hx — ky+l^) + cos 2T(hx — ky+h)- 

Applying the trigonometric identity, 

cos a -b cos /3 = 2 cos + i^) cos — /?), 

one finds that the sum reduces to 

A = 2 cos 2T(ky+lz) cos 2Thx + 2 cos 2Tr{—ky+h) cos 2T{ — hx) 

= 2 cos 2T{ky+lz) cos 2Thx + 2 cos 2T{ky—lz) cos 2Trhx 

= 2 cos 27r/ia:{cos 2Tr{kyA-l^) + cos 2'ir{ky — Iz)]. (37) 

A further reduction can now be made by applying the trigonometric 
identity, 


(33) 

(34) 

(35) 

(36) 


cos (a+/3) + cos (a — p) — 2 cos a cos jS. 


(38) 
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A = 4 cos 2Thx cos 2Tky cos 2tIz. (39) 

In a similar manner, the imaginary component of the symmetry factor 
can be reduced to 


^ = 4 cos 2Trhx cos 2'irky sin 2tIz. (40) 

Space group Pmm2 using exponential notation. It is often 
easier to derive symmetry factors by starting with exponential notation 
rather than trigonometric notation. This is because the exponential 
terms are more compact and can be combined by the simpler laws of 
exponential combination. The symmetry factor for Pmm2, which was 
derived in the last section using trigonometric notation, can also be 
derived using exponential notation as follows: 


m 

(30): ^ ^ 

_ ^i2T(hx-j~ky+lz) ^i2T(-—hx—ky-\rlz) 

I ^i2r(hk—ky+lz) ^i2T{—hx‘i~hk-\-lz) 

_ ^i2tIz ^^i2T(hx-\-ky) _|_ gi2T(— hx—ky) 
I ^i2r{hx—ky) ^ ^i2T({-hx-^-ky) 


(41) 

(42) 


Relation (25) can now be applied to pairs of terms in the braces of (42), 
giving 

S 2T(hx+ky) + 2 cos 2'rr{hx — ky)], (43) 


By applying (38), this becomes 


S QQg 2Trhx cos 2Tky). 


(44) 


The first factor can be resolved into real and imaginary components by 
using relation (5) of Chapter 2: 

S = (cos 2Trlz + i sin 2Trlz) 4 cos 2'jrkx cos 2Trky. (45) 

To write down the real and imaginary parts of (45), one separates the 
terms not containing i and those containing i, into A and B parts, thus: 


A = 4 cos 2Trhx cos 2Trky cos 2TrlZj 
B = 4 cos 2Trhx cos 2Tvky sin 2Trlz, 


(46) 


Space group Pmc2i. In order to illustrate the effect of a glide plane 
on the structure factor, the structure factor for Pmc2i is derived in this 
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XV2+j Q 


Qxyz 


i ^ - 'i 

< origin-^ 


av 2 +| (3 




^^- 'i 


X 

Fig. 6. 


section. This can be compared step by step with the derivation of the 
structure factor for Pmm2 which was given in the last section. 

Space group Pmc2i is shown in Fig. 6 . The coordinates of the general 
position shown in Fig. 6 are substituted into (30): 


(30): 



^i^TihXj+ky^+lZj) 


_ ^i2r(hx-\-ky-j-lz) ^ — ky-j-llz-^V^ ) 


I — hx+ky+lz) _j_ g^27^(Aa;— ky+llz+V^]) 


(47) 


_ ^t27r(hx+ky+lz) ^irl ^i2v{r~hx—ky-\-lz) 
I ^2v{--'hx-\rky-\’lz') ^%2w{}ix-~ky-\-lz) 


(48) 


_ ^i2Trlz^Qi2r{hx+ky) ^— i2Tr(Jix-^ky) ^iicl 

I ^%2T{—hx+ky) _j_ Qi2T{-\-hx—ky) ^irl 


(49) 


Since behaves as an operator which rotates a vector in the complex 
plane through the angle 0 , rotates through 180° and therefore turns a 
vector into its negative. Similarly, leaves a vector unmoved. 
Therefore 


(+ 1 when I is even! 
I — 1 when I is odd 


(50) 


Thus (50) has a different value according as I is even or odd. Depending 
on whether this causes the second and fourth terms in the braces of (49) 
to become positive or negative, the terms in braces consolidate according 
to the relations (25) and (26), thus: 
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When I is even, 

S = cos 27r{hx+ky) + 2 cos 27r{-hx+ky)}. (51) 

By applying (38), this becomes 

S = 2{2 cos 27rhx cos 27rky}. (52) 

The first factor can now be separated into real and imaginary parts 
according to (5) of Chapter 2 : 

S = (cos 2Trlz + i sin 27rlz) 4 cos 2 t/ix cos 2Tky. (53) 

When the parts not containing i and containing i are separated, the real 
and imaginary parts may be separated as 

A = A cos 2Thx cos 2Trky cos 2Trlz, 

(54) 

B — A cos 2'Khx cos 2Trky sin 2Trlz. 

When I is odd, 

S = sin 27r(hx+ky) + i2 sin 2 t( —te+/cy)}. (55) 

Pairs of terms can be consolidated by applying the trigonometric identity 

sin (a+P) + sin (a—fi) = 2 sin a cos /3. (56) 

If this is applied to (55), it reduces to 

S — 2i{2 cos 2Thx sin 2Tky]. (57) 

The first factor is now separated into real and imaginary parts according 
to (5) of Chapter 2: 

S = (cos 2Trlz + i sin 27rZ2:)4^(cos 2Trhx sin 2Tky) (58) 

= Aii cos 2Trlz + sin 2tIz){cos 2Trhx sin 27rky), (59) 

Since i^ = — 1 , this is equivalent to 

S = A(i cos 27rfe — sin 2tIz){cob 27rhx sin 2Trky), (60) 

The real and imaginary parts of this are 

A — —A cos 2Trhx sin 2Trky sin 2tIz, 

(61) 

B = A cos 2'irhx sin 2Tky cos 2Trlz. 

The various forms of the symmetry factor for Pmc2i to use under vari¬ 
ous conditions are thus: 

When I = 2n (i.e., I is even), 

A = A cos 2Trhx cos 2Trky cos 2Trlz, 

5 == 4 cos 2Thx cos 2Tky sin 27rlz; 


(54): 
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When I = 2n”\-l (i.e.j I is odd)j 

A = —4: cos 27 rhx sin 27rky sin 2Trlz, 

(61): 

B = 4 cos 27rhx sin 27rky cos 2tIz. 

The symmetry factor necessarily contains the extinction rules for the 
space group. For Pmc2i, the b glide plane and [001] screw axis cause 
extinctions of hOl when I is odd. The symmetry factor for hOl is obtained 
by setting k = 0 in the above tabulation, which then reduces to: 

hOl, I even, 

A — 4 cos 2Trhx • 1 • cos 2Trlz, 


hOl, I odd, 


jB == 4 cos 2Trhx • 1 * sin 2Trlz] 

A = —4 cos 2Trhx • 0 • sin 2Trlz = 0, 


5 = 4 cos 2'Khx • 0 • cos 2Trlz = 0. 


The general forms of the symmetry factors for all space groups are 
available in tables. 


Change of origin 

The form of the expression for the symmetry factor depends on the 
coordinates of the equivalent points, and these, in turn, depend on the 
origin chosen. If a highly symmetrical position is chosen as origin, the 
coordinates of the equivalent points display a symmetrical form and 
the symmetry factor assumes a correspondingly simple form. It is ac¬ 
cordingly customary to choose the origin of coordinates on a symmetry 
element. If the symmetry group contains inversion centers, the origin 
should be chosen on a center since, as pointed out in a previous section, 
this choice eliminates the B component of the symmetry factor. 

The general effect on the symmetry factor of a change of origin is 
illustrated in Fig. 7. This discussion is given for three dimension but, 
for clearness, the illustration shows only two dimensions. The con¬ 
tribution of point P at coordinates xyz to the symmetry factor is 

^ _ ^ilTr{hx-\-ky-\-lz) (62) 


If the origin is shifted by an amount Ax Ay Az with respect to the original 
origin, the new coordinates of point P are x —Ax, y~Ay, z—Az. The 
contribution of the point P to the symmetry factor is now 


_ ^—i2‘vr{h6.x-\-kAy‘\-lAz) Qi2T(hx-\-ky+lz) 


(64) 


_ ^—i^T(JiAx+kAy-\-lAz) ^ 


(65) 
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7' 



The symmetry factor is the sum of the contributions of the m points 
equivalent to P, i.e., 

m 

S = 2 Sj 

The symmetry factor for the new origin is 


S'-I 

1 = 1 



-— i2T{hAx+kAy'{-lAz) 




_ -— i2T{hAx-\-kAy-{-lAz) 

~~~ c 


m 



_ g— i2T(hAx'jrkAy-\-lAz) ^ 


(67) 


Thus the symmetry factor for an origin shifted to Ax Ay Az can be 
derived from the original symmetry factor by multiplying the latter by 
the factor 


Phase of the structure factor 


Figure 2 shows that the phase angle of F^ki can be computed as follows: 


tan (t)hki = 



( 68 ) 
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OOS (i>hkl — 1 r-T 1 ^ 

hkl\ 

(69) 



sin 4>hki = 1 o 1 ■ 

\rhkl\ 

(70) 


When ^ = 0, the phase angle 4>hki degenerates to 0 or tt. This amounts to 
assigning a sign to the structure factor; specifically when = 0, 
Phki is +, and when <t>hki = Fhu is 

This phase information is required whenever a proposed structure is 
to be refined with the aid of Fourier synthesis. 


Computation of structure factors 

In the course of a crystal-structure analysis, structure factors must be 
computed many times. There are several ways of doing this: with the 
aid of a high-speed digital computer, by ordinary hand calculations, or 
with the aid of an analogue computer. The strategies of computing differ 
somewhat with the method used to perform the computations. 

High-speed digital computation. Little has been written about 
performing structure-factor computations with the aid of high-speed 
digital computers. To make use of such a computer it is usually 
necessary to prepare a '^program,” and feed this to the machine in the 
form, say, of a punched tape. This program provides the machine with 
instructions as to how to operate on the data, which is fed to the machine, 
say, in the form of another punched tape. The computation is 
accomplished at a very rapid rate. For example, the computer, 
^'Whirlwind,^^ computes a complete set of structure factors like 
(with h and k running from zero to 12), for a crystal without symmetry 
other than centrosymmetry, in about f minute, for 9 atoms in the asym¬ 
metric unit. The cost of such a set of computations is of the order of 
four dollars. 

With such speed available, it is probably not worthwhile in most cases 
to attempt to shorten the computation by bulking together symmetrically 
related atoms with the aid of the symmetry factor. If one wished to use 
the symmetry factor it would require writing a new program for each one 
of the 230 space groups. In the absence of a library of programs for the 
230 space groups for a particular computer, a practical procedure is to 
have four sets of general programs available to take care of centrosym- 
metrical and non-centrosymmetrical cases in two and three dimensions. 
These are specifically as follows: 
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P'hkO = 2 ^ fjMo cos 2Tr{hXj+kyj); 

J = 1 

(71) 

Three dimensional^ 


^/2 

Fhki = 2 ^ cos 2Tr{hxj+kyj+lzj); 

3 = 1 

(72) 

N on-centr asymmetrical: 


Two dimensional. 


Ahko = ^f,,hko cos 2T(hXj+kyj ); 

3 

(73) 

Bhko = ^fjMO sin 2ir(hXj+kyj); 

(74) 

\Thko\ == + B^hkO] 

(75) 

. ^ Bhko 

tan (phko = . ; 

^hkO 

(76) 

Three dimensional, 


■^hkl ~ f j,hkl ^7c{hXj'^kyj-\~lzf) 1 

3 

(77) 

Bhki = ^/j.AHsm2ir(tey+fcj/,-+Z3j); 

3 

(78) 

-A-hkl^ + Bhkl^', 

(79) 

, , Bhki 

tan <t>hki — . 

^hU 

(80) 

Parts of these programs have features in common and so 

can be 


handled by similar programs with the same ^'subroutines/^ The answer 
given for centrosymmetrical crystals is an ordered list of the numerical 
values of Fhuh characterized by a sign + or —. The answer required 
for non-centrosymmetrical crystals is an ordered list of the four quantities 
A^hkh Fhkij \Fhki\j and <l>hkh 

The computation of structure factors by a high-speed computer has 
certain disadvantages. Ordinarily the only part of the computation 
which shows is the answers. In the event that the computed structure 
factors do not check those observed, it is not evident how the computed 
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structure factors can be improved, since the steps in the computation are 
not shown."*" Such computations are, however, well suited to the normal 
refinement process of structure-factor computations followed by Fourier 
synthesis. 

Hand computation. Hand computation is so laborious that if this 
method of structure-factor computation must be used, every advantage 
should be taken of means of condensing the labor. For this reason full 
advantage should be taken of the symmetry factor for each space group, 
and some form of filing the computations should be devised. An exam¬ 
ple of the use of such a form is given later. 

Reduction of computation by using the symmetry factor. It was shown in 
(32) that the wave scattered in spectrum hhl can be expressed as a func¬ 
tion of the symmetry factor: 

p 

(32): Fhki ^ y. f3 

^=i 

This can be expressed in terms of real and imaginary components. For 
this purpose each symmetry factor is regarded as decomposed into its 
real and imaginary parts: 

— Aj iBjj ( 81 ) 

so that (32) is decomposed into 

Fhki = y^fjAj + i y^fj Bj. (82) 

The absolute value of a vector in the complex plane is equal to the square 
root of the sum of the squares of its real and imaginary components, so 

ln«| = yl(2fi + Qfj B,)\ (83) 

3 3 

The advantage of using the symmetry factor in computing the intensi¬ 
ties of spectra is seen by comparing (83) with (15). Each of they terms 
in (83) represents several terms in (15). Thus, in space group Pmm2, 
discussed in a foregoing section, there are four equivalent points in the 
general position of the space group. Therefore each /y Aj in (83) cor¬ 
responds to four terms in (12), for example, 

fi Ai = fi Ax + f 2 Ai + fs Az + /4 A 4 . (84) 

Since all the atoms in an equivalent set are alike, they all have the same 
/’s, so that 

fjAi = fi{Ai+A2+Az+A4). (85) 

The program can be arranged so that the intermediate steps are printed ont, but 
this slows down the computations and increases their cost considerably. 
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Thus the several terms in (12) are replaced by 

fiAi+foAo + fz Az +/4^4 — fi Ai 

/sAs+ZeAe +/ 7 A 7 + f& As = fu An 

fd Aq + /lo Aio + /ii All + /12 Ai 2 = fill Am (86) 


where I, II, etc., refer to atom species I, atom species II, etc. Relation 
(15) therefore consolidates to 

1^1 = ^(fi Ai + fu All + • • ‘)^ + (fiBi+fiiBii + * * (87) 

where Aj and Bi are the real and imaginary components respectively 
of the symmetry factor for atoms I, An andRn are the real and imaginary 
components respectively of the symmetry factor of atom II, etc. 

Thus the use of symmetry factors commonly reduces the amount of 
labor required in computing diffraction intensities. The symmetry 
factors for the 2e30 space groups are listed in several tables.In some 
cases of high symmetry and few atoms per cell in specialized locations, it 
may be easier to compute the intensities without using symmetry- 
factor consolidation of terms. An example of this is found in Chapter 12. 

Each of the symmetry-factor components, A and J5, is made up of two 
parts, a numerical coefficient and a group of trigonometric terms. In 
the variation of the parameters x, y, and z, the symmetry factor can 
attain a maximum possible value equal to the numerical coefficient. This 
is equal to the total number of atoms, m, which are equivalent by space- 
group symmetry. If an atom of the crystal structure should occupy a 
special position rather than the general position of the space group, as 
assumed in the above derivation, then the symmetry factor has the same 
trigonometric form, but the numerical part is reduced to equal the cor¬ 
rect multiplicity, m, of the special position. 

Arrangement of computations. The trigonometric part of the symmetry 
factor for many space groups is a product of cos 2Tjrhx and sin 2Thx terms. 
Tables of these functions for h ranging from 0 through 30, and x ranging 
from 0 to 1 in steps of 0.001 are available.®^ These tables are arranged 
so that a straight edge can be laid vertically along the page at any trial 
value of the atomic parameter x, and then both cosine and sine values for 
all values of h appear in the column next to the ruler. This arrangement 
facilitates copying onto the computation sheets as explained later. 

The following suggestions are given for arranging computations based 
upon the tables. From the discussion of the symmetry factor, it is 
evident that only the trigonometric part of the factor is a function of 
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the parameters. It is, therefore, desirable to split off this trigonometric 
part from the multiplicity part. Let A and B represent the real and 
imaginary components of the symmetry factor, respectively, and let A' 
and jB' represent their purely trigonometric parts. Then if m is the 
multiplicity factor, these two are related by 


A = mA', 
B - mB\ 


( 88 ) 


Expressing the symmetry factor in this form, the square of the structure 
factor can be written 

\Bhki\^ = {firni Ai A- fii'Tiii All + ' • 

+ {/i mi J5i' + fn mil Bu' +••*}'. (89) 

In order to segregate the A', B' parts of (89) from the rest, the following 
rearrangement is suggested as a computing form: 

\Fhki\^ = {[/i 'f^i]hki Ai + {Lfi mi]hki Bi 

+ [/ii '^u]hki All + [fii miilhki Bii 

+.+.(90) 


The terms in brackets remain constant for any changes of parameter and 
consequently may be permanently set down upon the computation sheet. 
The terms Aj', 5/, An', Bn', etc., are functions of the trial param¬ 
eters only, and these terms alone need be changed in the course of the 
computations. 

To illustrate the application of this computing form, an example is 
drawn from a series of Ohl structure-factor computations for the centro- 
symmetrical crystal valentinite, 86203 . The space group of this crystal 
is P 2 i/c 2 lie 2 /n. Choosing an origin at a symmetry center, the sym¬ 
metry factor for an atom in the general position of this space group is: 


A 


8 cos 27r 





h-k\ 
4 r 


5 - 0 . 


For Ohl reflections, this reduces to 

A = 8 cos 2'irky cos 2tIzj 

5 = 0 , 

and 

A = —8 sin 27rky sin 2TrlZj 

B= 0 , 


for k even, I even. 


for k odd, I even. 
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From this it is evident that it is desirable to place on one set of computa¬ 
tion sheets the computations for reflections having k even, and on another 
those for k odd. The accompanying illustration is for several reflections 
of the series having k even. 

The unit cell of valentinite contains 8 Sb and 12 0 atoms. It is first 
necessary to ascertain in what manner these atoms are distributed among 
the various equipoints of the space group. In the case of valentinite, it 
is possible (as outlined in Chapter 12) to unequivocally ascertain that 
the eight antimony atoms occupy the general position, 8c, that eight of 
the oxygen atoms (designated O 2 ) occupy the general position, 8c, and 
that the remaining four oxygens (designated Oi) occupy the special 
position, 4c, on the rotation axis. For valentinite, therefore, the sub¬ 
scripts I, II, and III of (90) refer to Sb, O 2 , and Oi, for which m is 8, 8, 
and 4 respectively. 

Before starting the computations, it is necessary to derive from the 
unit-cell dimensions the values of (sin 6)/\ for the several Okl reflections. 
For each such value there corresponds a definite value of /sb and /o, 
which can be read from curves plotted from appropriate data.®’^® From 
these values, column 4 of the form, Table 1, can be filled in, and no 
further change is made in this column during the course of the com¬ 
putations, even if the parameters are changed and new values entered on 
the same computation sheets. 

After the first trial parameters have been decided upon and inserted in 
columns 2 and 3, Numerical structure factor taUes^^ provides the necessary 
values for filling columns 5 and 6. Note that when for example, has 
been decided upon, a single column of Numerical structure factor tables pro¬ 
vides all values of cos 2tIz (as well as sin 2xZ^, to be used for the compu¬ 
tation sheets involving reflections Okl having k odd). This means that 
the values for columns 5 and 6 can be filled in for the entire computation 
form by simply finding in the tables the six columns corresponding with 
the y and 0 values of columns 2 and 3. The filling in of columns 5 and 6 
of the form is thus reduced to copying six lists of numbers from the tables. 

Values in columns 5 and 6 have definite signs, -f or —, which must be 
carefully observed. The products of columns 4, 5, and 6 are entered in 
column 7 or 8, according to sign. The two columns are summed sepa¬ 
rately, the lesser subtracted from the greater, and the result is the Fojci 
which is sought. This may be squared and multiplied by Lp to give /, 
if desired. 

Adjustment of parameters. Suppose, now, that after one completes 
such a set of computations for a series of reflections, it turns out that the 
calculated structure factors are in general harmony with the observed, 
but that there are minor disagreements. The general agreement con¬ 
stitutes a strong presumption that the general features of the trial struc- 
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ture are correct, and the minor disagreement indicates that the atoms in 
the trial structure are not quite in their correct positions. It remains to 
refine the coordinates of the atoms. Study of the computations for the 
intensities showing disagreement usually suggests the way the param¬ 
eters may be varied to improve the agreement. New computations can 


Table 1 


Example of computation of Foa:Z for valentinite 


1 

2 3 

4 

5 6 

7 8 

Reflection 
m, atom 

Parameters 

mf 

Symmetry factor /m 

F 

y 

z 

cos 2Trky 

cos 2Trlz 

+ 

- 

042 

8 Sb 

8 O 2 

4 O 2 

0.128 

0.058 

0 250 

0,179 

0 861 

0 029 

300.8 
37 6 
18 8 

-O 997 
0.113 

1 

-0 628 
-0 175 

0 934 

188 

18 

1 

206 
- 1 

1 

205 

044 

8 Sb 

8 O 2 

4 Oi 



235.2 

20.8 

10.4 

-0 997 
0.113 

1 

-0 212 
-0.113 

0 746 

48 

8 

2 

56 

- 2 

1 2 

54 

046 

8 Sb 

8 O 2 

4 Oi 



191.2 
14 4 
7.2 

-0.997 

0.113 

1 

0.894 

0.504 

0.460 

1 

3 

i 

j 170 

4 

170 
- 4 

166 


then be placed on the original sheets by striking out the old values and 
writing above them the new values of parameter and symmetry factor. 
When several changes of this sort are contemplated, it is an advantage to 
use a different colored pencil for each new parameter set with its accom¬ 
panying computations. 

Attention should be called to the fact that, between the values of about 
Q and 0.5, the cosine and sine vary rapidly and in an approximately linear 
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manner with x and y, whereas they vary most slowly in the region of unity. 
If, therefore, two reflections, hi ki 0 and /zo ^2 0, show computed values 
out of the observed order, they cannot be brought into order by slight 
shifts of any parameters for which the corresponding value in column 5 or 
6 is near 1. Only changes of parameter affecting values in these columns 
which are in the region 0 to 0,5 are of much aid in improving the values of 
computed intensities. 

Aids to hand computing. A number of devices have been described^^^'^® 
for aiding the computation of structure factors by hand. 

Analogue computation. Several mechanical devices for computing 
structure factors have been prepared.^^~®® Many of these suffer from 
a common defect. The computing device gives cos 2 t( hx+ky+lz) or 
Bm27r(hx+ky+lz), say, if the coordinates x, y, and z for one atom are 
supplied to it. One later performs the summation over all atoms in the 
cell. Such methods fail to take advantage of the reduction of computa¬ 
tion due to the consolidation of phase information in the symmetry 
factor. 
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Plane projections 
in structure-factor calculations 


In a trial-and-error investigation of a crystal structure, one attempts 
to find locations of atoms such that the computed structure factors 
(or intensities) of the trial structure match those actually observed. 
This ultimately requires the three coordinates of each atom to be deter¬ 
mined. In the initial stages of the investigation, however, it is a great 
convenience to reduce the number of variables in the problem by confin¬ 
ing attention to two coordinates of the atoms at a time. This amounts 
to working with the projection of the structure on a plane. Only the 
reflections from the planes parallel to the direction of projection are 
required for this part of the investigation. Thus, suppose that the x and 
y coordinates of the atoms are first sought. A projection on which z has 
no component is required, namely a projection along c and onto a plane 
at right angles’*" to c. To study such a projection, only the special class 
of reflection, AfcO, is required. The intensities of these can be obtained 
from a single zero-level Weissenberg or precession photograph. 

The symmetry of the projection must be one of those possible for a 
diperiodic pattern in a plane. Consequently, it corresponds to one of 
the 17 plane groups. An intelligent appreciation of the problem, there¬ 
fore, calls for an understanding of the relations between the symmetries 
of space groups and their projections as plane groups. 

Relations between plane groups and 
projections of space groups 

There are 230 space groups but only 17 plane groups. Each space 
group projects along any rational direction as a plane group. The most 

Note that, for oblique crystals, this plane is not generally (001), but is a section 
of the cell normal to the c axis. 
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Table 1 


Projections of symmetry elements 


Symmetry 

element 

Projected symmetry element 

Projected parallel to axis 
or plane 

Projected perpendicular 
to axis or plane 

translation, T 


t = proj. of T 

rotation axis, n 

rotation axis, n 


screw axis, Um 

n 


2 


m 

2 i 


9 

3, 3i, 32 


1 

4, 42 


m 

4i, 4s 


9 

6 , 62 , 64 


m 

61 , 63 , 65 

improper rotation, 


9 

«■ = 4N 

n 

m 

n = 4N ± 1 

2 n 

2 

n = 4Ar ± 2 

in 

m 

m 

m 

1 

c 

m 

t = proj. c /2 

a 

g (glide component == proj. a) 

t = proj. a /2 

h 

g (glide component = proj. b) 

t — proj. 6/2 

n 

g (glide component == proj. n) 

t = proj. of glide 

d 

g (glide component = proj. g) 

t = proj. of glide 


useful projections are those along the directions of axial symmetry ele¬ 
ments. One important reason for this is that the projection of a space 
group onto a plane normal to an axial symmetry element is a plane group 
of related axial symmetry. The plane group corresponding to any space 
group can be found by applying the relation between the space symme¬ 
tries and their plane projections, which are shown in Table 1. 

Attention is particularly directed to the last entry in the table. The 
patterns produced by certain symmetry elements having a translation 
component parallel to the plane of projection degenerate to patterns with 
submultiple periods when projected. Specifically, if the space cell con¬ 
tains a submultiple ^^centering^^ translation, i, Pig. 1, this translation 
projects as a primitive translation of the plane pattern because its com¬ 
ponent, normal to the plane of projection vanishes. Similarly, if 
the space group contains a glide plane parallel with the plane of projec- 
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Fig, 2. Fig 3. 


tion, Fig. 2, the projected pattern has a translation equal to the glide 
component of this glide. For example, suppose that the glide is axial as 
shown in the illustration, then the projected cell has an edge half that of 
the space cell in the direction of the glide. If the glide is diagonal, Fig. 
3, the projected cell is centered due to this glide. 

The plane groups resulting from the projections of the triclinic, mono¬ 
clinic and orthorhombic space groups on planes perpendicular to several 
important rational directions are shown in Table 2. This table also shows 
the axial transformations which occur with the projection. 

Symmetry factors of the plane groups 

Since every space group projects along a rational direction as a plane 
group, it follows that the symmetry factor for the reflections from the 
planes in a zone reduces to the symmetry factor for the plane group of 
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Table 2 


Projections of space groups 
(Space-group cell: A, B, C; plane-group cell: a, b) 


Space 


Projection H [001] 

Projection j] [100] 

Projection jj [010] 

Projection j] [110] 

groupl" 


a 

b 


a 

b 


a 

b 


a 

6 

PI 

pi 

A 

B 

pi 

B 

C 

pi 

A 

C 

pi 

|(A + B) 

C 

PI 

p2 

A 

B 

p2 

B 

C 

p2 

A 

C 

p2 

KA+B) 

C 

P2 

p2 

A 

B 

plml 

B 

C 

pi ml 

A 

C 

plml 

h(A+B) 

C 

P2i 

p2 

A 

B 

pl£^l 

B 

C 

plgl 

A 

c 

plpl 

KA-f-B) 

C 

' 72 

p2 

UA-hB) 

K-A + B) 

c 1ml 

B 

C 

clml 

A 

C 

plml 

h(A^B) 

hC 

■ A2 

p2 

A 

hB 

clml 

B 

C 

plml 

B 

hc 

dml 

hiA+B) 

C 

B2 

p2 

hA 

B 

plml 

B 

hC 

clml 

A 

c 

dml 

MA+B) 

c 

Pm 

pi 

A 

B 

pllm 

B 

C 

pllm 

A 

c 

pllm 

MA+B) 

c 

( Pa ' 

pi 

iA 

B 

pllm 

B 

C 

pllg 

A 

c 

pllg 

HA+B) 

c 

Pb 

pi 

A 

hB 

pilg 

B 

C 

pllm 

A 

c 

pllg 

4(A+B) 

c 

[ Pn 

pi 

i(A + B) 

hi-AA-B) 

pllg 

B 

C 

pllg 

A 

c 

pllm 

h(A+B) 

c 

( 7m 

pi 

HA + B) 

K-A + B) 

cl Im 

B 

c 

dim 

A 

c 

pllm 

MA + B) 

hC 

1 Am 

pi 

lA 

B 

dim 

B 

c 

pllm 

A 

hc 

d Im 

MA + B) 

c 

\ Bm 

pi 

A 

hB 

pllm 

B 

hc 

cllm 

A 

c 

dim 

MA+B) 

c 

( la 

pi 

HA + B) 

|(-A + B) 

dim 

B 

c 

dim 

A 

c 

pllm 

MA + B) 

hc 

{ Aa 

pi 

iA 

hB 

dim 

B 

c 

pilo 

A 

hc 

dim 

MA + B) 

c 

[ Bb 

pi 

hA 

hB 

pllg 

B 

hc 

dim 

A 

c 

dim 

MA + B) 

c 

2 

P- 

m 

p2 

A 

B 

p2mm 

B 

c 

p2mm 

A 

B 

p2mm 

MA + B) 

c 

/ p? 

P2 

hA 

B 

p2mm 

B 

c 

p2mg 

A 

B 

p2mg 

MA + B) 

c 

) 2 
< P- 

/ ^ 

p2 

A 

hB 

p2mg 

B 

c \ 

p2mm 

A 

C 

p2mg 

MA + B) 

c 

1 2 

\ P- 
n 

p2 

h(A + B) 

hi-A + B) 

p2mg 

hB 

c 

p2mg 

hA 

C 

p2mm 

MA + B) 

c 

m 

p2 

A 

B 

p2gm 

B 

c 

p2gm 

A 

B 

p2gm 

MA + B) 

c 

l^- 

1 a 

p2 

hA 

B 

p2gm 

B 

c 

P^gg 

A 

B 

p2gg 

MA + B) 

c 

U- 

P2 

A 

hB 

p2gg 

B 

c 

p2gm 

A 

C 

v^gg 

MA + B) 

c 

n 

p2 

K^+P) 

hi-AA^B) 










/ 2 

1 m 

p2 

hU + B) 

h(-AA-B) 

c2mm 

B 

c 

c2mm 

A 

B 

p2mm 

MA + B) 

hc 

) 2 
\ A — 

1 m 

p2 

A 

hB 

c2mm 

B 

c 

p2mm 

A 

hC 

c2mm 

MA + B) 

c 

{ 2 

m 

p2 

hA 

B 

p2mm 

B 

hC 

c2mm 

A 

B 

c2mm 

MA+B) 

c 

i 2 

( 7- 

p2 

KA + B) 

hi-A+B) 

c2mm 

B 

c 

c2mm 

A 

B 

p2mm 

MA + B) 

hC 

) 2 
\ A- 

1 ^ 

p2 

hA 

hB 

c2mm 

B 

c 

p2mg 

A 

C 

c2mm 

MA + B) 

c 

V B- 
b 

p2 

hA 

hB 

p2mg 

B 

hC 

c2mm 

A 

C 

c2mm 

MA + B) 

c 


^ The sequence of space groups and alternative settings is the same as given in M. J. Buerger, Ele¬ 
mentary crystallography (John Wiley and Sons, New York, 1956) 442-446. 

§ In M. J. Buerger, Elementary crystallography (John Wiley and Sons, New York, 1956) there arc 
errors in the drawings of these space groups, which appear on pages 337, 338, and 344. 
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Table 2 (Continued') 


Space 

group^ 

Projection 1| [001] 
a b 

Projection I| [100] 
a b 

Projection |1 [010] 
a b 

Projection H [110] 
a b 

P222 

p2mm 

A 

B 

p2mm 

B 

C 

p2mm 

A 

C 


P222i 

p2mm 

A 

B 

p2gm 

B 

c 

p2gm 

A 

C 


P2i2i2 

P^Q9 

A 

B 

v2ma 

B 

c 

p2mg 

A 

C 


P2i2i2i 

p^gg 

A 

B 

P^gg 

B 

c 

P^gg 

A 

C 


C222 

c2mm 

A 

B 

p2mm 

iB 

c 

p2mm 

iA 

c i 


C222i 

c2mm 

A 

B 

p2gm 

iB 

c 

p2gm 

iA 

c 1 


1222 

c2mm 

A 

B 

c2mm 

B 

c 

c2mm 

A 

C 


I2i2i2i 

c2mm 

A 

B 

c2mm 

B 

c 

c2mm 

A 

C 1 


F222 

p2mm 

U 

iB 

p2mm 

iB 

iC 

p2mm 

iA 

ic 


Pmm2 

p2mm 

A 

B 

plml 

B 

c 

plml 

A 

c 


Pcc2 

p2mm 

A 

B 

plml 

B 

iC 

plml 

A 

iC 


Pbm2 

p2gm 

A 

B 

plml 

iB 

c 

plml 

A 

c 


Pnc2 

p2gm 

A 

B 

clml 

B 

c 

plml 

A 

iC 


Pha.2 

p2gg 

A 

B 

plml 

iB 

c 

plml 

U 

c 


Pnn2 

p2gg 

A 

B 

clml 

B 

c 

clml 

A 

c 


Pmc2\ 

p2mm 

A 

B 

plgi 

B 

c 

plml 

A 

iC 


Pbc2i 

p2gm 

A 

B 

plgl 

iB 

c 

plml 

A 

iC 


Pnm2i 

p2gm 

A 

B 

clml 

B 

c 

plgl 

A 

c 


Pbn2i 

p2gg 

A 

B 

plgl 

iB 

c 

clml 

A 

c 


Jmm2 

c2mm 

A 

B 

clml 

B 

c 

clml 

A 

c 


Iba2 

c2mm 

A 

B 

plml 

iB 

iC 

plml 

iA 

iC 


Ibm2 

c2mm 

A 

B 

plml 

iB 

iC 

clml 

A 

c 


Cmm2 

c2mm 

A 

B 

plml 

iB 

c 

plml 

iA 

c 


Ccc2 

c2mm 

A 

B 

plml 

iB 

iC 

plml 

iA 

ic 


Cmc2i 

c2mm 

A 

B 

plgl 

iB 

c 

plml 

iA 

iC 


A mm2 

p2mm 

A 

hB 

clml 

B 

c 

clml 

A 

c 


A6m2 

p2mm 

A 

iB 

plml 

iB 

iC 

plml 

iA 

iC 


Ama3 

p2mg 

A 

hB 

clml 

B 

iC 

plml 

iA 

c 


Abc2 

p2mg 

u 

hB 

plml 

iB 

iC 

plml 

iA 

ic 


Fmm2 

p2mm 

u 

hB 

plml 

iB 

iC 

plml 

iA 

iC 


Fdd2 

p2gg 
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Table 2 (Continued) 


Space 

group'f' 

Projection j( [001] 
a b 

Projection |1 [100] 
a b 

Projection [j [010] 
a h 

Projection |1 [110] 
o b 


p2gg 

A 

1 

i 

B 

c2mm 

B 

C 

c2mm 

A 

C 


n n m 

c2mm 

A 

B 

p2mg 

B 

C 

p2mg 

A 

C 


m mn 

p2gm 

u 

B 

c2mm 

B 


p2mg 

A 

hC 


n c a 

phhh 

p2mg 

u 

B 

p2gm 

^B 

C 

p2mg 

A 

hC 


b c a 

phhh 

p2gm 

M 

B 

c2mm 

B 

c 

p2gg 

A 

C 


n Tn a 
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A 

B 
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B 

c 
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A 

C 


m m m 

2 2 2 
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A 

B 
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hc 
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hA 

hc 
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hB 
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hB 

hC 
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hA 
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A 
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2 2 2 
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A 

B 
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hB 

c 

p2mm 

hA 

c 
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22 2 
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A 

B 
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hB 

hC 

p2mm 

hA 
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c c m 

p2mm 

u 

hB 
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hB 
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p2mm 

hA 

c 


m m a 

2 2 2 
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p2mm 

u 

\B 

p2mm 

hB 

hC 

p2mm 

hA 

hC 


c c a 

c2mm 

A 

B 

p2gm 

hB 

c 

p2mm 

hA 

hC 
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p2mm 

iA 

hB 

p2gm 

hB 

c 

p2mm 

hA 

hC 


m c a 

2 2 2 
F - 

p2mm 

U 
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hB 

hC 
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hA 

hO 


m m m 

2 2 2 

F - 
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hB 

hC 

c2mm 

hA 

hC 



that projection. As a consequence, it is obvious that there are only 17 
sets of these zonal symmetry factors, one set for each plane group. 
These are listed for the various plane groups in Table 3. 

In the trial-and-error computations involved in attempting to find a 
structure which reproduces the observed intensities for reflections from 
planes in a zone, the symmetry factor to be used must correspond to one 
of the comparatively simple cases listed in Table 3. To find the correct 
one. Table 2 should first be consulted. This identifies the correct plane 
group for the projection, or zone, desired. Table 3 then provides the 
symmetry factor for the plane group, and hence for the zone. Particular 
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attention should be paid to possible changes in indices which are required 
in case the space group projects as a pattern with submultiple axes. 

In the last chapter it was seen that the symmetry factor, in general, 
has both a real component, A, and an imaginary component, B. The B 
component vanishes if the symmetry includes inversion centers and if the 
origin is taken at an inversion center. This requires that an atom at 
xyz be accompanied by an equivalent atom at xyz. In two dimensions 
this degenerates to equivalence of points at xy and xy. The symmetry 
element relating these points is usually represented by the symbol of a 
2-fold axis (or 2-fold ^Totor^O* Both a three-dimensional 2-fold axis 
and a 2-fold screw project in the direction of the axis as a 2-fold rotor in 
the plane-group projection. Similarly, any even-fold axis, including a 
screw, projects as the corresponding even-fold rotor. If such locations 
exist in the plane group, and if one of them is chosen as the origin, the 
B term of the symmetry factor vanishes, even if the space group from 
which the projection is made lacks inversion centers. Thus, by making 
appropriate use of centric projections, computations for non-centric space 
groups can be reduced to a minimum. Each of the symmetry factors for 
the plane groups listed in Table 3 is referred to a centric origin if the plane 
group permits. 

The successful solution of a projected structure using a centric plane 
group, conversely, must not be interpreted as necessarily implying inver¬ 
sion centers in the space group. The space group may have inversion 
centers, but it may alternatively have 2-fold axes or 2-fold screws in 
locations corresponding to centers in the projection. 

Symmetry-factor maps 

Since symmetry factors for zones involve only two variables, say x and 
y, they can be represented for any selected values of h and k on a two- 
dimensional plot. This was first suggested by Bragg and Lipson.^’^ 
Although there are 17 plane groups, only 10 kinds of diagrams for any 
selected reflection, hk, are needed to cover these groups. This small 
number results because (a) some of the symmetry-factor forms are dupli¬ 
cated in several different plane groups, and (&) the sine and cosine of an 
angle can be obtained from the same graph by a shift of origin. 
These maps for representative values of h and k are shown in Figs. 4-15. 

For each symmetry-factor graph type, a separate map ought to be 
available for each combination of the indices hk. Actually, certain other 
combinations can be had by properly shifting the map. Thus, turning 
the map of hk upside down provides hk. Since this is a useful saving, the 
map should be drawn on transparent paper. Furthermore, the maps for 
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Symmetry factors for the plane projections 
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h-\-k = 2?i+l —4 sin 2Trlix sin 2Trky 



2lcos 2irihx+ky) + cos 2Trikx-hy)] 

4 cos Tr{(h—k)x 4“ (h-\-k)y] 

Xcos Tr{{h+k)x — (h — k)y]. 
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hk and kh can be obtained by turning the above hk and kh maps through 

90°. 

In some of the actual uses of the maps, it is not necessary to have 
numerical values. If the positive and negative fields alone are outlined, 
with the divisions marked (i.e., the zero level), and the peaks and depres¬ 
sions marked, the map is useful in showing how a proposed shift of an 



Variation, over the cell, of 


Fig. 4. 

(for ;pl and p2) 

cos 2Tr (hx-^-ky) 
and sin 2Tr {hx-\-ky) 


for hk ^ 22. C and S are the origins for the cosine and sine functions, 
intervals are 0.6. 

(After Bragg and Lipson.^) 


The contour 


atom changes the relative magnitude of the intensity of the reflection. 
For all except the plane groups mentioned in the next paragraph, such 
outline graphs are quickly prepared for all indices, hk. 

With the exceptions of the five plane groups mentioned below, the 
graph for any index is merely a homogeneous deformation of the graph for 
the particular index hk — 11, repeated as required to cover the cell. For 
such plane groups, the outline graphs can be very quickly prepared. But 
this simple geometrical correspondence does not hold for the trigonal, 
tetragonal, and hexagonal plane groups containing reflection symmetry. 
These are the plane groups p4mm, p4gfm, p3ml, p31m, and p6mm. For 
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Fig. 8. 

(for p4mg) 

Variation, over the cell, of 

sin 2Thx sin 2Trhy sin 2Trkx sin 2Trhy 

for hk = 23. 


(After Bragg and Lipson.^) 


computing reflections for the last three cases, Beevers and Lipson^ have 
prepared sheets giving the numerical values of the symmetry factor for 


the following reflections: 



1010 

2020 

2130 


3030 

3140 

3250 

4040 

4150 

4260 

5050 

6060 

5160 

5270 


These sheets give the symmetry factor at all points x, y, at intervals of 
^ of the cell edge, for a representative triangle of the symmetrical cell. 
With the aid of these sheets, actual structure-factor computations can 
be carried out in just those cases where the structure factors would be 
most tedious to compute by straightforward methods. 
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Use of symmetry-factor graphs 

The advantage of using symmetry-factor graphs is that one avoids 
having to carry out the arithmetic operations involved in forming the 
symmetry factor before he can see what effect a shift of atoms causes in 



Fig. 9. 

(for and p6) 


Variation, over the cell, of 

cos 2Tr{}ix-\-hy) 

+ cos 2Tr(kx-\-iy) 

+ cos 2Tr{ix-\-hy) 
for hki = 112. 

(After Bragg and Lipson.^) 



Fig. 10. 
(for p3) 


Variation, over the cell, of 

sin 2Tr {hx+ky') 

+ sin 2Tr {kx-\-iy) 

-j^sin 27r{ix-\-hy) 
for hk% = 112. 

(After Bragg and Lipson.^) 


the intensity of the reflection. In this way, the gap between cause and 
effect is greatly reduced. 

In practice, one plots the positions of the atoms of the proposed struc¬ 
ture on paper, and then lays over this plot the transparent symmetry- 
factor graphs for the various values of hh. A rough value of the Fhk of 
each reflection can then be quickly obtained by multiplying the value of 
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the symmetry factor for each atom by its / and summing the results. 
(If the projection is non-centrosymmetrical, both A and B parts must be 
determined in this way; then after the summation, the computation 
jFl ^ must be performed.) By simplifying the initial stages of 



Fig. 11. 

(for and p6) 


Variation, over the cell, of 

cos 2Tr Qhx+ky) 

+ cos 2'K{lix~\-iy) 

+ cos 2Tr{ix-[-hy) 
for hki = 123. 

(After Bragg and Lipson.^) 



Fig. 12. 

(for p3) 

Variation, over the cell, of 

sin 2w{hx-\~ky) 

+ sin 2Tr {kx-\-iy) 

+ sin 2Tr{ix-{‘hy) 
for hki = 123. 

(After Bragg and Lipson.^) 


the work in this manner, the symmetry-factor graphs serve a very useful 
purpose since one quickly perceives whether or not the trial structure 
has any merit in explaining the observed intensities. If not, the struc¬ 
ture can be rejected, and a new one tested as quickly. 

In this connection it should be observed that if the F’s of the low index 
reflections compare more or less favorably with the observed F^s, it is an 
indication that the trial structure is probably approximately correct, 
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even if there is lack of agreement between observed and computed F^s 
for reflections of higher order. Such a structure can usually be improved 
by shifting the atoms in such a way as to cause the computed values of the 
F^s for the higher indices to approach the observed values. It is in the pro¬ 
cess of this improvement that the symmetry-factor graphs have a great 




Fig. 13. 

(for pZlm, and p6mm) 

Variation, over the cell, of 

cos Trh(x-\ry) cos Tr{k~-i)(x—y) 
+ cos 7rk{x'jry) cos Tii—h^ix—y) 
+ cos TTt^-i-y) cos Tr(h—k)(x--y) 
for hki = 123. 

(After Bragg and Lipson.®) 


Fig. 14. 

(for pZml) 

Variation, over the cell, of 

cos Trhix-^y) sin Tr(k—i)(x—y) 
-h cos 7rk(x+y) sin Tr{i—h)(x—y) 
+ cos sin 7 r(h—k)(x’~y) 

for hki = 123. 

(After Bragg and Lipson.^) 


value. Even though the graphs used are outline graphs, as suggested 
above, a glance at the positions of the representative atoms on the graph 
of a particular reflection hk immediately shows which particular atoms are 
in positions to which the reflection is sensitive. The graph also furnishes 
a guide as to which way the shift should be made to increase or decrease 
the computed intensity. The sensitivity, or lack of sensitivity, with 
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location is simply a generalization to two dimensions of the strategy 
mentioned in Chapter 10: In general, the graphs are found to have hills 
and depressions. The contributions of atoms located on crests and 
troughs are insensitive to slight shifts since the gradients at these places 



Fig. 15. 

(for p31m) 

Variation, over the cell, of 

sin Th(x-j-^) cos whix—y) 

4- sin 'Kk{x-\-y) cos 7rk(x — y) 

+ sin xiix-jry) cos Tri(x—y) 
for hki = 123. 

(After Bragg and Lipson.^) 

are small. On the other hand, the contributions of atoms at the greatest 
values of the gradient are most sensitive to changes in position, and a shift 
in the direction of the steepest gradient produces the greatest effect. 
If several atoms can be shifted to produce the desired effect on a par¬ 
ticular reflection, the shift should be limited to those which are on insensi¬ 
tive positions of those other reflections whose intensities have about the 
correct value. 
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Graphical computation of structure factors 

Hoppe and Camerer* have developed a graphical method of computing 
structure factors which has a certain similarity to the quantitative use of 
the simplest Bragg and Lipson charts. The general theory of this 
method is as follows: 

The contribution of an atom j to a reflection hkQ is 

= /j cos 2Tr(hXj+kyj). (1) 

The map of this function against x and y is essentially the structure- 
factor graph shown in Fig. 4. The same situation can be described from 
another point of view. An atom makes its maximum contribution to a 
reflection hkO when it is located on one of the set of planes hkO. When 
the atom is not on any plane of this set, it makes an inferior contribution 
dependent on the distance of the atom from the nearest plane. Specif¬ 
ically, let the distance between planes hkO be d, and let the atom be 
located at a distance s from the plane. Then the contribution of the atom 
to the reflection can also be expressed in the form 

^'F = Ccos2t-- ( 2 ) 

^ d 

Of course, this is equivalent to (1). Thus, if one plots the atom in relation 
to the plane, its contribution can be found by measuring its distance 
from the plane and applying (2). 

To make practical use of this relation, one prepares a map showing the 
locations of all the atoms in the projection of the structure. (In the 
example just given, the projection is on a plane normal to the c axis of 
the crystal.) He also makes maps of each set of lines hk in this projec¬ 
tion, employing the same scale used for the map of the structure. For 
each such hk map, there is attached a plot of the trigonometric part of 
(2) for the particular value of d for the plane hkO. (Alternatively, the 
same information may be contained in a chart showing the variation of 
the cosine in (2) with s.) To find the contribution of the atom to the 
structure factor for hkO, one lays the chart on the map of the structure, 
and for each atom measures (as with a pair of dividers) the distance of 
that atom from the nearest plane, and then applies this distance to the 
abscissa of the cosine plot. The ordinate gives cos 2ir(s/(i). This value 
multiplied by the / of the atom gives it contribution, and the algebraic 
sum of such contributions for all the individual atoms of the structure 
gives the structure factor for the plane hkO. 

This method can be extended to the graphical computation of struc¬ 
ture factors for the general plane hkl very simply. The symmetry factor 
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for hkl is cos 2Tr{hx-{-ky+lz). But this still corresponds to the simple 
form cos 2Tr{s/d). Thus, if the origin of the chart or curve is displaced 
by an amount corresponding to Iz^ the same mapping and procedure can 
be used to find the structure factors of Ifikl. 

Finally, for non-centrosymmetrical projections the imaginary part 
of the symmetry factor, which is sin 2TrQix+ky) for M'O reflections, or 
sin 2TrQiz-\-ky+lz) for the more general reflections hkl, can be determined 
with the aid of the charts discussed above by displacing the origin by an 
amount corresponding to 7r/2. 

Related graphical devices for evaluating the trigonometric part of 
structure factors have been suggested by Grenville-Wells^* ^ and Morley 
and Taylor."^ 
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Examples of the determination 
of some simple crystal structures 


There are certain classes of crystal structures which can be deter¬ 
mined by very simple means and without recourse to advanced methods. 
A structure is amenable to such comparatively simple attack if it falls 
into one of the following categories: 

L All the atoms of the structure are fixed by symmetry. 

2. The number of variable parameters determining the locations of 
the atoms is small, and they can be separated and studied one at a time. 

3. The number of variable parameters determining the locations of 
the atoms is small, and although they cannot be studied one at a time, 
the crystal contains one set of sufficiently heavy atoms whose param¬ 
eters can be so studied, in spite of the presence of variables due to 
lighter atoms. Furthermore, the parameters of the lighter atoms are 
limited in number. 

In this chapter these three cases are illustrated by outlines of the deter¬ 
mination of the structures of NaCl, of marcasite (FeS 2 ), and of valentinite 
(Sb203). 


Determination of the structure of NaCl, an 
example of a symmetry-fixed structure 

The sodium chloride structure type provides an example of a sym¬ 
metry-fixed structure. That the structure is indeed symmetry fixed 
is a matter which becomes evident when the structure analysis has pro¬ 
ceeded only a comparatively short distance, specifically when one has 
determined the number of formula weights per unit cell and looks up the 
available equipoints of the space groups in question. 
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Because of the high symmetry of crystals of NaCl, it is also possible to 
perform a structure analysis with the use of a single rotating-crystal 
photograph, and even a powder photograph is adequate. But because 
of the limited symmetry information which can be derived from rotating- 
crystal photographs,the analysis takes a somewhat more devious initial 
course than would be necessary if one of the moving-film methods were 
used. If the crystal has symmetry other than isometric, tetragonal, or 
hexagonal, the rotating-crystal method would be a hopeless way of record¬ 
ing the reflections, not only because symmetry information would be 
almost lacking, but also because the reflections could not be indexed with 
certainty. 

Since the structure of NaCl is determinable by the rotating-crystal 
method due to its high symmetry, it incidentally offers an example of the 
procedure to be used when this method of recording reflections is chosen 
for a structure analysis. 

Unit cell. Since it is well established that NaCl is isometric, a single 
rotating-crystal photograph, with rotation about an a axis, is all that is 
necessary to establish the dimensions of the unit cell as well as to provide 
the intensities of the reflections for the structure analysis. The rotation 
photograph quickly shows that the edge of the cubic cell is a = 5.63A. 
The density of NaCl is found in standard reference works to be 2.16 g./cc. 
The formula weight of NaCl is 23.00 + 35.46 = 58.46 atomic-weight 
units. Applying relation (3) of Chapter 9, the number of formula weights 
per unit cell is 

GXVX 10~^" 

M X 1.660 X 10"24 

^ 2.16 X 5.63^ X 10"^^ ^ A 

“ 58.46 X 1.660 X 10"^^ - . ^ . 

It is usual that the number of formula weights per unit cell does not 
come out exactly an integer. This failure, in the case of simple, chem¬ 
ically pure compounds such as NaCl, may be attributed to two causes. 
In the first place the experimentally determined density tends to be too 
low due to voids in the crystal, and in the second place there may be an 
error in the experimental determination of the volume of the cell. In 
this particular case, since V is simply any fractional error in the deter¬ 
mination of the cell edge turns up as three times the fractional error in 
Vj and hence in N, 

Space group. The rotating-crystal photograph must first be indexed 

t M. J. Buerger. X'-ray crystallography. (John Wiley and Sons, New York, 1942) 
165. 



304 


Chapter 12 


by one of the methods discussed elsewhere."^ The indexing by the graph¬ 
ical procedure is very illuminating with respect to certain features of the 
rotating-crystal method, and is illustrated in Fig. 1. In following 
through this process it becomes obvious that hkl and JM record on the 
same spot on the film, and therefore that it is not possible to tell whether 
these are equivalent in intensity or not. For this reason it is not pos¬ 
sible to determine the presence or absence of ^Vertical planes,’^ and 


k 



consequently it is not possible to distinguish between certain crystal 
classes and their space groups. 

It is possible, however, to determine the lattice of the crystal, since 
the same lattices apply to all crystal classes of this crystal system. This 
is done by arranging the observed reflections in a systematic list, as shown 
in Table 1. It is then evident that the reflections hkl are present when 
h, k, and I are all even or all odd, and absent when h, k, and I are mixed, 
indicating that the structure is based on a face-centered lattice. 

Since there is no symmetry information whatever on the rotating- 
crystal photograph, no crystal class of the isometric system is excluded 
by the x-ray observations, and all five classes of the system must be con¬ 
sidered in any rigorous deduction of the structure. The possible space 
groups in these classes which are based upon a face-centered lattice are 
listed in Table 2. In each crystal class the several possible space groups 
based upon the same lattice contain isogonal symmetry elements which 
differ by a characteristic translation component. When this translation 

t M. J. Buerger. X-ray crystallography, (John Wiley and Sons, New York, 1942) 
157-165. 
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component is other than zero, missing reflections occur in the diffraction 
record. Now, a further study of the reflection list, Table 1, makes it 
plain that there are no systematic absences other than the ones required 
by the face-centering of the lattice, namely that hkl is absent unless 
h, k, and I are all even or all odd. From this it can be concluded that the 


Table 1 

Catalog of reflections recorded on rota ting-crystal photograph of NaCl 

(CuXa radiation) 

440 ~ 640 

hkO: 220 420 

— 200 — 400 






551 (711) 



hkl: 


331 

— 

531 

— 


111 

— 

311 

— 

511 

— 

711 (551) 




442 

— 



hk2: 

222 

— 

422 

— 

622 


— 

202 

_ 

402 

__ 

602 



620 

600 


hm: 


333 — 

313 513 


translation components of all symmetry elements of the space group of 
NaCl are zero, and this limits the possible space groups to the five con¬ 
tained in the boxes of Table 2. Note that this elimination has been 
based on reflections which actually appear in the diffraction record and 
hence is a positive elimination of space groups which do not fit the 
observed diffraction. 

Distribution of atoms amiong the equipoints. The unit cell of 
NaCl must accommodate 4 formula weights, as discovered above, and 
therefore must accommodate 4 Na and 4 Cl atoms. An examination of 
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the equipoint lists^ reveals that none of the uneliminated space groups 
contains equipoints of rank lower than 4. (That this is the lower limit 
of equipoint rank could have been predicted without consulting tables by 
noting that, in general, the lattice points themselves have the lowest 
equipoint rank; that in this particular case there are 4 face-centered lat¬ 
tice points per unit cell, and that since NaCl is based on a face-centered 

Table 2 

Isometric space groups based on a face-centered lattice 
Crystal class Space group 




Th, 


23 



m 


Tdj 43m 


F23 


F—3 

m 


a 


F43m 

Fi3c 


0, 432 


F4Z 




^ 4-2 

Oh) 3 

m m 

r, 4 

F —3 — 
m m 


rr 4 ;.2 

m c 


d m 


F-fZ- 
a c 


lattice, none of the space groups in question could have any equipoint 
rank lower than 4.) Consequently, the obvious distribution of the 4 Na 
atoms is on an equipoint of rank 4 and that of the 4 Cl atoms is on another 
equipoint of rank 4. The 4-fold equipoints are all symmetry fixed and 
therefore without any degrees of freedom. 

There is another less obvious but possible distribution, which, though 
it does not apply in this particular case as explained below, should be 

t Norman F. M. Henry and Kathleen Lonsdale. International tables for x-ray 
crystallography. Vol. 1. (Kynoch Press, Birmingham, England, 1952) 
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borne in mind in considering distributions of the atoms over the avail¬ 
able equipoints. Posnjak and Barth^ ^ have shown that, in some crystals, 
two atoms of different species may occupy a single equipoint by being 
distributed at random on that equipoint. (In this particular case, this 
would correspond to Na and Cl being distributed at random over an 
equipoint of rank 8.) This is called a variate-atom equipoint. This 
occurs because of disorder among the two atoms in question, a situation 
which can sometimes develop if the crystal is grown at (or subsequently 
exposed to) high temperatures.^ This does not apply to the crystal of 

Table 3 

4-fold equipoints of possible space groups of NaCl 

Diffraction 

Space group 4-fold equipoints symbol 


F23 

Aaj 45, 4c, 4d ] 

2 - 

[ mSF-- 

F-3 

4a, 45 J 

m 


FAZm 

4a, 45, 4c, 4(f \ 

F43 

A O 

46 ( mSmF - - 

F-Z- 

4a, 45 1 

m m 

/ 


NaCl under consideration, so that the possibility can be safely ignored. 
The possibility of variate-atom equipoints, however, should be con¬ 
sidered in assigning atoms to equipoints in any structure analysis. 

The possible 4-fold equipoints in the uneliminated space groups are 
listed in Table 3. The various ways they can be combined two at a time, 
corresponding to one for Na, another for Cl, are shown in Table 4. It 
will be observed that there are six different combinations. Two of 
these define halite structures, with different origins. The other four 
define a pair of sphalerite structures with different origins, and another 
pair which can be derived from them by inversion in the origin; for con¬ 
venience these are termed sphalerite and ^'inverse^' sphalerite. [They 
are not enantiomorphic since they have symmetry planes parallel to 
(110).] With appropriate choice of origin, all combinations can be repre¬ 
sented by halite, sphalerite, and inverse-sphalerite structures. Since 
structures related by an inversion give identical diffraction intensities, it is 
sufficient to consider only one possible sphalerite structure. Omitting 

t Tom F. W. Barth and E. Posnjak. The spinel structure: An example of variate atom 
equipoints. J. Wash. Acad. Sci. 21 (1931) 255-258. 

5 E. Posnjak and Tom F, W. Barth. A new type of crystal fine-structure: Lithium 
fernte (Jd^O-Fe^Oz). Phys. Rev. 38 (1931) 2234-2239. 

^ M. J. Buerger. The temperature-structure-composition behavior of certain crystals. 
Proc. Nat. Acad. Sci. U. S. 20 (1934) 444-453. 
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the possibility of vanate-atom equipoints, then, NaCl can have only one 
of two possible structures, the halite structure or the sphalerite structure. 
Both of these structures are symmetry fixed, and the problem of structure 
determination is reduced to deciding between the two possibilities. 

Incidentally, the space groups possible for NaCl have now been reduced 
to two, namely F43m for the sphalerite structure or F 4:/m3 2/m for 
for the halite structure. The reason for this is as follows: The sphalerite 
structure can be represented as made up of equipoints 4a+4c, and while 
these both occur in two space groups, as shown in Table 3, the symmetry 

Table 4 

Possible equipoint combinations for NaCl 

Coordinates of 

origin point of Structure 

Combination each equipoint type 


4a-{-46 

000 

ihi 

halite (1) 

4a-j-4c 

000 


sphalerite (1) 

4a-l-4d 

000 

33 3 

TIT 

“inverse” sphalerite (2) 

46-h4c 


m 

“inverse” sphalerite (3) 

46+4d 


8 -3 3 

TTT 

sphalerite (4) 

4c-h4d 

iii- 

tIt 

halite (2) 


of the combination is that of the highest symmetry, namely F43m. 
Similarly, the halite structure can be represented as made up of equi¬ 
points 4a+4&. While these occur in all five space groups, as shown in 
Table 3, the symmetry of the combination is that of the highest sym¬ 
metry, namely F 4:/m 3 2/m. Table 3 shows that the two uneliminated 
space groups, i^43m and F A./m 3 2/m both belong to the same diffraction 
symbol. The other diffraction symbol, along with its two space groups, 
could have been eliminated at the very outset if a moving-film method of 
recording had provided the necessary diffraction-symmetry information. 
It is this failure to eliminate space groups which are capable of elimina¬ 
tion by simple diffraction means, that is a particularly inconvenient 
feature of structure determination by the rotating-crystal and powder 
methods. 

Distinguishing between the two possible structures. The Na 

and Cl atoms for the two possible structures are located in the following 
positions: 


halite structure | 

1 Na; 4a 
[ Cl: 46 

000 

111 

T212- 

0^ 

ioo 

O 

o 

O 

MO, 

OOi; 

(1) 

sphalerite structure 

f Na; 4a 
[ Cl: 4c 

000 

111 

TTT 

0^ 

133 

TTT 

m 

313 

TTT 

331 

TTT- 

(2) 
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It is plain from Chapter 2 that the test of a structure is that the intensi¬ 
ties computed for it are the same as the observed intensities. It follows 
that the incorrect structure can be eliminated by showing that it gives 
computed intensities not in harmony with the observed intensities. 
Actually, it is unnecessary to carry out the computation for all reflections; 
usually the comparison can be made for some set of reflections which are 
easily computed. In this instance, the easiest comparison is indicated 
by the following considerations: The sphalerite structure lacks a center of 
symmetry so that computations of the intensities of its general spectra 



A 


Fig. 2. 

Projection of halite-type 
structure parallel to as. 



Projection of sphalerite- 
type structure parallel to as. 


require separate computations of the real and imaginary parts, then 
combining these along the lines indicated in Chapter 10, In non- 
centrosymmetrical structures, however, it is often possible to find special 
projections of the structure which are centrosymmetrical. This is true 
of the sphalerite structure, whose projection on (001) is centrosym¬ 
metrical, as illustrated in Fig. 2B. This means that the imaginary part 
of the structure factor vanishes for the MO reflections. 

The amplitude of the reflection is given by (4) of Chapter 10, namely 

(3) 

3 

The j atoms include 4 of Na and 4 of Cl, so that (3) can be expanded to 
Fhu = 

Here the summation is over the four appropriate coordinates of (1) or 
(2). Since the projection is centrosymmetrical, the exponentials become 
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Pig. 3. 


cosines, and (4) takes the more simple form 

= {/Na ^ COS 2x(te + &J/)} 

+ |/ci ^ COS 2x(/u:+fc!/)|- (5) 

When the actual coordinates of (1) are substituted for the x’s and y’s in 
(5), this can be reduced to a very limited number of types, namely 

Halite structure: 


FhkO — 4(/Na+/ci), 

h+k = 2n (n is an integer). 

(6) 

Sphalerite structure: 



Fhk^ = 4(/Na+/ci)j 

h+k = 47^, 

(7) 

Fhk^ = 

/i+fc = 4n+2. 

(8) 


The/ values are functions of sin B/\ (see Chapter 10), and numerical 
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values can be found in suitable tables."^ It is convenient to plot such 
numerical values for the radiation actually employed in the diffraction 
experiment, as shown in Fig. 3. The appropriate values for each reflec¬ 
tion hkl can then be found as a function of sin Bhki. 

The computations indicated in (6), (7), and (8) are so simple that they 
can be performed in tabular fashion as shown in Table 5. The first 


Table 5 

Comparison of hkO reflections for two models of NaCl 
(reflections in order of increasing distance from layer origin) 


1 

Reflec¬ 

tion 

2 

sin $ 

3 

/Na 

4 

fci 

5 

F 

4 

6 

m 

7 

L-p 

1 == 

8 

mLpF^ 

Halite 

type 

Sphalerite 

type 

Halite 

type 

Sphalerite 

type 

200 

0.274 

8 6 

12.2 

20 8 

3 6 

4 

1 6 

44,000 

1,300 

220 

0 388 

7.5 

10.2 

17 7 

17 7 

4 

1.0 

20,000 ^ 

20,000 

400 

0.548 

5 9 

8.6 

14 5 

14.5 

4 

0.63 

8,500 

8,500 

420 

0.613 

5 3 

8.1 

13 4 

2.8 

8 

0.55 

13,000 

550 

440 

0.775 

4 0 

7.2 

11.2 

11.2 

4 

0.53 

4,300 

4,300 

600 

0.822 

3.7 

7,0 

10 7 

3.3 

4 

0.60 

1 4,400 

420 

620 

0 866 

3.5 

6.8 

10 3 

10.3 

8 

0.71 

9,600 

9,600 

640 

0.989 

3 0 

6.2 

9.2 

3 2 

8 

2.7 

29,000 

! 3,500 


column of Table 5 lists the observed reflections of the type hkO (i.e., the 
reflections on the zero layer of the rotating-crystal photograph). The 
second column is the value of sin computed from 

= (9) 

or derived more simply and with sufficient accuracy for the purpose by 
reading the cylindrical coordinates of the reciprocal lattice with the aid 
of a Bernal chart^ and using the relationship 

sin 0 = ^ 0 * 

= i V?+p. (10) 

t G. D. Bieck and Caroline H. MacGillavry. International tables for x-ray crystal¬ 
lography. Vol. 3. (Kynoch Press, Birmingham, England, 1960) 

5 M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
145. 
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For these hkO reflections f = 0, and this degenerates to simply 

sin Shko = I* 


( 11 ) 


Columns 3 and 4 are the values of / for Na and Cl as taken from the plot 
of Fig. 3. The next columns are the sum or difference of the f’s as 
required by (6), (7), or (8). The result is now in the form of F/4. The 
remaining columns convert this into intensity by squaring and applying 
multiplicity, Lorentz, and polarization factors. 

The multiplicity factor, m, is easily determined by noting the total 
number of points which cut the circle of reflection at the same place in 
Fig. 1. The corrections for the Lorentz and polarization factors are most 
readily obtained by laying the Kaan and Cole chart directly over the 
rotation photograph as described in Chapter 7. 

A comparison of the zero layer of the rotating-crystal photograph shows 
that the blackening of the sequence of spots is definitely not consistent 
with that in the sphalerite column of Table 5, but is in good agreement 
with that in the halite column. This then provides the criterion for 
deciding that the structure of NaCl is the halite type. Incidentally, its 
space group, from the earlier discussion, must be the one in Table 3 of 
highest symmetry containing the equipoints 4a + 4&, specifically 
F 4:/m3 2lm. 

Confirmation of the structure determination. To fully confirm 
a structure determination requires proof that all observed intensities are 
in harmony with those computed from the proposed structure. In this 
instance, the intensities of all reflections hkl which are within range of 
recording on the rotating-crystal photograph must be computed, using 
the coordinates given in (1). 

The amplitude of the general reflection hkl is given by (21) of Chapter 
10. Since the structure is centrosymmetrical, this takes the more simple 
form (provided a center is used as origin) 

Fhki = /y cos 27r{hXj+kyj+hj)j (12) 

where the summation is taken over all j atoms of the cell. Since the 
atoms are of two kinds, the fs can be taken outside the summation sign, 
giving specifically, for NaCl, 

Fhki = {/Na ^ cos 2Tr{hx+ky+k)^ 

+ |/ci ^ cos 2w(hx-^kyi 


(13) 
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where the summation is now limited to the coordinates x, y, and z of the 
four atoms whose specific values of x, ?/, and z are listed in (1). 

There are two different ways to proceed at this point. If the structure 
is a complicated one, with atoms in general positions, one can find in 
suitable references'^ the general expression for the trigonometric terms 
inside the summation, which is the symmetry factor for the space group. 
In cases of high symmetry like this one, such general symmetry fac¬ 
tors ai^ highly complicated. For the space group of NaCl, namely 
jP 4/m 3 2/m, it is a complicated trigonometric expression about four lines 
long. To utilize this general expression for a very few atoms in very 
special positions is much more trouble than it is worth. An alternative 
way of proceeding is to simply substitute in (13) the specific values of 
X, and z for the four atoms each of Na and Cl given by (1). 

Actually, in very simple structures such as this one, where the atoms 
occupy an equipoint whose rank is identical with the number of lattice 
points per cell, one can be sure that the structure composed of n kinds of 
atoms can be decomposed into n lattice arrays of atoms, in this case 
specifically two. Each lattice array scatters in phase for all reflections 
permitted by the lattice, and the only problem is to take account of the 
interaction between the two lattice arrays, which amounts to compound¬ 
ing their scattered amplitudes with proper phase relations. The phase 
difference in the scattering [see (65) of Chapter 10] is 
where Ax, Ay, Az, are the differences in coordinates of representative lat¬ 
tice points. From (1), taking the representative point on the Na array 
as 000, and the representative point on the Cl array as this phase 
difference is 


_ +1 for A+Aj+Z even 

“ -1 for h+k+l odd. ^ 

By either the long-hand computation of the last part of the previous 
paragraph, or by the reasoning of this paragraph, it is evident that for all 
permissible reflections of the structure (which are limited to reflections for 
which h, k, and I are all even or all odd, due to the face-centered mode of 
the lattice), the Na and Cl atoms scatter in phase for reflections having 
h+k+l even, but scatter in opposite phase for reflections having h+k+l 
odd. This can be expressed analytically as the speciflc solution of (13) 

t Norman P. M. Henry and Kathleen Lonsdale. International tables for x-ray 
crystallography. Vol. 1. (Kynoch Press, Birmingham, England, 1952) 
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in the form 


Fhki = 4/]sra+4/ci, h+k+l even, 

Fhki = 4/i^a'~4/ci, A+fc+i odd, (15) 

the whole set of reflections being limited by the lattice to h, k, and I 
either all even or all odd. 

The computations are so simple that they can be carried out again in 
tabular form, as shown in Table 6. The reflections are arranged by layer 
lines for convenience in making the comparison with the photograph. 


Table 6 


Computed intensities for NaCl structure 
(reflections in order of increasing distance from layer origin) 


1 

2 

3 

4 

5 

6 

7 

8 

Reflection 

sin 6 

fm 

fci \ 

F 

4 

Multiplicity 

factor 

m 

Lorentz- 

polarization 

factor 

Lp 

Intensity 

I = mLpF^ 

200 

0.274 

8.6 

12.2 

20.8 

4 

1.6 


220 

0 388 

7 5 

10 2 ! 

17.7 

4 

1.0 


400 

0.548 

5.9 

8.6 

14.5 

4 

0.63 


420 

0.613 

5,3 

8.1 

13 4 

8 



440 

0.775 

4.0 

7.2 

11 2 

4 



600 

0 822 

3.7 

7.0 

10.7 

4 

mmm 


620 

0.866 

3.5 

6.8 

10.3 

8 

msEM 


640 

0.989 

3.0 

6.2 

9 2 

8 

\ 2.7 


111 

0.232 

8-9 

13.1 

4.2 

4 

1-7 


311 

0.455 

6 8 

9.4 

2.6 

8 


770 

331 

0 597 

5 4 

8-2 

2 8 

4 



511 

0.713 

4.4 

7.5 

3.1 

8 

B^H 

640 

531 

0.810 

3 8 

7.1 

3.3 

8 


840 

{s;} 

0.976 

3.0 

6,3 

3,3 

a 

2.7 

5,600 

202 

0.388 

7 5 

10.2 

17.7 

4 

1.6 


222 

0.474 

6.6 1 

9 2 

15.8 

4 



402 

0.613 

5.3 

8.1 

13.4 

4 



422 

0.671 

4 8 

7 7 

12.5 

8 

0-61 


442 

0.822 

3.7 

7 0 

10.7 

4 



602 

0.866 

3.5 

6 8 

10.3 

4 



622 

0.909 

3.3 

6.6 

9.9 

8 

1.3 


313 

0.597 

5.4 

8 2 

2.8 

8 



333 

0.713 

4 4 

7.5 

3 1 

4 


530 

513 

0.810 

3.8 

7.1 

3.3 

1 

8 

1.1 
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Sin 6 can be found as indicated by either (9) or (10). The remainder of 
the computation is similar to that already described for Table 5. 

A comparison of the computed reflection intensities, as tabulated in 
Table 6, with the blackening of the spots on the film, shows that there is 
good agreement between computed and observed intensities, so that the 
structure deduced may be regarded as confirmed. 


Determination of structures with separable parameters, 
illustrated by the structure of marcasite, FeS 2 

In case certain sets of spectra are functions of only one parameter, this 
parameter may be said to be separable from the others. In this case it is 
not necessary to try to find the parameter blindly by trial and error, for 
the intensities of this set of spectra are functions of this one parameter 
alone. Thus, one can be solved for in terms of the other. The most 
illuminating way of carrying out the solution is by graphical means. 
If the intensity data are normalized to absolute values, the solution can 
be carried out analytically also, as shown later. 

One of the convenient features of the determination of a crystal struc¬ 
ture having separable parameters is that it can be carried out with a 
minimum of effort expended on the determination of experimental intensi¬ 
ties. All that is required in the way of intensity data is a list of the 
observed intensities on a relative basis arranged in order of decreasing 
intensity. 

A good example of the use of this method is afforded by the determina¬ 
tion of the structure of the mineral marcasite,^ FeS 2 . All marcasite 
parameters can be fixed by using reflections from prism-zone planes alone, 
so that all reflections required for the parameter determination can be 
found on zero-level photographs. An ideal way of recording zero-level 
reflections is by means of precession photographs."^ These are accord¬ 
ingly assumed to be used in the following example. 

Unit cell, space group, and equipoints. Marcasite is ortho¬ 
rhombic and conforms to space group P 2i(n 2i/n 2/m, Fig. 4. 

Its unit cell has the following dimensions:^ 

a = 4.45 A, 

6 = 5.40, 

c = 3.38. 

Using relation (3) of Chapter 9, it is found that the unit cell contains 

2 FeS2. 

+ M. J. Buerger. The 'photography of the reciprocal lattice. Am. Soc. for X-Ray 
and Electron Diffraction, Monograph No. 1 (1944). 
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A discussion of the possible distribution of the 2 Fe and 4 S atoms 
among the equipoints of P 2i/n 2i/n 2/m was given in Chapter 9. The 
conclusions of this discussion are now succinctly presented in Table 7. 
This shows that the several atoms can be distributed in a manner con¬ 
sistent with the symmetry in six different ways among the equipoints. 
The first step in the structure determination will be to eliminate five of 
these combinations on the basis of intensity considerations. 


Table 7 

Possible distributions of atoms in marcasite 


Symmetry-determined 

structures 

Structures with 
one variable 
parameter, 

2a 

Structure with 
two variable 
parameters, 

XQ and 

Fe 

S 

Fe 

1 

S 

Fe 

S 

2a 

26-1-2C 

2a 

4e 

2a 


2a 

2b+2d 

2a 

4/ 



2a 

2c+2d 

1 
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Intensities. According to (4) of Chapter 10, the amplitude of a 
reflection is given by 

Fhki = (16) 

J 

In this case, the different atoms j comprise 2 atoms of Fe and 4 atoms of 
S. For each of these kinds of atoms, the/y is constant and can be taken 


Table 8 


2i 2i 2 

Symmetry factor for the equipoints of space group P- 

n n m 


Equipoint 

Symmetry factor 

h -f Z even 

h-\-h-\-l odd 

2a 

2 

0 

2b 

(-1)' 2 

0 

2c 

(-1)*^ 2 

0 

2d 

(-1)"2 

0 

4e 

4 cos 2tIz 

0 

4/ 

( — 1)^ 4 cos 2vlz 

0 

4^ 

4 cos 2whx cos 2Trky 

—4 sin 2Trhx sin wky 


outside the summation sign, so that for marcasite, (16) has the specific 
form 


Fhkl 


-A.S 

+ /s 2 


27r (^hx-hhy+lz) 
^i2rihx+ky+lz) 


(17) 


The term within the summation sign is simply the appropriate sym¬ 
metry factor or factors, as discussed in Chapter 10. The form of the 
symmetry factor for space group P 2i/n 2\/n 2/m, is 


= m cos ^'Klnx cos 2'Kky cos 27rZ2: for h+k-\-l even, (18) 

S = — m sin 2irhx sin 2Tky cos 2Trlz for h+k+l odd, (19) 


where m is the rank of the equipoint, and x, y, and z are the coordinates 
of one of its atoms. The coordinates of the equipoints involved in the 
combinations of Table 7 are given in Table 5 of Chapter 9. By substitut¬ 
ing these values of x, ?/, and z into (18) and (19), it is found that the 
symmetry factor assumes the several simple values shown in Table 8. 
The appropriate values of /pe and /s can be found in standard references.’*' 

t G. D. Rieck and Caroline H. MacGillavry. International tables for x-ray crystal¬ 
lography. VoL 3- (Kynoch Press, Birmingham, England, 1960) 
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The variation of these values for sin 6 for the Moifo: radiation used in 
making the precession photographs is shown graphically in Fig. 5. 

Elimination of incorrect equipoint combinations. It will be 
observed that the Fe is in symmetry-fixed positions in all six equipoint 
combinations given in Table 7. The only variables involved are for 
the structures 2a 4e and 2a 4/, and both Xq and 2/s structure 2a 4:g. 

Therefore three of the structures have all spectra symmetry fixed, two 
have the MO spectra symmetry fixed, and the last has only the OOZ 



Fig. 5. 

Spectra symmetry fixed. The intensities of the symmetry-fixed spectra 
of all six structures could be computed and compared with the observed 
intensities with the object of rejecting any structures which do not 
give intensities which conform with the observed ones. Actually it 
is sufficient to compute merely the intensities of the special reflections 
AOO, 0A;0, and OOZ. This has the advantage of considerably reducing the 
labor, since these classes of spectra are present for the space group 
P 2iln2i/n2/m only when the indices are even, and Table 8 shows 
that the amplitude (17) reduces to the very simple form 


F = 2/Fe+4/s 


( 20 ) 


for these particular symmetry-fixed reflections. The computation of 
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I = LpF^ (21) 

are shown in Table 9. 


Table 9 

Intensities computed for pinacoid reflections of possible marcasite 
structures, compared with observed intensities 









Computed intensity, 

I = LpF'^ 


Reflec¬ 

tion 

sin e 

/Fe 

h 

F 

1 

ip 

Lp 

Arrange¬ 
ments 
a he 
a hd 
a cd 

Arrange¬ 

ments 

a e 

O'f 

Arrange¬ 

ments 

Observed 

intensity 

200 

0.160 

18 2 

10.1 

76.8 

0 53 

1.88 

11100 

11100 

/ variableX 

absent 

400 

0.320 

12 5 

7.3 

54 2 

0.92 

1 09 

3200 

3200 

( with 1 

medium 

600 

0.480 

9 2 

5 4 

39.0 

0.50 

1.82 

2800 

2800 

\ X / 

medium 

020 

0 132 

19 8 

11.0 

85 6 

0.34 

3.9 

29000 

29000 

/variableX 

strong 

040 

0.264 

14.0 

8 1 

60.4 

0.71 

1.41 

5100 1 

5100 

( with 1 

absent 

060 

0 395 

10.8 

6.3 

46.8 

0 99 

1.01 

2200 

1 

2200 

\ y / 

weak 

002 

0.211 

15.8 

9.0 

67.6 

0.67 

1.49 

6800 

/ variableX 

6800 

strong 

004 

0.422 

10.3 

6.1 

45.0 

0.85 

1.18 

1 

2400 

Ir) 

2400 

medium- 

strong 


An estimate of the relative intensities of AOO, OfcO, and OOZ taken from 
the three axial precession photographs is listed in the farthest-right 
column of Table 9. It will be observed that the only structure which 
provides intensities not in actual conflict with the observed intensities is 
arrangement ag. This definitely eliminates all the other equipoint 
combinations. 

Determination of sulfur parameters. As a result of the discussion 
just given, the only uneliminated structure is the one which can be 
described as follows: 

Fe in 2a (inversion centers) at 000; 

S in 4:0 (reflection planes) at xyO; 1*+^, i—Vj (22) 

xyO; 

It remains to determine the unknown sulfur parameters x and y. 
This can be readily done by making use of all reflections which do not 
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involve two variables at a time. Recalling that the factor within the 
summation sign of (17) is merely the symmetry factor given in Table 8, 
the specific value of (17) for the combination 2a 4:g is had by substituting 

Table 10 

Data for plotting the variation of Ihoi^ a function of Fig. 6 


Precession 


Reflection 

sm 6 

/re 

/s 

>SFe 

1 

Lp 

c* horizontal 

a/ Lp 

he Spe 

fa Ss y/l^ 

002 

1 

0 210| 

15 8 

9 0 

' 2 

0.68 

1.21 

38 

' 43 

004 

420 

10.3 

6 0 

2 

88 

1.07 

22 

26 

101 

133 

19.7 

11.0 

2 

.40 

1.58 

62 

70 cos 27rX 

103 

328 

12 3 

7.2 

2 

.92 

1.04 

26 

30 cos 2TrX 

200 i 

160 

18.2 

10.1 

2 

42 

1 54 

56 

62 cos 27r2a; 

202 

268 

13 8 

8.0 

2 

.77 

1.14 

31 

36 cos 27r2a; 

204 

450 

9.7 

5.7 

2 

78 

1 13 

22 

26 cos 27r2a: 

301 

261 

14 0 

8.1 

1 

2 

.72 

1 18 

33 

38 cos 27r3a: 

303 

.398 

10. si 

6.3 

2 

.95 

1.03 

22 

26 cos 27r3a; 

400 

.320 

12.5 

7.3 

2 

86 

1.08 

27 

30 cos 27r4rc 

402 

.385 

10.8 

6.4 

2 

.97 

1.02 

22 

26 cos 2x40; 

501 

.414 

10 4 

6.1 

2 

.98 

1.01 

21 

25 cos 2x5o; 

600 

.480 

9.2 

5.4 

2 

.70 

1.19 

22 

26 cos 2x6o; 


in (17) the appropriate values for Fe in 2a and S in 4^ provided by Table 
8. This gives 

Fhki = 2/Fe + 4/s cos 27rhx cos 2irkyj h+k+l even, (23) 

Fhki — ~4/s sin 27rhx sin 2irkyj h+k+l odd. (24) 

Since the reflections not involving x are OfcZ, and the reflections not involv¬ 
ing y are hOl, and since the glide planes of P 2i/n 2i/n 2/m permit only 
those classes of reflections to be present for which k+l and h+l are even, 
respectively, the amplitudes involving only one variable are 

PhQl = S/pe + 4/s cos 2ThXj (2^) 

and 

Pm — 2/Fe + 4:/s cos 2Trhy. (26) 

The intensities can be computed by simply squaring F and multiplying 
it by the Lorentz and polarization factors as indicated in (21). This 
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gives the intensities in units based upon the amplitude scattered by a 
single electron. 

The most illuminating way of determining the values of x is to plot 
(25) as a function of x in order to see where all observed intensities are 

Table 11 


Dala for plotting the variation of as a function of y, Fig. 7 


Reflection 

sin e 

i 

/fo 

/s 

^Fe 

Precession 

1 

Lp 

c* horizontal 

VLp 

/fs 'S/Lp 

/s \/Lp 

002 

0 210 

15 8 

9 0 

2 

0.68 

1 21 

38 

43 

004 

420 

10 3 

6 0 

2 

.88 

1 07 

22 

26 

Oil 

.125 

20 1 

11.2 

2 

.39 

1 60 

64 

72 cos 2Try 

013 

321 

12 4 

7 2 

2 

.91 

1.05 

26 

30 cos 2Try 

020 

.131 

19 8 

11.0 

2 

.34 

1.71 

68 

75 cos 27r2y 

022 

.249 

Il4 4 

8 3 

2 

.74 

1 16 

33 

39 cos 2Tr2y 

024 

441 

9 9 

5 8 

2 

81 

1.11 

22 

26 cos 2Tr2y 

031 

222 

15 3 

8 9 

2 

.62 i 

1 27 

39 

45 cos 27rSy 

033 

.372 

11.3 

6 6 

2 

.95 : 

1.03 

23 

27 cos 27rZy 

040 

.262 

14.0 

8.1 

2 

.70 

1 19 

33 

39 cos 2x42/ 

042 

336 

12 1 

7 1 

2 

.91 

1 05 

25 

30 cos 2x41/ 

044 

.495 

9.0 

5.3 

2 

.25 

2 00 

36 

42 cos 2x4i/ 

051 

.344 

11 9 

6.9 

2 

.92 

1.04 

25 

29 cos 2x5?/ 

053 

.457 

9 8 

5 7 

2 

.80 

1.12 

22 

26 cos 2x5?/ 

060 

.393 

10 9 

6.4 

1 

2 

99 

1 01 

22 

26 cos 2x6?/ 

062 

.446 

9 8 

5.7 

2 

90 

1 05 

20 

24 cos 2x62/ 

071 

.469 

9.4 

5.5 

2 

.80 

1.12 

21 

25 cos 2x7?/ 


satisfied. The plot of the variation of intensities in the form of 

VI = Vl^ 1^1 (27) 

of all hOl spectra as a function of x and which can be recorded on the 30° 
precession photograph is shown in Fig. 6. This plot is readily prepared 
from the data in Table 10. A corresponding plot for the variation of the 
intensities of the Okl spectra with y is shown in Fig. 7, which is prepared 
from the data in Table 11. In Table 12 are listed the observed relative 
intensities. An examination of Figs. 6 and 7 shows that these intensity 
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relations are satisfied at 

* - (28) 
y = 0.38. 

In this connection it should be observed that the graphs of Figs. 6 
and 7 are computed from (27), which is based on the amplitudes given in 
(25) and (26). These are cosine functions. Since the cosine is sym¬ 
metrical about 0 and tt, there are two solutions symmetrically related to 


Table 12 

Observed relative intensities on marcasite, zero-level precession photographs 

using M.oKa radiation 


hkO 

hOl 

Okl 

020 

101, 002 

002 

V 

V 

V 

120, 110, 310, 240, 130 

004 

020 

V 

V 

V 

530, 620, 220, 400, 600, 150, 160 

501 

031 

V 

V 

V 

610, 420, 260 

103, 400 

051, 004 

V 

V 

V 

320, 210, 410, 430, 060 

402, 600 

053 

V 

V 

V 

230, 170 

200, 202, 204, 301, 303 = 0 

033 

V 

V 

450, 360, 270 


022 

V 


V 

440 


024 

V ! 


V 

250, 330, 200 


060, 062 

V 


V 

040, 140, 340, 350, 510, 520, 540 


Oil 

= 0 


V 

013, 040, 042, 044, 071 ^ 0 


X = 0 and x = and similarly for y. When these pairs of solutions 
have been found for x and y respectively, a decision between them can 
be made on the basis of reflections involving sines. Table 8 shows that 
any of the reflections for which h+k+l is odd can be used for this pur¬ 
pose. Some of these will be used incidentally now. 

A reasonably extensive check on the correctness of the structure derived 
may be had by computing all the observed intensities of the special class 
of spectra not used so far in the structure determination, namely, the 
hkO reflections. The amplitudes of these are computed with the aid of 
(23) and (24) according to whether the sum h+k is even or odd. The 
intensities computed from these amplitudes are listed in Table 13. When 
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Table 13 

Computation of intensities of hkO reflections for marcasite with sulfur 


, /:r= 0.201 . 

parameters ^ ^ MoKa radiation 


Reflec¬ 

tion 

sm d 

M 

/s 

Sp. 

2 

/Ss 

4 

F 

— /fc /Spe 
+ /s >Ss 

1 

Lp 


Vl = v'hpF 

010 












020 

030 

0 131 

19 8 

11 0 

1 

1 

1 

0 038 

41 3 

0 34 

1 9 

78.5 

040 

050 

263 

14 0 

8 1 

1 

1 

1 

- 997 

-4 2 : 

.71 

1 41 

-5.9 

060 

070 

.394 

10 8 

6 3 

1 

1 

1 

1 

- 113 

-18 7 

.99 

1 01 

-18.8 

100 












110 

103 

21 3 

12 1 

1 

1 

0 309 

- 720 

31 8 

.32 

1 7 

54 1 

120 

153 

18.5 

10 3 

0 

0 

951 

-.999 

40 0 

.43 

1 5 

60 0 

130 

212 

15 7 

9 0 

1 

1 

309 

.666 

38 8 

.58 

1 31 

50.8 

140 

274 

13.7 

8.0 

0 

0 

951 

-.075 

2 3 

.75 

1 15 

2 6 

150 

337 

12 1 

7 0 

1 

1 

.309 

1 .771 

30.9 

! .91 

1.05 

32 4 

160 

401 

10 7 

6 3 

0 

0 

951 

.994 

-13 8 

.98 

1 01 

-13 9 

170 

.465 

9 4 

5 5 

1 

1 

309 

-.608 

14 3 

1 82 

1 10 

15 7 

200 

.160 

18.2 

10 1 

1 

1 

- 809 

1 

3.7 

53 

1.37 

5 1 

210 

178 

17,. 1 

9 7 

0 

0 

588 

.694 

-15.4 

.56 

1 33 

-20 5 

220 

207 

15 9 

9.1 

1 

1 

-.809 

i .038 

30.4 

.62 

1 27 

38 6 

230 

.253 

14 3 

8 2 

0 

0 

.588 

.746 

-14.4 

72 

1.18 

-16 9 

240 

.307 

12.8 

|75 

1 

1 

- 809 

-.997 

49 8 

85 

1 08 

53 8 

250 

.364 

11 5 

6.7 

0 

0 

588 

- 637 

10 0 

96 

1 02 

10 2 

260 

424 

10 2 

6 0 

1 

1 

.809 

-.113 

22 6 

.98 

1.01 

22 8 

270 

.486 

9 1 

5 3 

0 

0 

.588 

-.794 

9.9 

55 

1 35 

13 4 

300 












310 

.249 

14 4 

8 3 

1 

1 

- 809 

-.720 

48 2 

.77 

1.14 

54.9 

320 

.274 

13.7 

8 0 

0 

0 

-.588 

- 999 

-18 8 

.81 

1.11 

-20.8 

330 

.310 

12.7 

7.4 

1 

1 

-.809 

.666 

9 4 

88 

1,07 

10 1 

340 

356 

11.7 

6 8 

0 

0 

-.588 

- 075 

-1 2 

94 

1.03 

-1.2 

350 

.406 

10.6 

6 2 

1 

: 1 

-.809 

771 

5 7 

.97 

1 01 

5.8 

360 

461 

95 

5 6 

0 

'0 

-.588 

, 994 

13 1 

.80 

1 12 

14.7 

400 

320 

12. 5I 

7.3 

1 

1 

309 

1 

34 0 

.92 

1 04 

35.4 

410 

.327 

12.3 

7 2 

0 

0 

- 951 

.694 

18,8 

.92 

1 04 

19 6 

420 

346? 

11.9 

6 9 

1 

1 

309 

038 

23 3 

93 

1 04 

24.2 

430 

.375 

11 2 

6.6 

0 

0 

-.951 

.746 

18.7 

.95 

1.02 

19.1 

440 

414 

10 4 

6.1 

1 

1 

.309 

-.997 

13.3 

.93 

1.04 

13.8 

450 

.458 

9.6 

5 6 

0 

0 

-.951 

- 637 

-13 6 

.76 

1 15 

-15.6 
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Table 13 (Continued) 


RefleC“ 

tion 

sm d 

/fc 

/s 

2 

4 

F 

— /Pe ^SfFe 
•b/s 

1 

Lp 

Vip 

\/l = s/hp F 

500 












510 

405 

10 6 

6 2 

1 

1 

1 

-.720 

3 3 

92 

1 04 

3 4 

520 

.421 

10 3 

6 0 

0 

0 

0 

-.999 

0 

88 

1 07 

0 

530 

445 

9 8 

5 7 

1 

1 

1 

666 

34 8 

80 

1 12 

39 0 

540 

478 

9 2 

5 4 

1 

0 

0 

0 

075 

0 

55 

! 

1 35 

0 

600 

481 

9.2 

5 4 

1 

1 

.309 

1 

25 1 

.50 

1 35 

32 7 

610 

.485 

9 1 

5 4 

0 

0 

.951 

.694 

-14 3 

.34 

2 0 

-28.6 

620 

498 

8 9 

5.3 

1 

1 

.309 

.038 

18.0 

20 

2.2 

39 6 


checked against the c-axis precession photograph the agreement is quite 
satisfactory. Incidentally, this check serves to confirm the particular 
parameter pair given in (28) above, and eliminates combinations like 
X = —0.20, y = 0.38, which give discordant intensities for MO, A+jfc odd. 

The marcasite structure resulting from this analysis is shown in Fig. 8. 


5 



, 0 1 2 3 If 5 6 7 8 9 iOA 

UiwJ-1-1-1-1_I_ \ _ I I I I 


Fig. 8. 
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Analytical parameter determination. The parameters can also be 
determined by an analytical procedure provided that the absolute inten¬ 
sities of some spectra are known. Those intensities which are too weak 
to record are convenient to consider in this connection, since they have 
absolute values substantially zero. These may be used in the following 
way. 

If a systematic catalog of all observed reflections is examined, it is 
observed that those of type 5kl are missing for h+k+l odd. Out of 10 
reflections which could have occurred, not one was strong enough to 
observe. The amplitude of this type of reflection is given by (24). 
These reflections have no contribution from the Fe atom, and the reflec¬ 
tion is due entirely to the sulfurs. It is evident from (24) that for the 
expression to vanish, sin 2'ir5x sin 2Tky must vanish for all values of k. 
This requires that sin 2ir5x = 0, which occurs for 2Tr6x = 0, x, 27r • • • mr. 
The possible solutions are x = n/lQ. The solution a; = 2/10 corresponds 
with the solution x = 0.20 determined graphically. 

It is also observed that reflections of the type hAl are missing for 
h+k+l odd. Again applying (24), it is apparent that for the expression 
to vanish, sin 2Thx sin 2x4?/ must vanish for all values of fe. This requires 
that sin 2x4?/ = 0, which occurs for 2x4^/ = 0, x, 2x * • • nx. The 
possible solutions are y = n/8. The solution y = 3/8 corresponds with 
the solution y = 0.38 determined graphically. 

Determination of structures with heavy atoms which 
have separable parameters, as illustrated 
by the structure of valentinite,^ Sb 203 

The compound Sb 203 has both an isometric form, senarmontitej and an 
orthorhombic form, valentinite. Valentinite offers a good example of the 
kind of moderately complex structure which can be determined by 
straightforward elementary means. Even though the structure is some¬ 
what complex, its solution is feasible because it contains a single set of 
symmetry-equivalent heavy atoms. In such instances, the heavy 
atoms so dominate the intensities that they can be located without regard 
to the other atoms. Once located, their coordinates also fix enough 
diffraction phases so that the rest of the atoms can be located. 

The determination of the structure of valentinite, as given here, is 
based upon a set of Weissenberg photographs made with CuKot radiation, 
and supplemented by certain zero-level Weissenberg photographs made 
with the Moifa radiation. The shorter MoKa wavelength enables one 
to obtain many additional reflections which are important in fixing 
the parameters of the antimony atoms very exactly. 
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Unit cell and space group. The diffraction effects as recorded on 
the Weissenberg photographs place valentinite in the diffraction group 
mmmPccn. This uniquely fixes the space group as P 2i/c 2i/c 2/n. 
The cell has the following dimensions: 

a - 4.93 A, 
b = 12.48, 
c = 5.43. 


The density of the crystals as given in standard mineralogical references 
is 5.76 g./cc. Using these data, relation (3) of Chapter 9 shows that the 
cell contains 4 Sb 203 . 


Table 14 


„2i2i2 

Equipoints of space group P - 

c c n 


Desig¬ 

nation 

Location 

Coordinates 

4a 

inversion centers 

000, 

^0, 

oM; 


45 

il C( 

m, 

111. 

0-^0; 

■J-00 

4c 

2-fold axes 



h i, f+z, 

f, f, i*-2. 

Ad 


Hz; 

m 

h h 

hii-^ 

8e 

general position | 

xyz, 

i-z:, i-y, z; 

i+x, y, i-z, 


xyz, 

! 

i-x, y, i+z; 

i-y, i+z:- 


Table 15 


2i 2i 2 

Possible ways of accommodating 8 Sb and 12 O in space group P - 

c c n 


8 Sb in 12 0 in 

equipoints equipoints 


1. 4a+46 

1. 4a+46+4c 

2. 4a+4c 

2. 4a+4b+4d 

3. 4a+4d 

3. 4a+4c+4c 

4. 46+4c 

4. 4a+4c+4d 

5, 4h-\-Ad 

5. 4a+4d+4d 

6. 4c+4c 

6. 46+4c+4c 

7. 4c+4d 

7. 46+4c+4d 

8. Ad-^Ad 

8. 46+4<i+4d 

9. 8e 

9. 8€+4a 


10. 8e+46 


11. 8e+4c 


12, 8e+4d 
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Distribution of atoms among the equipoints. Space group 
P 2i /c 2i/c 2 /n has equipoints of ranks 4 and 8 only. They are listed in 
Table 14 and illustrated in Fig. 9. The possible ways of accommodating 
the 8 Sb and the 12 0 atoms on the equipoints are shown in Table 15. 

Note that not all ways of combining sets of equipoints, individually 
suitable to 8 Sb and 12 0, are permissible combinations. This is because 
positions 4a and 45 are without any degrees of freedom and can conse¬ 
quently only be used for one set of atoms. They may thus not be used 
more than once in any combination. Actually, it will be unnecessary to 



Fig. 9. 

Equipoints of P2i/c 2i/c 2/n. 


form these combinations in advance, for the scheme of analysis to be 
followed first locates the Sb atoms, thus eliminating, as inapplicable to 
valentinite, eight of the nine possible ways of distributing the Sb atoms 
on the equipoints shown in Table 14. 

Reflection intensities. The amplitude of a reflection is given by 
(45) of Chapter 2, namely 

j 

Fhki = 2 (29) 

The J atoms of the cell comprise the 8 Sb atoms and the 12 0 atoms. 
Thus, (29) can be split into two terms, and in each of these an f can be 
taken outside the summation sign. The exponential remaining within 
the summation is simply the sum of the symmetry factors, S, of Chapter 
10, pertaining to the equipoint combinations. Since it is not known at 
this stage how the atoms are distributed among the equipoints, this 
can be allowed for by letting the sum of the symmetry factors be repre¬ 
sented by 'LS for each atom. If these considerations are taken into 
account, (29) can be expressed as 

Fhkl == /sb ^ >Ssb + /o ^ ^0- (^0) 

The symmetry factor, Sj for particular classes of reflections for space 
group P 2i/c 2i/c 2/n are listed in Table 16. 
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Table 16 


Symmetry factors for space group P 


2i2i2 


c c n 



The computation of intensities may be carried out by the relation 


^hkl — (31) 

This expresses intensities in units based upon the amplitude scattered 
by one electron. In qualitative structure determinations, it is more con¬ 
venient to compare intensities with the use of the relation 

Vlhki = Vl^\Fm\- 


(32) 
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This has the advantage that it involves fewer computing operations and 
also that the graphical representation of intensity as a function of param¬ 
eter reduces to drawing cosine curves. Furthermore, (32) is as good as 

(31) for comparison of relative intensities, since, if a set of reflections is 
arranged in order of decreasing I, it is also arranged in order of decreasing 

1. It is evident, therefore, that most of the required intensity com¬ 
putations can be made with the aid of (32). Substituting from (30) into 

(32) gives the complete computation 

J^hkl = '\^Lp /sb ^ ^Sb + /o ^ ^o I* (33) 

In much of the following preliminary part of the analysis, advantage 
is taken of the fact that the scattering power of Sb is very great in com¬ 
parison with that of oxygen. The ratio of scattering powers at sin ^ = 0 
is the same as the ratio of atomic numbers, namely fsh/fo ~ -^sb/-^o = 
51/8. This means that the Sb atoms dominate the resultant amplitude 
in both magnitude and phase. For these preliminary purposes, (30) 
and (33) may accordingly be approximated by 

(30): «/sb 2 (34) 

(33) : VJ^i « Vl^ /sb I X Ssb |. (35) 

Elimination of incorrect antimony equipoint combinations. 

Certain possible combinations of antimony equipoints listed in Table 15 
can be easily eliminated by very simple intensity considerations. For 
the present purpose it is suflicient to compare relative observed pinacoid 
reflection intensities with those to be expected with the Sb atoms occupy¬ 
ing the several possible equipoint combinations. The expected intensi¬ 
ties can be approximated closely enough for the purpose by means of the 
amplitudes due to the antimony atoms alone, as just explained. The 
amplitudes for the sequence of orders of reflection of AGO, OfcO, and OOZ 
are listed in Table 17. The actual intensities must follow the essential 
features of the several series listed in this table because of the relatively 
great scattering power of the Sb atom compared with that of the 0 atom. 
The actual locations of the 0 atoms affect the amplitudes indicated, at 
most, by giving rise to weak reflections where the amplitudes of Table 17 
indicate an absent reflection, and by very slightly disturbing the relative 
intensities involved in regular declines indicated by the designation 
8/, 8/, 8/ • ‘ , etc. 

Table 17 indicates that normal intensity declines for the even-order 
reflections of AGO and GfcG, either with or without alternate absences, 
characterize all structures containing Sb occupying the special equi¬ 
points. The photographs display an intensity series comparable with 
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one of these regularities, namely, an approximately regular decline with 
alternate absences, but only for one series, namely, OkO; other series are 
distinctly irregular. Accordingly the Sb atoms can only occupy the 
general position Se. The meaning of the regular decline of even order 
of 0A:0 with alternate absences is obviously that the Sb parameters are 
specialized; specifically these atoms are arranged in sheets parallel to 
(010) which are spaced approximately one quarter of the b translation 
apart. This would give the y parameter of Sb a value of approximately 


Table 17 

Amplitude patterns to be expected from various Sb equipoint combinations 


Sb 


Regularities in amplitude series for even-order 
pinacoid reflections 


combination 

mo 

Oka 

001 

Aa + 4& 

8/, 

8/, 

8/, 

8/ • • ■ 

8/, 

8/, 

8/, 

8/ • • • 

8/, 8/, 8/, 8/ • • ■ 

Aa + Ac 

8/, 

0, 

8/, 

0 • • 

8/, 

0, 

8/, 

0 . . . 

irregular 

Aa 4- Ad 

8/, 

0, 

8/, 

0 • • 

8/, 

0, 

8/, 

0 . . . 

irregular 

46 + 4c 

8/, 

0, 

8/, 

0 

8/, 

0, 

8/. 

0 . . . 

irregular 

46 4-4d 

8/, 

0, 

8/, 

0 . . . 

8/, 

0, 

8/, 

0 . . . 

i irregular 

4c + 4c 

8/, 

8/, 


8/ • • 

'8/, 

8/, 

§/, 

8/ • • 

irregular 

4c +4d 

§/, 

8/, 

8/, 

8/ • • 

8/, 

8/, 

8/. 

8/ • • 

irregular 

U +4<i 

§/, 

8/, 

8/, 

8/ • ■ • 

8/, 

8/, 

8/, 

8/ • • ■ 

irregular 

8c 


irregular 


irregular 

irregular 


Antimony parameters. In the discussion of reflection intensities 
it was pointed out that antimony has such a large scattering power com¬ 
pared with oxygen that it dominates the spectra. This fact is now uti¬ 
lized to locate the antimony atoms regardless of what locations the oxygen 
atoms occupy. To see that this is possible, return to (33). This can now 
be given a more specific form since it is known that the Sb atoms occupy 
the position 8e, For pinacoid reflections like hOO, Table 16 shows that the 
symmetry factor reduces to a cosine function. Thus (33) takes the 
specific and simple form 


V4oo == VZp 8/sb cos 2irhx + /o ^ >So 
V%Z = VLp I 8/gb cos 2 t/c 2 / 'So 

looi ~ a/Lp I 8/gb cos 27rfe ^ 'So 


(36) 

(37) 

(38) 


Now the maximum possible value of the oxygen contribution to the ampli¬ 
tude, namely fo ^'Soj is obtained when the 12 oxygen atoms scatter in 
phase. Even at a value of sin ^ = 0, this is limited to 12 X 8 ~ 96 
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Fig. 10. 

Variation of /too with antimony x parameter; valentinite, CuKa. 

(After Buerger and Hendricks.®) 

electron units. The corresponding maximum value of the antimony 
contribution is then 8 X 51 = 408 electron units. From this it is evi¬ 
dent that the resultant amplitude of any reflection is dominated by 
antimony and could be represented by that due to antimony alone, plus 
or minus an uncertainty equal to the contribution due to oxygen, which 
has a maximum value for any reflection hkl of 12 /o>a;z. Using this value 
of the uncertainty, functions (36), (37), and (38) are plotted against x, i/j 
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800A 


7004 


6004. 




Fig. 12. 

Variation of /qoz with antimony z parameter; valentinite, CnKa. 
(After Buerger and Hendricks.®) 
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and respectively^ in Figs. 10, 11 and 12. Thus the functions are 
pictured as bands whose width is twice this uncertainty due to the oxygen 
contribution. 

At the bottom of each diagram are indicated a number of intensity 
relationships which are observed on the Weissenberg zero-level photo- 



y 


7D>m 

1 Q >28 

1 [ l >32 


— 20>10 
— 2Dyn 
— 20>18 
^20 >22 
^ 20 > 3 Q 
- 20?3^ 


-2if>26 

- 2^>22 

- 2 ii >30 

-28>n 
- 28>18 
- 28>26 
-28 >22 
^28 >30 
-28 > 3 ^ 
- 32>18 
- 32>26 
- 32>22 
- 32>30 
-32 > 38 . 


Fig. 13. 

Variation of /oio with antimony z parameter for high values of k) valentinite, yioKa. 
(After Buerger and Hendricks.®) 

graphs taken with CnKa radiation. The notation 2 > 4, for example, 
means that the second order of the reflection (hOO in Fig. 10, OfcO in Fig. 11, 
and 001 in Fig. 12) is observed to be more intense than the fourth order. 
Next to each such relation a line is drawn which indicates the region of the 
two curves in question where this could not theoretically hold regardless 
of the oxygen contribution. Such regions may be regarded as eliminated 
values of the Sb coordinate. 
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Because of the great length of the b axis, namely, 12.48 A, it is possible 
to record 34 orders of reflection from (010) with MoJSCa radiation. Since 
the amplitudes of the high-order reflections fluctuate very rapidly with 
parameter, it becomes possible to refine the y parameter of Sb to a very 
accurate value indeed, irrespective of the positions of the oxygen atoms. 
This refinement is carried out graphically in Fig. 13. 

Since the space group provides for halved spacings of all the pinaeoid 
planes, only even orders of pinaeoid reflections appear. The absence of 
odd-order reflections gives two solutions to each parameter value. This 
corresponds with the fact that (36), (37), and (38) are cosine functions 
With the eliminations shown in Figs. 10,11,12, and 13, these approximate 
solutions are 

a: = 0.045 or 0.205, 

y = 0.122 or 0.128, (39) 

^ - 0.074 or 0.176. 

The incorrect value of each of these pairs can be eliminated by a con¬ 
sideration of more general spectra with odd values of h, k, and Z, respec¬ 
tively, and therefore involving sine functions. 

Table 16 shows that the symmetry factor for hkO reflections for odd 
values of h IB — 8 sin 27rhx sin 2Trky. When h is 5, this is a maximum at 
X = 0.050 and a minimum at a: = 0.200. Since the 5fc0 reflections form 
one of the strongest festoons on the Weissenberg c-axis 2 ;ero-level photo¬ 
graph, it may be safely concluded that the correct value of x is approxi¬ 
mately 0.045, not 0.205. 

To eliminate the incorrect value of y, the structure factor may be 
examined for h29-0 and A-31-0. For these the trigonometric part of the 
symmetry factor has the specific values 

for /i-29-0, sin (29 X 43.8®) = sin 1270® 

= sin (—190®) almost zero, 

for /1-31-0, sin (31 X 43.8°) = sin 1358° 

= sin (—82°) almost a maximum, 

for /i*29*0, sin (29 X 46.2®) = sin 1340® 

= sin (—90®) /. almost a maximum, 

for h-dl'O, sin (31 X 46.2®) = sin 1432° 

== sin (—8®) /. almost zero. 

The series h-29‘0 is strong and the series A-3T0 is absent on Weissenberg 
c-axis zero-level photographs. The correct value of the y parameter is 
accordingly the one near y = 0.128. 


at t/ == 0.122, 


at 2 / == 0.128, 
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Unfortunately, the elimination of incorrect values of the z parameter 
cannot be made in a similar manner by using hOl and Okl spectra because 
the reflections for which I is odd are extinguished by the (100) and (010) 
glide planes which both have translation components c/2. Recourse 
may be had, however, to the general reflections, and the same method 
may be used. The two possible values of the z parameter lie in the 
neighborhood of 0.083 = and 0.167 = For these regions, the M3 
give important information because 


I cos (3 X 30°) = cos 90° = 0, 

I sin (3 X 30°) = sin 90° = a maximum; 

f cos (3 X 60°) = cos 180° = a maximum, 

t sin (3 X 60°) = sin 180° = 0. 


A general survey of M3 spectra shows that those referable to symmetry 
factors (Table 16) involving cos 2tIz are usually strong, while those refer¬ 
able to symme ry factors involving sin 2irlz are either weak or absent. 
This definitely places z in the region of ^ rather than and retains 0.176 
as the correct alternative. 

The correct approximate antimony parameters may now be tabulated: 


a: = 0.045, 

y = 0.128, (40) 

2 = 0.176. 


A slight refinement of these values may have to be made after the oxygen 
atoms are located. 

Method of location of oxygen atoms. ^ The Sb atoms were located 
with the aid of the intensity bands illustrated in Figs. 10 through 13. 
For all the information taken into account, the calculated and observed 
intensities are in complete harmony for the Sb parameters listed in the 
last section. There are, however, other intensity features which have 
not as yet been considered, and which depend upon the location of the 
oxygen atoms. These will now receive consideration. 

The plan of attack in the location of the oxygen positions is as follows; 
First of all, the y coordinates of the Sb atoms can be located with great 
precision because so many orders of O/cO are available (17 even orders, 
from 2 to 34). The band width, as already explained, represents the 

^ From this point on, the discussion represents what can be done by these primitive 
methods and not what would be done in a present-day structure analysis. The 
oxygens are more easily located by using Fourier synthesis, basing the signs of the 
F’s on the antimony-atom locations just established. This heavy-atom method is 
discussed in Chapter 19. 
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intensity uncertainty due to the unknown oxygen positions. In order to 
have the calculated intensities of the 0A:0 spectra arranged in the observed 
relative order, the calculated intensities must be within certain very 
definite regions of the oxygen uncertainty bands. In other words, the 
phase (positive or negative) and even an estimate of the absolute value 
of the oxygen contribution may be obtained for some spectra, especially 
where the maximum oxygen contribution is large, as in reflections of small 
sm d value. Certain equipoint combinations can be discarded on the 
grounds that they could not furnish the required oxygen contributions, 
and the y parameters of the correct oxygen equipoint combination may 
be determined independently of every other variable except the Sb y 
parameter, which, as already mentioned, is very certainly and accurately 
established. 

With the Sb x and y parameters known, the oxygen equipoints and 
y parameters established, the oxygen x parameters may be determined by 
a study of the relative intensities of the hkQ spectra. Many comparisons, 
such as 800 with 840, 10-0*0 with 10-4-0, 12-0-0 with 12-4*0, etc., may 
be made which are almost independent of the antimony parameters, 
so the small uncertainty of the Sb x coordinate is no bar to the accurate 
determination of the oxygen x parameters. Definite phase and ampli¬ 
tude requirements within the oxygen uncertainty bands then locate the 
oxygen atoms quite accurately. 

At this stage, the projection of the valentinite structure on (001) 
becomes accurately established and the rough structural plan is fairly 
obvious. Only a few trial calculations need be made in physically pos¬ 
sible oxygen positions for the correct structural alternative. 

Elimination, of certain incorrect oxygen equipoint combina¬ 
tions and determination of oxygen y parameters. The Sb y 
parameter may be taken, from Figs. 11 and 13, as y == 0.128 with very little 
uncertainty. Referring, now, to the photographs taken with copper 
radiation, it is striking that 020 and 060, which have a considerable 
possible oxygen contribution, are absent and exceedingly weak respec¬ 
tively. The absolute values of the amplitudes of these two reflections 
must, therefore, be approximately zero. Figure 11 shows that the 
oxygen amplitude contributions required to give this net value of zero 
at antimony y = 0.128 must be about +30 for 020 and —38 for 060. 
The further relationships 0-10*0 = 0-12-0/3 ^ 0*14-0 give the added 
requirements that the oxygen amplitude contribution to 0*10*0 be nega¬ 
tive and rather extreme, and to 0-14*0, approximately zero. These 
conditions are summarized in Table 18. 

The oxygen atoms may be in any of the eight equipoint combinations 
listed in Table 15. The contribution of the oxygens to the OkO reflec- 
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0 005 OiO 015 020 025 

y 


Fig. 14. 

Oxygen contribution to amplitudes of 0A;0 as a function of y for the equipoint com- 
bination of 8e+4a or 8e-f-46; valentinite, CnKa. 

(After Buerger and Hendricks.®) 

tionSj according to (33) and Table 16, is 

A Ioko = 's/Lpfm cos 2why, (41) 

where m is the rank of the equipoint. For the several equipoints this 
reduces to 

8e: A V/o*o = V^LpfS cos 2irky, 

4a or 4b: A Ioko = ~\/Lp f4, 

4cor4d: A V/ojiO = ''/Z/p/4(—1)* 


(42) 

(43) 

(44) 
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Fig. 15. 

Oxygen contribution to amplitudes of 0A;0 as a function of y for the equipoint com¬ 
bination 8e+4c or 8e+4c^^ valentinite, CmK<x. 

(After Buerger and Hendricks.®) 

Table 18 

Intensity relations for OkO rejfliections useful in fixing oxygen y coordinates of 

valentinJte 


Intensity 

condition 

Oxygen contribution to 
amplitude of reflection, 
required at Sb $b = 46.2° 

020 absent 

020 +30 

060 very faint 

060 -38 

0-10*0 == 0-12 0)3 

O-IO-O —16, (—) maximum 

0-14-0 < 0-12 OjS 

0-14-0 «0 
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Combinations 1 through 8, Table 15, involving equipoints of the special 
positions, give rise to amplitudes which are invariable, and equal to 

A V hio = Vhp fN, (45) 

where N is 12, 8, 4, or —4. None of these combinations has the possibil¬ 
ity of making the oxygen contribution to the amplitude of 020 equal to 
+30. Hence all combinations involving only special positions, namely 
combinations 1 through 8, Table 15, are eliminated. 

The other equipoint combinations of Table 15, namely 9 through 12, 
have structure factors containing (42) and hence involve the variable 







Fig. 16. 

OxyS^n contribution to amplitudes of OkQ as a function of oxygen parameter 2/1 for 
high values of k, valentmite, MoKa, 

(After Buerger and Hendricks.®) 


Tabic 19 

Phase requirements of certain OfeO reflections of valentinite 


Reflection 

Phase of oxygen contribution 
to amplitude of reflection 
required at 2/sz> = 0 128,-} 

0 260 

(-) 

0 28 0 

(-) 

0 30-0 

(-) 

0 32 0 

uncertain 

0-34-0 

(+) 
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cos 2Tki/. These give more flexible intensity possibilities. The varia¬ 
tions of oxygen amplitude with y for combinations 9, 8e+4a, and 10, 
86+4^, are the same, and are shown in Fig. 14. It can be seen that no 
value of y gives the required oxygen contributions, and therefore these 
combinations may be eliminated. 

The variations of oxygen amplitude contribution with y are the same for 
combinations 11, 8e+4c, and 12, 8c+4c?, and are shown in Fig. 15. Both 
of these combinations give an excellent agreement with the required 
contributions for y = 0.06i. This is the parameter of the 8 oxygen 
atoms in the general position, the other 4 oxygens being on one of the two 
possible rotation axes, 4c or 4d. The decision between these is arrived 
at in the determination of the x parameters of the oxygen atoms, where 
the more general reflections hkO are considered. 

The above discussion applies, as already noted, to reflections present 
on photographs taken with copper radiation. This solution for the 
parameter may be confirmed by a study of the more sensitive O/cO reflec¬ 
tions of high order present on photographs taken with molybdenum 
radiation. The oxygen phase requirements are given in Table 19. 
Figure 16 shows that these conditions are simultaneously satisfied in a 
narrow region centering about y = 0.056. 

Determination of oxygen x parameter. The oxygen and antimony 
y parameters are now both accurately fixed, and the antimony x param¬ 
eter is rather closely known. The reflections hkO are therefore defined 
except for the uncertainty of the oxygen x parameter, which may, 
accordingly, be sought. The correct parameter will reproduce observed 
intensity relations among the MO spectra. Table 16 shows that the 
intensity calculations for MO spectra take the following form: 

h even 1 ^ 
k even J ‘ 

a /hko = {/sb * ^ cos 2Thx cos 2'7r(fc* 0.128) 

+ /o * 8 cos 2'Khx cos 2x(/c* 0.056) 

7h 

+ /o • 4 cos 27r/i-- cos 27r^}, (46) 

h odd 1 
Jfc odd j ■ 

V/Aio = VLp {/sb • 8 sin sin 2Tr{k- 0.128) 

+ /o • 8 sin 2rhx sin 2r{h 0.056) 

7h 

+ /o • 4 sin 2irft • - sin 2rk \], 


(47) 
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where n = 1 or 3, depending on whether the 4-fold oxygens occupy equi- 
point 4c or 4i respectively. The antimony x parameter is purposely left 
in undetermined form; it will appear that if the general region of the 
antimony x parameter is known, the x parameter of oxygen can be fixed 
independently of it. 

In the foregoing section, it was shown that the 4-fold oxygen must 
be on either of the two possible rotation axes 4c or 4(i, located at 2 / = i 


Table 20 

Intensity relations for hkO reflections and conditions they impose on oxygen 
contributions of valentinite 


Intensity condition 

Oxygen amplitude 
contribution requirement 

( 8.00] 


130 > {10.00 [ 

130 cannot be (+) max. 

i 12.00 J 


150 absent 

150 extremely ( — ) 

170 « 800 

170 nearly neutral 

200 ^ 240 

200 must be ( —) 

220 absent 

220 must be very close to +20 

400 ^ 400 

400 must be ( — ) 

420 > 600 (absent) 

420 must be extreme, preferably (—) 

620 > 600 (absent) 

f 600 must be (+) 

1 620 must be extreme, preferably (+) max. 

(lO-O-O > 10-4-0) 

-(10*4*0 + 10*0*0) 

> (840 > 800) 

> (800 + 840) 

> (124-0 > 12-0-0) 

> (12*0 0 + 12 4*0) 

f (840 > 800) 

[ (800 + 840) 

(510 > 530) > { (lO-O-O > 104*0) 

(530 - 510) > { (104*0 + 10*0*0) 

[ (12*4*0 > 12*0*0) 

[ (12*0*0 + 12 4*0) 


and 2 / = i respectively. This is allowed for by an alternative in the last 
term of the above calculation forms. One of these two alternatives may 
now be definitely eliminated. The reflection 150 has an exceptionally 
high oxygen variation due to its small sin 6 value (See Fig. 17). The 
absolute value of this reflection is observed to be zero on molybdenum- 
radiation films (although it appears very faintly on copper-radiation 
photographs). Figure 17 shows that the value zero can only be attained 
by nearly a maximum negative total oxygen contribution to the ampli¬ 
tude of this reflection. If the 4-fold oxygens are on equipoint 4d, with 
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Fig. 18. 

Variation of oxygen contribution to amplitudes of hOO as a function of oxygen param¬ 
eter xi; valentinite; CuKa. 

(After Buerger and Hendricks.®) 

y = I, then their individual amplitude contribution is positive, and the 
minimum possible net intensity of 150 would be a little less than that of 
080, which is of intermediate intensity. Since the reflection 150 is 
absent, this eliminates equipoint 4c? for the 4-fold oxygens, and determines 
the oxygen equipoint combination as 86+4c; i.e., the oxygens are in the 
general positions and on the 2-fold rotation axes through ^-lO. 
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The necessaiy oxygen amplitude contributions for the several reflec¬ 
tions hkO may be determined from a study of Fig. 17 together with the 
c-axis Weissenberg photograph made with molybdenum radiation. The 
conditions and the requirements they impose upon the oxygen con¬ 
tributions are given in Table 20. The variation of the oxygen amplitude 
contributions of a number of the important reflections with the variation 
of the 8-fold oxygen parameter, x, is shown in Fig. 18. Study of Fig. 
18 for the conditions listed in Table 20 shows that they are satisfied at 
the unique parameter, x — 0.147. A change in this parameter by 
Ax == 0.014 completely spoils the intensity relation (lO-O-O > 10*4-0) > 
(840 > 800) > (12*4'0 > 12'0*0), so the parameter x == 0.147 may be 
considered accurate to about ±0.007. 

Table 21 

Oxygen contribution to h-OO reflection of valentinite 


Reflection 

Net oxygen amplitude contribution 
at oxygen x = 0.147 

200 

-49 

400 

- 9 

600 

± 3 

800 

± 8^ 

lO-O-O 

-11 

1200 

± 


With the correct oxygen equipoint combination known, and the 8-fold 
oxygen x parameter accurately determined, the oxygen uncertainty in the 
determination of the antimony x parameter is removed. The net oxygen 
contribution at oxygen x = 0.147 may be found from Fig. 18 for kOO 
reflections used in the determination of the antimony x parameter (see 
the original antimony x parameter determination, Fig. 10). These are 
listed in Table 21. The critical region of Fig. 10 replotted with these 
oxygen phase allowances then permits a refining of the antimony x to 
X = 0.444 ±0.003. 

Physically likely oxygen 5? parameters. The correct equipoint 
combination is now known, and the x and y parameters of all the atoms 
are unequivocally and accurately determined purely with aid of intensity 
criteria. The projection of the valentinite structure on (001) is there¬ 
fore unequivocally and accurately determined. It is illustrated dia- 
grammatically in Fig. 19. The only parameter normal to this projection 
known at this stage of the investigation is the antimony parameter, 
z = 0.176±0.007. A study of the projection together with this anti¬ 
mony parameter shows that the only physically acceptable interpretation 
of these data is that the 8-fold oxygen atoms are between pairs of anti- 
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mony atoms [between (100) glide equivalents], and form chains with 
these extending down the c axis. Since the antimony positions are 
known, the oxygen elevations are fixed if the oxygen atoms are to occur 
equally spaced between antimony atoms, the only reasonable physical 
interpretation. If this is the case, the 8-fold oxygen atoms have a z 
parameter of either 0.007 or —0.142. Now, this 8-fold oxygen is in the 
immediate region of a symmetry center, so that a centrosymmetrically 


or/ffl/? ^ 



0 1 £ 3 ^ S e 7 S 3 10 1£/l 

_I_I_I_1_I_1_I_I_I- \ _^_I 

Fig. 19. 

Structure of valentinite projected parallel to c. Small circles are antimony atom 
locations, large circles oxygen atom locations. 

(After Buerger and Hendricks.^) 

equivalent oxygen atom is nearby. These are separated by about 2.04 A 
for the first possible parameter and 2.54 A for the second possible param¬ 
eter. The first distance is closer than known oxygen-oxygen separations, 
while the second is approximately the standard separation. The 8-fold 
oxygen parameter, = —0.142 may therefore be accepted as the phys¬ 
ically likely one. 

Complete sets of antimony and 8-fold oxygen parameters are now 
available. They define an antimony-oxygen distance of 2.00 A, which is 
in good agreement with the electron-pair bond radius sum, 2.02 A. If 
this antimony-oxygen separation continues to hold for the distance 
between the antimony atoms and the 4-fold oxygens, then the latter must 
have al'z parameter of either —0.174 or 0.026. In the former case, the 
4-fold and 8-fold oxygens occur on almost exactly the same vertical levels 
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and have a spacing of about 2.46 A; in the latter case they occur spaced 
almost exactly half-way between one another and have a spacing of 
about 2.61 A. The first possible parameter gives too close an oxygen- 
oxygen separation without any obvious physical or chemical justification 
for it; consequently the second parameter, z = 0.026, may be accepted 
as the more likely one. 

It should be stated at this point that the oxygen parameters, Zj and Zuj 
suggested by the above physical discussion, are tied directly to the anti¬ 
mony parameters by dimensional considerations. The space-group 
symmetry is such that if this antimony z parameter is increased, the oxy¬ 
gen parameters above mentioned are increased by the same amount, A, 
without in any other way changing the discussion. This leaves all 
interatomic distances mentioned the same, with the exception of the 
separation between the centrosymmetrical 8-fold oxygen atoms. For 
the antimony z parameter used, this gives an oxygen-oxygen distance of 
2.54 A, as already mentioned. The antimony z parameter limits have 
already been defined as +0.007. This allowance permits the centro¬ 
symmetrical oxygen separation to rise as high as 2.59 A or fall as low as 
2.50 L 

The parameters of the valentinite structure can now be listed as 
follows: 



X 

V 

z 

Sb 

0.044 

0.128 

0.176+A 

Oi 

1 

T 

1 

T 

0.026+A. 

On 

0,147 

0.058 

-0.142+A 


Final parameters. To check the structure suggested by the physical 
requirements discussed in the last section, the intensities of a set of repre¬ 
sentative reflections involving the z parameters can be calculated. For 
this purpose the following OfcZ reflections are used: 


002 

004 

006 

008 

012 

014 

016 

018 

022 

024 

026 

028 

032 

034 

036 

038 

042 

044 

046 

048 

052 

054 

056 


062 

064 

066 



074 

076 



084 

086 
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The OM and O/cG reflection sequences are carried somewhat farther than 
the other reflections because some of them are quite sensitive to the 
vertical parameters to be tested. The intensity order calculated with 
the parameters listed in the foregoing section proved to be in compara¬ 
tively satisfactory agreement with the observed intensity order, but there 
is a very distinct improvement made by adding a small correction as 
allowed for in (48). An increase of Az = 0.003 gives an excellent agree¬ 
ment between calculated and observed intensities for this group of Okl 


Table 22 

Calculated and observed intensities of important Okl reflections 
(arrows indicate observed positions not corresponding with calculated order) 

Reflection \/7 calculated Reflection ■\/l calculated 


002 

370 3 

036 

62 8 

012 

340 4 

-062 

48 2 

042 

330 6 

076 

47.8 

052 

313.8 

056 

47 0 

054 

230 7 

0-0-12 

43 5 

014 

217 1 

018 

41 5 

032 

207 7 


— 084 

33 8 

034 

198 7 


024 

31 5 

006 

188 3 


022 

28 4 

046 

163 3 


—> 


074 

141.4 

038 

24.6 

086 

140 6 

0 0-10 

17.9 

048 

117 7 

066 

13.4 

008 

112.9 

028 

10 1 

0-0 14 

91 7 

026 

5 3 

004 

86.6 

064 

1.5 

044 

83.2 



016 

80.0 




reflections, as shown in Table 22. Three inconsequential discrepancies 
remain: The relatively lower visually estimated intensity of 0-OT4 is 
obviously due to the fact that it is resolved into an ai+a 2 doublet. 
[This is the case also for O-OTO (absent) and 0-0T2 (very weak), but these 
reflections are already so weak that the further weakening due to resolu¬ 
tion into doublets makes very little difference.] The only other dis- 
crepanices in observed intensity order are possible slightly high positions 
of 062 and 084, as indicated. With the three exceptions noted, the 
observed and calculated intensity orders are in perfect agreement. 
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The final parameters, with due account given to the correction, are as 
follows: 



X 

y 

z 

Sb 

0.044 

0.128 

0.179 

Oi 

1 

4 

1 

T 

0.029. 

On 

0.147 

0.058 

-0.139 
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Fourier synthesis, 
general theory 


It is well known that a periodic function (within reasonable limita¬ 
tions) can be represented by an appropriate sum of cosine and sine terms 
known as a Fourier series. Since a crystal is periodic, its electi’on 
density can be neatly represented by such a series. Extensive use 
is made of the Fourier representation of the electron density in crystal- 
structure analysis. 

The general form of Fourier series 

The most general form of a Fourier series involves a sum of 
exponentials of positive and negative multiples of an angle : 

= Ko + Ki e^^^ + + Kz + • 

+ Z_i + K^2 + K^z + * 

00 

= y Kn 

n = — eo 

The coefficients Kn are the Fourier coefficients; in the general case these 
are complex numbers. 

The Fourier series can also be expressed as a sum of weighted cosines 
and sines of positive and negative multiples of an angle. To make this 
transformation, let Kn be expressed as the sum of its real and imaginary 
components, 

Kn = Rn + iln) (3) 

and let the exponential be represented by its real and imaginary parts, 
according to Euler^s relation: 

= cos n<^ + i sin n<j>. 


weighted 

• • ( 1 ) 
( 2 ) 


(4) 
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Then the product in (2) becomes 

Kn = (Rn + ^/n)(cos n<^) + i sin ncl>) (5) 

= Rn cos n(l> + iRn sin n<l> + iln cos ?^<?^> — In sin n<?5> (6) 

= {Rn cos n<f> — In sin n<i>) + i{Rn sin ncj) + In cos n</)). (7) 

Thus, the general trigonometric form of (2) is 


P(<f>) = 



Rn cos n(j> 
In sin n<j) 
Rn sin n<l> 
In cos n(t>. 


( 8 ) 


If the function p(^), to be represented by the Fourier series, is real, then 
the imaginary contributions in (8) must cancel one another. Since 


sin {—n<l>) = — sinn<^, 

then provided 

R—n “ Rnj 

it follows that 

R^n sin (—= —Rn sin n</>, 

so that the terms in the third line of (8) cancel in pairs, 
since 

cos (—n<^>) = cos n<l>j 

then, provided 

I—n ~ Inj 


it follows that 


I^n COS — = —In cos ncf}, 


(9) 

( 10 ) 

( 11 ) 

Similarly, 

( 12 ) 

(13) 

(14) 


so that the terms in the fourth line of (8) cancel in pairs. Thus when 
the function to be represented by the Fourier summation is real, (8) 
reduces to 


Pw = X 

71= — 00 
00 

In sin n<l>. 

n= — 00 



(15) 
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There is a compact formulation of the consequences of p(^) being real. 
According to (3), Kn can be expressed in terms of its real and imaginary 
components. The comparison of Kn with obtained from (10) and 
(13), is 


Kn — Kn H“ 

K—n ~ Kn 'tin- 


(16) 


This corresponds to an experimental observation known as FriedeVs 
law, which is discussed further in Chapters 15 and 20. 

It should be observed that the sign of the second summation in (15) is 
negative. This is a consequence of defining (2) in terms of a positive 
angle. If it is defined in terms of a negative angle, (4) becomes 


Then the corresponding forms of (2), (8), and (15) are 


(2): 

00 

P(,)= y 

n — w 

(18) 

(8): 

oO 

PM — ^ COS n(j> 

nss —eo 



00 

+ h sin n<j> 

n =a — 00 



oo 

i ^ Rn sin n(t> 

71= — 00 



oo 

+ i ^ J^cosn0; 

w, — 00 

(19) 

(15) (p real); 

00 

P(^) = 2 

n =s — 00 



00 

+ y In sin n<l). 

(20) 


—00 


Forms (18), (19), and (20) are preferred in crystal-structure analysis 
provided (45) of Chapter 2 is written with the exponential of a positive 
angle. The reason for this is pointed out in Chapter 15. 


One-dimensional synthesis 

Angular, absolute, and fractional coordinates. Some of the 
properties of Fourier synthesis as applied to crystal-structure analysis 
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can be studied without incurring the complications of three dimensions 
by considering a corresponding one-dimensional series. In the sum¬ 
mation given in (2) and (18) the electron density is given for a point 
expressed as a phase location, (p, of the phase cycle 0 to 2tt. In some 
applications it is desirable to express this location in terms of an absolute 
linear measure X along the pattern of the function. The function 
repeats at translation interval a, and the distance along the interval is 
proportional to the phase <t> This provides the proportion 


Therefore, the value 


<p _x 

2Tr a 

(21) 

X 

(22) 

<p = 2 t- 
a 


can be substituted into (18) to give 

eo 

P(x) = X (23) 

n=: — 00 


In other applications, it simplifies the notation if the location along 
the cycle is expressed in terms of a fraction x, of the full cycle. This 
amounts to normalizing the cycle to unity, so that the proportion can 
be written 


This permits the value 


^ I* 

(p — 27rx 


(24) 

(25) 


to be substituted into (18) to give a third form 

00 

n= —00 


If (21) and (24) are combined, the relation between the three sets of 
coordinates is found to be 


±_X 

27r a 


(27) 


The angular, absolute, and fractional coordinates are compared graphically 
in Fig. 1. 

Evaluation of the Fourier coefficients. Relations (18), (23), and 
(26) express the electron density at a desired point in the period in terms 
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of a set of unknown Fourier coefficients, Kn- The values of these coef¬ 
ficients can be determined from the following analysis. 

The amplitude of the hth. interference maximum resulting from diffrac¬ 
tion by a one-dimensional crystal can be expressed, in terms of the scatter¬ 
ing powers, fj, of its atoms located at points Xj, as 

Fh = '^fj (28) 

0 

If, instead of assuming discrete atoms at locations Xy, one assumes that 
the structure is composed of an electron density, P(x)> which varies con¬ 
tinuously along the period 0 to a, the resulting amplitude of the scattered 



Fig. 1. 


waves can be expressed by replacing the summation over the several 
atoms in (28) by an integration over a range 0 to a: 

(29) 

Into this expression can be substituted the Fourier representation of the 
electron density given in (23): 


oo 

Fk = fo { X gi2TAX/0 


(30) 


Since an integral of a sum of terms is the sum of the individual integrals, 
this can be rewritten 


oo 

Fh= ^ K„ dx) 

nsss 00 


00 

"" 2 (Jo dx). 

— 00 


(31) 


Each of the integrals in parentheses is characterized by two integers, 
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h (the order of the reflection) and n (the Fourier coefficient). That 
integral characterized by A = n has the following value: 

= f^KnCUX 

= A„ yy dx 


On the other hand, those integrals characterized by A 7 ^ n vanish: 


^i2t (h—n) XI a _ _ ^x2v{h—n)X la 

^ i(h — n)27r 


i(h — n)27i 


pX2Tr(h — n)l ^%2v(h —n)0\ 


^(A — n)27 


(1 - 1 ) 


Since the only non-vanishing integral has the value given in (32), the 
value of (31) is 


Fji — ^ aKn^h- 


This merely means that for each A, 


Kn = -Fn. 
a 


This integration has an interesting graphical interpretation. The 
integral is a sum of a sequence of infinitesimal vectors in the complex 
plane, each differing from its neighbor by a phase angle 2x(A—n)X/a. 
Since A is an integer and n is an integer, Qi — n) is an integer. When this 
difference equals 1 , the phase of each infinitesimal vector differs from its 
neighbor by 2%XIa, and the entire series (integrating X from zero to a) 
turns through a complete circuit; when this difference equals 2 , the series 
turns through two complete circuits, etc. In each case the end of the 
circuit is the origin, and the resultant of the series is zero. But when 
the difference (A—n) is zero, all the little vectors have the same phase 
angle and accordingly they lie in a straight line. In this case their 
resultant is their arithmetic sum. 
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If the value of Kn in (35) is substituted in (23), the specific form of 
Fourier synthesis used in crystal-structure analysis is obtained: 

ao 

P(x) = ^ (36) 

The significance of (35) is that for any grating of periodically varying 
scattering power, the Ath Fourier component of the density scatters in 
phase only in the Ath-order reflection. For all other orders the various 
regions of its scattering power are completely out of phase, and thus each 
order except the Ath order destroys itself. 

The term Fq has a special significance. It can be evaluated from (29) 
for A = 0: 

Fo = Pix) dX 

= Z. (37) 

Here Z is the arithmetic sum of all the scattering matter in the period 
0 to a. For crystals, this corresponds to the number of electrons in the 
interval. In effect, this says that in the direction of the direct beam, all 
parts of the grating scatter in phase, and, therefore, the zero-order maxi¬ 
mum is the sum of the distributed scattering power of the grating. 

Another view of Fourier synthesis 

In the beginning of this chapter, it was assumed that the reader was 
familiar with the fact that a periodic function (within reasonable limita¬ 
tion) can be represented by a Fourier series. The proof of this is given 
in many books on mathematics, but their treatments share the same 
formal approach and require a good deal of supplementary background. 
An alternative approach is given below. This has several advantages: 
1 , only a limited background is required; 2, the general reason why a 
Fourier series can represent a periodic function is obvious from the outset, 
and 3, some of the reasons why the series is so useful in crystal-structure 
analysis are brought out explicitly. 

Representation of a periodically repeated discrete value. The 

following trigonometric series has some interesting properties: 

s = cos 0^ -f- cos 1^ -+- cos 2^ -f- cos Zip . . . cos Hp 

+ cos (—1^) ■+■ cos (—2yf') + cos (—3^) • ■ ■ -f cos ( — H<p) 


a 
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This series can be represented geometrically as the projection of a set 
of unit vectors each of whose directions differs from its neighbor’s by 
the same angle \pj Fig. 2. It can be seen that the various projections 
have various values and that these are both positive and negative. If 
\f/ has a general value, these projections tend to annul one another, 
possibly leaving a small residue as the sum, s, in (38). But the situation 
is altogether different if V'is 0, 27r, 47r • • • m2T. In these cases all vectors 



0 Itt 47r 67r 

4 '— 


Fig- 3. 

point in the same direction, and their sum is their arithmetic sum, 
namely 2£r+l. 

In order to see how (38) may be useful, ignore, temporarily, the small 
residue noted above. Then, if the sum, s, in (38) is plotted against 
the ideal result is shown in Fig. 3. When ^ = 0, 27r, 47r * • - m2x, the 
sum is 2J?+1, but for other values of ^ it is zero. Thus (38) has the 
property of representing a magnitude recurring periodically at interval 
2r. Another description is that (38) has the property of representing a 
periodically recurring point whose weight is given by this magnitude. 

This gives a rough qualitative appreciation of the nature of the sum in 
(38), but a more quantitative appreciation of it is desirable- Series (38), 
as it stands, is not easy to treat quantitatively. Fortunately, as will be 
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shown, it is equivalent to the following exponential series, which can 
be readily evaluated: 


+ • • • + 

H 

H 



(39) 


That (38) and (39) are equivalent can be seen as follows: The first term 
in both (38) and (39), namely, cos 0^ and 
is equal to unity. The values of the two paired 
terms in (38) are equal; each pair is therefore 
equal to 2 cos Each such pair is equal to 
the corresponding pair in (39) by virtue of the 
relation 



+ e = 2 cos X, 


(40) 


Thus (38) and (39) are equal. 

The representation of (39) on the Argand 
diagram is shown in Fig. 4. This shows two 
sequences of equal vectors, each of unit length. 
In one sequence each vector is inclined to its 
neighbors by a positive angle in the other by 
a corresponding negative angle. The resultant 
of the two sequences is the required sum, S, 
except that the initial vector occurs twice. The 
quantities P and P are complex. The required sum can be expressed as 

>8 = P + P - 1. (41) 


The complex quantity P was evaluated in (18) of Chapter 2 as 

. Nyp 

sin — 

p ^ 

. ^ 

sm- 


(42) 


In deriving this in Chapter 2 it was convenient to sum n from 0 to N —1. 
In (39) it is desired to sum h from — H through 0 to H. This requires 
that H ^ N—I so that N in (42) must be changed to H+L The 
desired form of (42) is therefore 

Rin (ff+l)| 

- £ 

. V' 


p = 


(43) 
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If this value of (43) is substituted into (41), it can be reduced as follows: 


sin (i^+1) ” 


sin (H + l) 




sin (11+1) I 

= 2-^^ cos ^ - 1. (45) 

. Y 2 

sin - 
2 

This expression can be rendered more compact by making use of the 
trigonometric identity 

sin a cos /? == I sin («+/?) + i sin (46) 

yp \J/ 

If this is applied to the term sin (H+l) - cos H (45) may be reduced 

jU ^ 

as follows: 


sin (H+l) I ^ 

-_cosh|-1 

sin- 


I sin (H+l) ^ + H M + i sin (H+l) ^ - H ^ 


sin (2H+1) ^ + sin ^ 


sin (2H+1) ^ 


+ 1-1 


sin (2H+1) 


( 47 ) 
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This is an interesting and important function. Its behavior is indi' 
cated in Fig. 5. The function has a narrow maximum at = 0, 

47r • • * , and a small background ripple elsewhere. The somewhat 
similar function sin iV(T/'/2)/sin(T/'/2) was discussed in Chapter 2, and 
it was noted there that this function has a peak at 27r when N is odd, but 
an inverted peak at 2^ when N is even. In (47) the place of the integer, 
N, is taken by 2JT+1, which is always odd, so that the peak is always a 
positive peak. 

When H = oo, (47) perfectly reproduces a periodically recurring ver¬ 
tical straight line. This shows that the function does have the behavior 



suggested by this idealization in Fig. 3, provided that the number of 
terms, 2H +1, in the summation is infinite. For a finite number of terms, 
there are two kinds of departure from ideal behavior: In the first place, the 
vertical line of Fig. 3 is blurred into a narrow ''peak^', Fig. 6, and secondly, 
it is surrounded by a region in which there is a ripple in the background. 
The ripple is of such a nature as to surround the point first by a shallow 
negative region, after which it oscillates with decreasing amplitude about 
zero. This effect is known as the Bevies termination effect j since it is caused 
by using a series which, for practical reasons, is terminated short of an 
infinite number of terms. This imperfection in representation decreases 
as the number of terms H increases. 

The height of the peak is always 2H+1. If one wishes to represent a 
recurring unit magnitude, the sum in (38) and (39) must be divided by 
2H+1. Similarly, if one wishes to represent a recurring magnitude of 
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weight w, the sum must be multiplied by w/{2H+l). This more gen¬ 
eralized series is 

H 

h=-H 

Such a summation is an elementary but very fundamental kind of Fourier 
series. 

Representation of a periodic sequence of several discrete values. 
The function given in (48) can be generalized in several ways. In the 


+1.00 



Fig. 6. 

The shape of a vertical line as represented by a Fourier series with various numbers of 
Fourier terms. 


first place, the peak can be shifted from ^ = 0 to ^ by the following 
device: One wishes the exponentials to have the value when yf/ = <f). 
This occurs if the exponentials are given the form The more 

general form of (48) is, therefore. 


S = 


w 

2H+1 





(49) 


This general form represents a sequence of peaks, all of height w at loca¬ 
tions yp = <t>, 2x-\-<l>, 47C-\-<I> ■ • • . 

It is obvious that if a single peak can be represented by the single 
summation of (49), several peaks can he represented by as many sum¬ 
mations. Suppose one wishes to represent peaks pi, pz, pa • • • of 
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weights Wi^ W 2 j • * * at locations <^> 1 , <^>3 * * ‘ ■ The Fourier 

representation of this sequence of points is 


S =- Si+ S2+- — 


1 

2H+1 


H 





H 

+ W2 ^ 
h=-H 


1 

2H+1 



Wj 


(50) 

(51) 


It is convenient to express (51) in terms of a linear instead of angular 
coordinate. This can be done by making use of (27): 


S = 


2H+1 


^ ^-ilrhXIa ^ gi 


i^rkXJa 


(52) 


Relation (52) could be used, for example, to represent a periodic sequence 
of point atoms of atomic numbers Wi, W 2 i Wz ' ' ' occupying locations 
Xi, Xs, Xs • • * . 

Representation of a continuously variable periodic function. 

Summation (52) provides a sequence of J discrete values, periodically 
repeated. It can be readily generali25ed to provide a continuously 
variable function which repeats periodically. In making this change, it 
is desirable to transform the weighting to a density. This can be done 
by selecting small ranges AX within which the weighting can be regarded 
as uniform. In such a range a density p can be defined as the weighting 
Wj' in a range AXy, or 

~ Pj (53) 

so that (52) can be written 




H 

s = 

1 

\ a—i2irhX}a 

2H+1 

h " 



h=-H 

Now, in the limit 


P] ^ ^ 



AX-^0 

and (54) becomes 


H 

S = 

1 

Q~~%2%hXla 

2H+1 


*/ 

s 


p} 


h=~H 


(54) 

(55) 


(56) 


Comparison with (29) shows that the integral in (56) is the same as Fk, 
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so that (56) can be more compactly written 


S = 


H 


1 

2H+1 



Fh 


(57) 


The term 1/ {2H-\-l) is the reciprocal of the total number of terms in the 
summation. This is a constant for any summation. Thus (57) can be 
expressed 

H 

S = C y Fh 

h^-H 


This has the same form as (36), which is the Fourier representation of the 
electron density. 

Some characteristics of Fourier syntheses. The summation in 
(58) was devised to represent any periodic density function. Suppose 
that this density is concentrated in discrete atoms. Then Fh, the com¬ 
plex amplitude scattered by the period, can be expressed in terms of the 
scattering powers, fh,j of the J atoms of the cell: 

Fh = • • • 

j 

= X (59) 


Thus (58) can be expressed as 


S = 



g— %2Trhx 


J 

2 h.j 

J = 1 


(60) 


This has the same form as (52), which holds for a set of J discrete points. 
The sharp points having weights w of (52) are replaced in (60) by the 
^^broad points,^' or atoms, whose scattering powers are fs. The paral¬ 
lelism between series (52) representing sharp points and series (60) 
representing broad points permits the properties of the latter, which is 
the actual case, to be interpreted in terms of the former, which is the 
simple synthetic case. 

The simple case was devised by adding together, in (50), summations, 
each of which represented a single point. Thus (60) can be decomposed 
into a sum of separate Fourier series, each representing one atom of the 
period (cell). Each such individual synthesis is similar to (49) in that, 
at the location of the atom, all phases are zero. The fact that all Fourier 
waves are in phase at this point is the reason for the appearance of a peak 
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in the individual synthesis. When the phase of a Fourier wave is zero 
at an atom location, its phase at the origin of the period (cell) is fixed. 
It is this phase, the </» of (49) and the 27r/ia; of (59), which provides the 
phase character of the Fourier coefficient of the individual synthesis. 

For simplicity, now, consider the important case of a centrosymmetrical 
structure with the origin chosen at a symmetry center. Then (as noted 
in the next section) the phases mentioned above can be only 0 or tt. 
Then each Fourier wave of the individual synthesis has its crest (in the 
sense of a positive value) at the atom location, and centrosymmetry 
requires this now to have either a crest (for phase 0) or a trough (for 
phase tt) at the origin. When several individual syntheses are added, 
the same Fourier wave may have a crest at the origin for one atom, and a 
trough at the origin for another atom. The phase of the composite 
wave depends on the algebraic sum of these individual crests and troughs. 
If the atom locations are known in advance, the phase of the composite 
wave at the origin can be determined. Usually the atom locations are 
unknown, so the phase remains unknown. 

Now, since each Fourier wave must have a crest or trough exactly at 
the origin, it cannot be expected that a crest will occur exactly at an 
arbitrary atom location. In general a particular Fourier wave may have 
a general region, either positive or negative, at the atom location. But 
the sum of all the waves of different h must give a net positive residue at 
each atom location in order that a peak representing the atom may appear 
there. But of those special waves whose wavelengths permit them to 
have a crest or trough very close to the atom location, there must be 
many which have crests. These waves, especially, operate to more 
sharply define the center of the peak for the atom. This is especially 
true of Fourier waves of high index. 

Phase determination using intense high-index reflections. The 
last feature of Fourier synthesis is the basis of the method of intense 
high-index-reflections for the determination of the signs of certain F^s. 
The method is illustrated in Fig. 7. When certain high-index reflections 
are very intense it is assumed that they are of the type which corresponds 
to Fourier waves that have crests at most, or all, of the atom locations.^ 
That they have crests at many such locations is the reason why the wave 
has a large amplitude. An example is shown in Fig. 7. The crystals of 
C 6 (CH 3 ) 6 , though triclinic, have a cell whose (001) section is almost 
exactly hexagonal. There are four very strong reflections, 001, 340, 470, 
and 730. The strong 001 reflection assures that all atoms lie close to the 
(001) planes. The other strong reflections are from planes parallel to 
the c axis. They are outlined in Fig. 7. The atoms must also lie close 
to these planes. If the molecule (whose shape is assumed from the chemi¬ 
cal formula) is shifted around the projection, it is found that its atoms 
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fit the intersections of these planes neatly as shown in Fig. 7. With one 
molecule per cell, the origin is the only permissible location, and the only 
unknown is the orientation of the molecule. In general, any of the 
Fourier waves for 340, 470, and 730 might have been either + or — 
at the origin. Had any been negative, its crest would have occurred 
half way between the lines of Fig. 7, and then the molecules could not 
have been fitted to the intersections. 

This method of phase determination and atom location has been used 
chiefly with a certain class of organic compounds, and especially by 
Robertson and his school. ^ It is especially useful in centrosymmetrical 



Fig. 7 . 

Relation between the locations of the carbon atoms in C6(CH3)6 and the crests of 
large-amplitude reflections. 

(After Lonsdale.^) 

cases when one dimension of the cell is small, and when the known shape 
of the molecule is planar and centrosymmetrical. If it is assumed that 
the number of molecules per cell is such that the molecule may occupy a 
symmetry center of the space group, the problem reduces to finding the 
orientation of the molecule. This must be such that the atoms of the 
molecules lie close to near-intersections of crests or troughs of Fourier 
waves corresponding to intense reflections. 

Convergence of successive Fourier syntheses 

One of the most important uses of Fourier syntheses in crystal-struc¬ 
ture analysis is to improve the knowledge of the locations of atoms of a 
structure for which the approximate locations are already known. This 
matter will be discussed in more detail in Chapter 22. The general 
reasons why this is so may be anticipated by considering a centrosym¬ 
metrical crystal referred to an origin taken at a center. Under these 
circumstances (as will be shown in Chapter 15), the quantity in (28) 
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and (59), reduces tu 

Fh = /a.i cos 'lirhxi + A .2 cos 27rAx2 • ■ ■ 
j 

- ^ !h,i cos 2-KhXj. (61) 

j= 1 

These are merely positive or negative numbers, ±|/^a|. Furthermore, 
the exponential in (58) reduces to a cosine, so that 

H 

S = C y ±\Fft\ COB 2Trhx. (62) 

Each Fourier component is therefore a cosine wave of amplitude \Fh\, 
which is either positive or negative at the origin. 

Now, if the approximate locations of the atoms are known, the several 
real quantities Fh can be computed from (61). Due to the only-approxi¬ 
mate knowledge of the atom location, the computed quantities may not 
be very accurate, yet they all have correct signs, except for those ^vhose 
magnitudes are close to zero. For these particular F's, the near balance 
of terms in (61) may permit the sum to be thrown to the wrong side of 
zero. If the calculated signs are attributed to the experimentally meas¬ 
ured FhS, (omitting any with doubtful signs) the correct electron density 
(62) can be computed. This computed electron density shows all atoms 
in essentially their correct positions except for slight shifts due to omitted 
small FhS with doubtful signs^ If a new computation of Fh in (61) is now 
based upon the improved locations of atoms revealed by this electron- 
density map, the FhS which were omitted from the first electron-density 
synthesis because of doubtful signs can be added to the series. The new 
series yields atom locations further improved. In this way a sequence of 
successive Fourier series converges to the correct atom locations. 

A sequence of successive Fourier syntheses converges to the correct 
atom locations even if a considerable number of F^'s with incorrect signs 
are included in the first synthesis, provided that the F's with incorrect 
signs have relatively small numerical values.”^ This is because if the sign 
of one of the many cosine waves which build up the appearance of an 
atom is reversed, it weakens the appearance of the atom but does not 
annihilate it. For this reason, a limited number of F’s with incorrect 
signs can be tolerated in a Fourier synthesis provided these are not F's 
of large numerical values. 

t An exception occurs for crystals which can be regarded as having substructures. 
For such crystals, the correctness of the structure depends upon Fs which are often 
quite small. 

5 And due to omitted beyond h = H; this gives rise to the series-termination 
error, noted more fully in Chapter 22. 
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If a crystal is composed of both heavy and light atoms, the amplitudes 
of most F^s are dominated by the heavy atoms. For such crystals, it is 
often possible to determine the signs of the F’s as computed with (61) 
by using terms for the heavier atoms only. The Fourier synthesis based 
upon these F^s then shows both heavy and light atoms. This is the basis 
of the heavy-atom method discussed in detail in Chapter 19. 

Literature 

Examples of the method of intense high-index reflection 

1 Kathleen Lonsdale. The siructure of the benzene ring in C&iCHz)^. Proc. Roy. 

Soc. (London) (A) 123 (1929) 494-515. 

2 J. Monteath Robertson and J. G. \'\Tiite. The crystal structure of coronene: A 

quantitative x-ray investigation. J. Chem. Soc. (1945) 607-617. 

3 D. M. Donaldson and J. M. Robertson. The crystal and molecular structure of 

ovalene: A quantitative x-ray investigation. Proc. Roy. Soc. (London) (A) 
220 (1953) 157-170. 

^ A. Tulinsky and J. G. White. Rigid-body torsional vibrations in three typical 
members of a class of benzene derivatives. Acta Cryst. 11 (1958) 7-14. 



370 



Forms of Fourier syntheses useful 
in crystal-structure analysis 


In the last chapter the general nature of Fourier synthesis was dis¬ 
cussed and some of its properties useful in crystal-structure analysis were 
demonstrated. In this chapter the particular forms of Fourier syntheses 
which are actually used in crystal-structure analysis are developed. The 
most important forms are the three-dimensional synthesis of the electron 
density, the synthesis of sections through the electron density, and the 
synthesis of projections of the electron density. There are other less 
important forms, most of which fall in the category of syntheses of 
projections of limited portions of a unit cell, and modulated projections. 

Three-dimensional synthesis 

The representation of a function of one variable by means of Fourier 
synthesis was discussed in the last chapter. A function of several varia¬ 
bles can also be represented by Fourier series. In particular, the elec¬ 
tron density as a function of the x, y, and z coordinates of three-dimen¬ 
sional space can be so represented. The relation behind this extension is 
fundamentally the same as that used by the mathematician Cantor to 
enumerate the points in a plane in terms of the points along a line. 

Any point, Pxyz, lies in a line radiating from the origin. Along this 
line the electron density may be represented by a one-dimensional 
Fourier series. This Fourier series may be thought of as composed of a 
fundamental wave and its harmonics. Such a Fourier series synthesizes 
the electron density along the entire line from the origin. If every point 
in space is to be covered, then there must be a Fourier series along each 
of the infinite number of rays in space. This requires, ideally, a triply 
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infinite number of Fourier coefficients. It should be noted that at every 
point Pjcyz there occurs not only a summation due to the Fourier waves 
normal to the ray to Pxyz, but also a summation of Fourier waves normal 
to all other rays. 

Correspondence between fundamental Fourier waves and 
crystal planes. Since the structure of the crystal has the periodicity 
of its lattice, only those fundamental Fourier waves are permitted which 
are periodic with the lattice. It is evident that the wavefronts of a 



Fig. 1. 


fundamental Fourier wave must have the same geometry as the stack of 
rational planes parallel to the wavefront. It is convenient to associate a 
Fourier wave with that particular crystal plane having the same direction 
and spacing. Let the indices of a particular stack of crystal planes be 
(hi ki li)j Fig. 1; then the corresponding Fourier wave may be designated 
by the same set of indices hi ki h, written without parentheses. The 
wavelength \hhi of the Fourier wave is identical with the spacing dkki 
of the stack of crystal planes. 

If a crystal plane is rational, then its three indices (referred to a primF 
tive cell) can contain no common factor. Consider the contrary proposi¬ 
tion, namely a set of indices (nh, nk, nl) containing the common factor n. 
If these indices were interpreted on a crystallographic basis, they would 
correspond to the set of planes (hkl), plus n—1 more sets of interleaved 
planes. Since the plane (hkl) contains all the points of the lattice, the 
additional ^i—l sets of planes can contain no lattice points, so that the 
indices nA, nfc, nl do not correspond to a set of rational planes. But they 
do correspond to the Tith harmonic of the Fourier wave hkl as shown on 
the right of Fig. 1. Accordingly, if every combination of all integers h, k, 
and I is assured for the indices of Fourier waves, then not only are funda¬ 
mental Fourier waves of every direction included, but all their harmonic 
wave are included also. To write a Fourier series to represent a three- 
dimensional function, therefore, every different combination of indices hkl 
must be represented by a different Fourier coefficient Kn in series (18) of 
Chapter 13. The coefficient is accordingly designated Khkh this 
way, the three-dimensional coefficients Khki Q-re enumerated against the 
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one-dimensioiial set K„. (This enumeration is similar to that used by 
Cantor to enumerate the points in a plane in terms of the points ahnig a 
line.) 

The phase of a wave at a point in the unit cell. It remains to 
determine the value of the exponent n<t> in (18) of Chapter 13, which cor¬ 
responds with the Fourier coefficient Khki- Figure 2 shows a diagram¬ 
matic representation of a Fourier wave hkl of wavelength What is 

the phase of the wave at point Pxyzj where the coordinates xyz of the 
point are fractions of the cell edges a, h, and c? Since the phase of the 
wave is proportional to the distance along its wave normal, dhki, the 

phase at Pxyz is the projection of vector p 
on dhki' 



2t 


prOJ. ^xyz 

dhki 


dhki 


(Pl-Oj. ^xyz)- 


( 1 ) 


It is convenient to express the right of (1) 
in vector notation. The vector of length 
l/dhki and having the direction of dhki is 
the vector in reciprocal space from the origin to reciprocal-lattice point 
hkl\ this vector is customarily written ahku The right of (1) calls for 
the scalar product of this vector with vector p, so that (1) can be written 


27r 




( 2 ) 


To find the numerical value of this, one can substitute the values of a-hki 
and ^hki expressed in terms of their components: 


and 


^hki == Aa*+A;b*+Zc% 


Vxyz = a;a+2/b+3C. 


(3) 

(4) 


The scalar product of these is 

^ThkWxyz = (/ia*+A;l)*4-Zc*)-(a;a+2/b+^c) 

= hx+hy+lz, ( 5 ) 

If this is substituted in the right of (2), then the value of <f> is seen to be 
0 = 2'K(Jix~\-ky-]rlz), ( 6 ) 

Therefore, the terms of the three-dimensional Fourier series corresponding 
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P(xyz) 




hki e 


-i2t ihx-\-ky-i-lz) 


k k I 


or, in absolute coordinates, 


PCXYZ) “ 




h k I 


^-t2T (hXia+kYl b+lZic) 


(7A) 


(75) 


Evaluation of the Fourier coefficient. Relation (7) expresses the 
electron density at a desired point (coordinates xyz) in the unit cell in 
terms of a set of unknown Fourier coefficients Khki- The values of these 
coefficients can be determined by an analysis similar to that used in the 
one-dimensional case of Chapter 13: 

The amplitude of the reflection hkl in terms of the scattering powers fj 
of the several atoms located at fractional coordinates Xy, and Zj was 
given in (45) of Chapter 2 : 

f’Aiz = (8) 


If, instead of assuming discrete atoms at locations xj yj Zj, one assumes 
that the structure is composed of an electron density pcxyz)} which varies 
continuously over the volume of the cell, then the amplitude of the 
scattered wave can be expressed by replacing the summation over the 
several atoms in ( 8 ) by an integration over the absolute volume V: 

Fhkl = P(.yz^ ( 9 ) 

Since the volume is a function of a, &, and c, this integration over V 
can be expressed as a triple integration over a, h, and c. The relation 
between V and a, 6 , and c, is 

V = abc “v/l — cos^ a — cos^ /3 — cos^ t + 2 cos a cos p cos 7 , (10) 

where or, and 7 are the interaxial angles of the unit cell. In a similar 
way, the elementary unit of volume dV may be expressed in terms of 
dX, dYj and dZ, as follows: 

dV = dX dY dZ — cos^ a — cos^ — cos^ 7 + 2 cos a cos cos 7 . 

( 11 ) 

If ( 11 ) is divided by (10), the result is 


dV dX dY dZ 
y ““ abc ' 


( 12 ) 
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so that the change of variables is given by 

dV = \~dXdY dZ. (13) 

abc 

The equations are less bulky if fractional coordinates, 

X 

X = —f 

a 
Y 

z 

c 

are used. From these it follows that 

dX = adXj 
dY = 6 dy, 
dZ = c dz. 

If these values are substituted with (13), the relation between differential 
volume and coordinates becomes 

V 

dV == — adxb du cdz 

abc ^ (16) 

== V dxdy dz. 

When this is substituted into (9), it takes the form 

Fhu = /o' /o' /o' P(x.z) V dx dy dz. (17) 

To evaluate the Fourier coefficient, the value of p^xyz) is substituted 
from (7/1) into (17): 

Fm = /o' /o' /oT II! e-^^r^h:.+ky+l2) ^v2ri.hx+ky+U) y 

h k I 

For convenience, designate the two sets of hkVs in (18) as hi ki li and 
^2 ^-2 h- With this change, and when the exponentials are consolidated, 
(18) becomes 

Fm = 111 /o' /o' /o' F dx dy dz. 

hi ki li 

(19) 

Each integral in (19) is characterized by six integers, hi, ki, li, and 


(14) 


(15) 
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/i2 = hi, 

k2 = ki, ( 20 ) 

^2 = h 

has the following value: 

/o' /o' /o' (21) 

On the other hand, any integral for which one or more of the conditions 
of (20) do not hold, vanishes. For example, suppose h 2 9 ^ hi. Then the 
integral is 

/o' /o' /o' g.SxCZW,)* y (22) 

According to (33) of Chapter 13, the integration of dx over the range 0 to 
1 vanishes. 

Since the only non-vanishing integral of the summation is that for 
which (20) holds, and whose value is given by (21), the expression in (19) 
simplifies to 

F hihih = VKkm. (23) 

This means that for each set of indices hkl, 

Khki = yFhkh (24) 

Therefore the three-dimensional Fourier synthesis (7A) of the electron 
density can be written as follows in terms of the amplitudes scattered 
in the reflections hkl: 


Pi.y.) = I 5) X 2 (25) 

h k I 
- 00 

The zero term of this Fourier summation is provided by substituting 0 0 0 
for hkl in (24): 

•K^ooo = yFaoo 

(26) 


where Z is the number of electrons in the unit cell. 
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The synthesis. A Fourier summation such as (25) supplies the value 
of p when the set of coordinates xijz is substituted into the right side of 
the relation. Theoretically, .r, y, and z may be thought of as continuous 
variables; then (25) supplies the value of the function p as it varies over 
the three-dimensional cell. In actual practice, if one wishes to know 
the numerical value of p, it is necessary to specify a location, such as 
•ri, yij ^ 1 , where this value is required; substitution of the numerical values 
of xi, iju and zi in the right of (25) then provides p(xuyuzi) result of a 

triple summation over hj k, and 1. In other words, the computation 
implied by (25) is a discrete process which applies to a discrete point in 
space. 

A single value of p is ordinarily of no use by itself. In crystal-structure 
analysis, one usually wishes to know how the value of p varies over the 
cell since maximum values of p denote centers of atoms. To find out how 
p varies over the cell, the cell can be imagined to be sampled by points 
uniformly distributed throughout its volume. This amounts to choosing 
a sampling interval for r, y, and ; 2 . Several such intervals are in com¬ 
mon use. For example, the cell edge, a (or 6 or c) can be sampled at 60 
uniformly spaced points by letting x (or y or z) assume the discrete values 
^ TO, w • ' ‘ TO- Common sampling intervals are ■^, tto, to, 

and tto- If cell has no symmetry, the electron density is different, 
in general, at every point in the cell, so that the number of different 
computations required for these intervals is: 


Interval 
^ of cell edge 

Total number of sample points per cell 
50® = 125,000 

of cell edge 

60® = 216,000 

of cell edge 

100 ® = 1,000,000 

xsTT of cell edge 

120 ® = 1,728,000 


The number of sample points required is reduced by a factor equal to the 
reciprocal of the number of symmetry operations per primitive cell in the 
space group. 

When all these numerical values of the electron density are available, 
the set of results is not, in itself, readily interpreted. Part of the diflSiculty 
is that the three dimensions of space are utilized by the sample points, 
and there is no further dimension available for representing the value of 
the function (electron density) as it varies over the three dimensions. 
This difficulty is customarily avoided by regarding three-dimensional 
space as represented by a stack of parallel planes, spaced by the amount 
of the sampling interval not contained in the plane. In other words, 
the three-dimensional distribution of electron density is regarded as 
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sampled along a sequence of parallel planes. The distribution in each 
sample plane can be regarded as hills and valleys in the third dimension. 
For convenience the height of the function in this third dimension is 
customarily represented by drawing, in the two-dimensional section, 
contours connecting equal values of the electron densitj" in that section. 


Electron-density sections 


Not only are sections through the three-dimensional distribution of 
electron density used as a routine method of studying the total dis¬ 
tribution of electron density in space, but, in some problems, it is sufficient 
to synthesize one such section only, or a limited number of sections 
Sections are normally selected parallel to a rational plane. If a section is 
attempted parallel to an irrational plane, the pattern in it does not repeat 
because the plane does not contain translations. The simplest sections 
are parallel to the pinacoids. If the cell is a reduced ceW the pinacoids 
are characterized by having the desirable features of greatest spacing, and 
meshes of smallest areas. 

Although the full three-dimensional summation involves a triple sum¬ 
mation, a section requires only a double summation. The forms of these 
summations for the various cases are derived below. 

Pinacoidal sections. Suppose one wishes a section parallel to 
(001). Since this is parallel to the a and h axes, the x and y coordinates 
are variables for the synthesis, but z is constant, at some value zi. The 
forms of the synthesis can be derived by substituting the constant zi 
for z in (25), and permitting x and y to remain variables. The specific 
form of (25) is then 

P(xv.o = I X X 2 (27) 

h k I 

It is convenient to separate this into variable and constant parts: 


PM = ? X X X 


h k I 




-ilx{hx+kj/) 


(28) 


h k 


The part in parentheses should be performed first, giving a set of terms 




( 29 ) 


'*■ M. J. Buerger. Reduced cells. Z. Krist. 10$ (1957) 42-60. 
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This merely amounts to performing, for each row of the reciprocal lattice 
having a constant hk, a summation over all the F’s in the row, except that 
every F is weighted by the factor before adding. This becomes a 

Fourier coefficient for the double summation 


^ (30) 

— 00 
h k 

This summation is particularly easy when there is a symmetry center in 
the origin and a mirror at xyO. The exponentials of (28) then becomes 
cosines, and (30) becomes 


P(xyzi) 




cos 2T(hx+kij), 


(30A) 


where the prime indicates that the level I — 0 enters at half weight. For 
sections at ^ = 0 and z = h the forms of (29) for (30A) for centrosym- 
metrical crystals are particularly simple, namely 


^1 = 0 : Qh.jc, 


Zi — !•: Qhiki 



Phikih 




(31) 


An example of the Fourier synthesis of an electron-density section is 
shown in Fig. 3. In order to show the significant features of several or all 
the sections of a cell at once it is customary to transfer to one sheet the 
contours of each atom from that sheet where that atom attains its maxi¬ 
mum electron density. An example of this kind of representation is 
shown in Fig. 4. 

General sections. A less simple form is taken by the summation 
for a section parallel to a more general rational plane hi ki li. To derive 
the form for such a section, the relation between the coordinate xyz and 
the indices hi hi li can be used. This relation is^ 


hix + hiy Ixz = m. (32) 

This equation ordinarily represents a stack of parallel planes, each plane 

t M. J. Buerger, Elementary crystallography. (John Wiley and Sons, New York, 
1956) 18-21. 
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Fig. 3. 

Electron-density section P(xyzi); coesite, Si02. 



Fig. 4. 

Set of electron-density sections pcxyzih for various levels zi containing maxima, pro¬ 
jected parallel to c; coesite, Si 02 - 
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at a distance mdhikUi from the origin, where m is an integer. ^\hen 
= 0, the plane passes through the origin; when m = 1, the plane is 
the next rational one from the origin, and spaced a distance dhii trom the 
origin. If one wishes to synthesize the electnjii density at a distance 
from the origin equal to a fraction, q, of dhkh then this fraction should be 
substituted for m in (32), so that the desired relation for a level q is 

hix + kiij hz ^ q = a fraction). (33) 

The expression for the electron density is 

/OKX. — ^ w ^—%2T{hx-\’ky+lz) 

(25): Pi^xyz) 

h k I 

The phase of the exponential is given by 

Qix+ky+lz) = (34) 

This can be combined with (33) to eliminate x, y, or z: 

4> 

(34): hx + ky + fe = 5^' 

(33): hx + kiy + liz = q. 

If z is eliminated, the phase of the exponential is found to be 

+ (35, 

The form of the synthesis is found by substituting this for the expression 
in parentheses in (25). 

Projections of the electron density 

General features of projections. Three-dimensional syntheses are 
difficult to compute and tedious to represent graphically. For pre¬ 
liminary work in crystal-structure investigations it is common practice to 
utilize the much simpler 'projections of the electron density. The relation of 
the full three-dimensional distribution of electron density and its two- 
dimensional projection is illustrated in Figs. 5 and 6. In this relation the 
three-dimensional distribution of electron density is always projected 
parallel to a rational crystallographic direction (that is, parallel to a 
translation). 
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Fig. 5. 

Set of all electron-density sections pixysi) containing maxima, projected parallel to c. 
(This is similar to Fig. 4, except that in Fig. 4 a limited number of levels are pro¬ 
jected, while in this figure all levels containing maxima throughout the cell are 
projected.) 



Electron-density projection p(xyy (projected parallel to c) for coesite, Si02, correspond¬ 
ing to Fig. 5. 
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The projected density is nearly always^ mapped on a plane at right angles 
to the direction of projection. This plane is irrational unless the pro¬ 
jection direction is a symmetry axis of the lattice. The commonest pro¬ 
jection directions are those of crystallographic axes, although for special 
purposes non-axial directions such as [ 110 ] are sometimes used. 

Deduction from three-dimensional synthesis. A projection of 
the electron density in a particular direction corresponds mathematically 
to an integration over the lattice period in that direction. Suppose that 
the projection in the direction c of the electron density given by (25) is 
required. This corresponds to integrating (25) from Z = 0 to Z = c: 


P{XY) 


/; 


P{XYZ) 


dZ. 


(36) 


The notation is simplified if fractional coordinates are used. To change 
variables, note that, according to (15) 


dZ = cdZj 


(37) 


and the limits become 2 = 0 to 2 = 1 . Thus (36) transforms into 

P(xy) ^ Jq Pixyz) e dZj (38) 

and, substituting from (25) for p^xyz), one obtains 

= /j ^ 2 2 ^ dz. (39) 

h k I 

Some of the quantities in (39) are functions of z; others are not. If 
these parts are separated, (39) becomes 

P(^y) = I X X X (40) 

A k I 

= ^ X X X dz, (41) 

h k I 


where the volume, 7, of the cell has been expressed as the length of the 
c axis times the cross-sectional area, aS, at right angles to it. The integral 
in (41) behaves differently, according as i = 0 or Z 7 ^ 0. When I == 0, 
the integral is unity; otherwise it is zero. Thus the only contributions to 
the summation over Z in (41) are those terms for which Z = 0, so that (41) 

^ If the plane of projection is not taken normal to the direction of projection, the 
geometry is distorted; for example, circular atom outlines become elliptical. Such 
oblique projections should be used only if there is a reason to depart from the normal 
projection. 
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Table 1 

Forms of Fourier synthesis of the electron-density projection for various 

projection directions 

Direction of 
projection 

Reflections 

used 

Form of synthesis 

[100] 

Okl 

1 ^ 

k 1 

[010] 

hOl 

h 1 

[001] 

hkO 

h k 

[110] 

hkl 

h 1 

[ITO] 

hhl 

h 1 

h k 

[101] 

hkh 

[lOT] 

Kkh 

h k 

[011] 

Ml 

1 ^ y 

h 1 

[OlT] 

Ml 

h 1 

h k 

[111] 

hklf = 0 

i.e. hk(h+k) 

[Til] 

hkl, -h+k+l - 0 
i.e. hk(h+k) 

h k 

[111] 

hkl, h-k+l^O 

i.e. hk{h~]-k) 

h k 

[111] 

hkl, h+k—l = 0 

i.e hk(h-\-k) 

h k 
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reduces to 

P(x.> = 

h k 

which, expressed in absolute coordinates, is equivalent to 


P(XF) 


S 



P —i^rihXla-j'kYfb) 
^ hki) ^ 


(42.4 j 


(42B) 


An example of the Fourier synthesis of a projection of the electron 
density is given in Fig. 6. 

Direct determination of form of the two-dimensional synthesis. 

This result could have been expected on less formal grounds. From the 
discussion given in the initial part of ^^Three-dimensional synthesis,^' 
it is evident that to represent a two-dimensional periodic function by 
Fourier synthesis requires that the two-dimensional cell be covered by 
Fourier waves corresponding to the rational lines of the two-dimensional 
lattice. The Fourier coefficients are therefore An analysis similar 

to that given for one dimension and three dimensions shows that 


Khk = ~gPhk, 


(43) 


where /S is the area of the two-dimensional cell. The coefficients Fhk, 
which apply strictly for a two-dimensional grating, are obviously F^k^ 
when labeled according to three-dimensional indices. The cell edges, 
Fig. 7A, correspond to the projections of a and h of the three-dimensional 
cell- Figure 7B shows the geometry in two dimensions, corresponding to 
the geometry in three dimensions, as already discussed, which leads to 
the conclusions that the phase at Pxy is given by 



(44) 


(45) 

= (hx+ky)2'ir. 

(46) 


From these considerations (42) could have been deduced without refer¬ 
ence to the three-dimensional case. 

Projections in non-axial directions. As a result of the discussion 
of the foregoing sections it becomes an easy matter to write down the 
form of a Fourier synthesis for a projection in any rational direction. 
The Fourier waves to use for any projection direction correspond to the 
planes in the zone of (that is, parallel to) that direction. If the direction 
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is [uvw], the planes corresponding to the required reflections hkl must 
satisfy the relation for planes in a zone, namely 

hn+fcv+lw == 0. (47) 

The directions most commonly used, other than the directions of the 
crystallographic axes, are the several diagonals of the cell. Table 1 lists 
the forms of the Fourier synthesis for the most commonly used projec¬ 
tions, and the reflections whose amplitudes are required for the synthesis. 

In planning for an electron-density" projection, one should bear in 
mind that, if the crystal has symmetry, its projection has the projection 



Fig. 7A. Fig. 7B, 


of that symmetry. An example of this is shown in Fig, 8 , which repre¬ 
sents several projections in different directions of the mineral realgar, 
AS 4 S 4 . The space group of this crystal is P 2 i/n. This symmetry pro¬ 
jects parallel to both [100] and [001] as the plane group p2gg. But it 
projects in the direction [ 101 ] as plane group p2gm. The importance of 
the projected symmetry is discussed in Chapter 16. 

Stereoscopic pairs of projections. Cowley^^ has pointed out that 
if two projections of the same structure are prepared for somewhat differ¬ 
ent directions, the pair of projections has stereoscopic qualities. The pair 
can therefore be used to determine all three coordinates of the atoms. 
Stereoscopic pairs of projections have been little used. 

Mapping the synthesis. In the discussion of the Fourier synthesis 
of the three-dimensional electron-density function, it was pointed out that 
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each summation provides a sample of the function at one point in the 
volume of the cell. Similarly, in any Fourier synthesis of a two-dimen- 
sional function, each summation provides a sample of the function at one 
point in the area of the section or projection. 

If the summation is computed by digital methods, it is customary to 
distribute the sample points unifoimily over the area of the cell. Thus 
the a (or b or c) axis of the cell is divided into N parts, and the sampling is 

carried out by letting X = 0 ( 1 /AO? 2(l/vY) • * • (A^ —1)(1AV). 




Fig. 8. 

Some projections of the space group P2i/n. 

If the section or projection contains no symmetry, this calls for the 
following number of sample points in the cell: 

Interval Total number of sample points per cell 
^ 50^ - 2,500 

60^ = 3,600 

xk 100^ = 10,000 

Th 1202 = 14,400 

If the two-dimensional cell contains any symmetry, this number is 
reduced by a factor equal to the reciprocal of the number of symmetry 
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operations in the primitive cell. It is convenient to study the distribution 
of electron density in a section or projection by drawing contours of equal 
electron density. 

It is also possible to use an analogue computer to provide a contoured 
picture of the distribution of electron density in either a section or pro- 
jection. The best-known device for accomplishing this is Professor Ray 
Pepinsky’s X-RAC.t 

Projections of part of the electron density 

There are several ways in which portions of the cell contents can be 
projected. These are noted below in order of their importance. 

Projected slabs. The possibility of devising a Fourier synthesis of a 
slab of the electron density of a cell was discovered by Verner Schomaker 
(unpublished, but reported by E. W. Hughes^) and rediscovered by 
Booth^® some years later. In deducing the form of the Fourier synthesis 
of the projection of the electron density from the three-dimensional form, 
it was pointed out that projection of the entire cell contents corresponds 
to integration over the period of the projection direction. It follows that 

R. Pepinsky. An electronic computor for x-ray crystal structure analyses. J. AppL 
Phys. 18 (1947) 601-604. 

§ E. W. Hughes- Recent x-ray and electron-diffraction work at the California Institute 
of Technology. Am. Soc. for X-ray and Electron Diffraction, Gibson Island Meeting, 
July 30, 1941. 
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the projection of a portion of the cell contents corresponds to integrating 
over a portion of the period. 

Suppose that the projection on a plane normal to c is required of the 
cell contents lying between two (001) sections at levels zi and 22 , Fig. 9. 
This calls for integrating (25) between the limits zi and 22 . Following 
the pattern of (36) through (38), this integration is 

P(X7/z) ~ j 2 ^ ^ 

Substituting for p^xyz) from (25), this becomes 

P(x.z) ['* = ^ X c dz. (49) 

h k I 


If the quantities which are not functions of z are separated from those 
which are, they may be moved to the left of the integral sign, giving 


P(xyz) 


h k I 

nil 

h k I 


The term in braces can be reduced as follows: 


Fhki e-“2-(Ax+i») 

J 

rz2 

/ 

Zl 

F,m j 

1 

^ —i^Tl 


' dz 


(50) 


— i2tIz2 Q — i2irlzj^ 


(51) 




„ _jL_ fg~i 2 Wz 2 — 
z 2 xZ 


^ gi2irZ(z2+zp/2 


^^—i2tIz2 _ g--”i2TZzij 


^ - \p—i2Tcl{z2'~z{i 12 _ p~~‘%2rl{z^—Z2) 12] 

,i2THz2+Zi)I2 1 ® ^ " 1 


i2Tl e 
1 1 


Jg—i2irZ(z2~-2i)/2 gi2xZ(22—Si)/2J 


{-2isin[27rZ(z2 - Zi)/2]} 


t 2 xZ e»2iZ(*2—*i)/2 
1 

22 xZ 


wl 


(52) 


When this is substituted for the term in braces in (51) the following sim¬ 
pler form results: 
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h k I 


^ ^ ^ ^ . fi\ gi2r[hx+ky+Uti^t{)l2] ^ 


s 


irl 


h k I 

To make this expression more understandable, note that 

^ = Zm, the mid level of the slab, 

Z 2 — Z 1 — A 2 , the thickness of the slab. 
With this simplification, (53) can be rewritten 
1 Y' sin xZ A 2 

= s 2/ 4 4 


^—i^vQix+ky+lZj^) 


(53) 

(54) 


(55) 

(56) 

(57) 


h k I 


This reveals that the synthesis has the same exponential form as the 
synthesis of a section of level 2 ^, except that the Fourier coefficient is 
modulated by the term (sin xZ Az)/TrL When Az = 1, corresponding to 
the projection of the full cell, this term becomes ( — 1)^ and the second 
exponential term in (53) can be given the value ( —1)^ {z 2 =1, zi = 0). 
The synthesis then degenerates into that for an axial projection, (42.4). 

The work of performing the synthesis can be displayed by expressing 
(53) or (57) in the form 


where 


P(.xyz) 


1 

s 


III 


Rhkl 


Rhkl — Phkl 


sin xZ Az 
xZ 


(58) 

(59) 


This brings out the fact that the synthesis is performed by first finding 
the coefficients Rhu, after which the remaining work is that for standard 
synthesis for a section at level Zm- 

Another view of the work is to express (57) in terms of a two-dimen¬ 
sional summation; 


P(.xyz) 



Qhk 


(60) 


where 


Qkk 


I 


' hkl 


sin xZ Az 


-i2Tlz 


(61) 
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Table 2 


Some \alues of- 


. sin ttI Az 


ttI 


for use with the Fourier synthesis of projected slabs 


Az 


1 

1. 

o 


T 

1 

¥ 

0 


i 

1 

4 

A 

6 

1 

3183 

2756 

2250 

.1591 

2 

0 

1378 

1591 

1378 

3 

- 1061 

0 

.0750 

1061 

4 

0 

-.0689 

0 

.0689 

5 

0637 

- 0551 

- .0450 

.0318 

6 

0 

0 

- 0531 

0 

7 

- 0455 

.0394 

-.0321 

- 0227 

8 

0 

0345 

0 

-.0345 

9 

0354 

0 

.0250 

- 0354 

10 

0 

- 0276 ! 

0318 

- 0276 

11 

- .0289 

- 0251 

0205 

- 0145 

12 

0 

0 

0 

1 0 

13 

0245 

0212 

-.0173 

.0122 

14 

0 

0197 

' - .0227 

0197 

15 

- 0212 

0 

-.0150 

.0212 

16 

0 

> - 0172 

0 

0172 

IT 

0187 

- 0162 

.0132 

0094 

18 

0 

0 

.0177 

0 

19 

- 0177 

.0145 

.0118 

-.0084 

20 

0 

.0138 

0 

- 0138 


This shows that the simple one-dimensional summations over Z in (61), 
one for each combination hk, should be performed first. When this is 
done, the remaining work, (60), is exactly that of synthesizing a projec¬ 
tion. But, unlike in the projection of the full cell, all Fhki^^, in general, 
are required, not just a set of 

The form of the summation in (61) is comparatively simple, especially 
if the values of Az and Zm are selected with care. In the first place the 
term in brackets in (61) simply modulates Fhki, and is constant for a given 
Z; i.e., all F's in the same level of the reciprocal lattice are to be multiplied 
by the same modulating factor. Thus at most only 2L+1 factors 
need be computed, where L is the highest level for which data are availa¬ 
ble. In some choices of Az and z^ the factors are zero. Some examples 
are given in Table 2. 

To see the behavior of the function (sin ttZ A 2 )/xZ, multiply both numera¬ 
tor and denominator by A^: 


Az sin xZ Az 


^ sin (xZ Az) 

Az -- 

(nlAz) 


Az irl 


(62) 
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Fig. 10. 

Projections of tetramethylpyrazine. 

A. Projection p(y^) of the full unit cell. B. Bounded projection 




(After Cromer, Ihde, and Ritter. 2 ^) 


The fraction on the right is the well-known diffraction function (sin 
Therefore the value of (62) is AE(sin <^/<^>), where <j> = tI Az, 

Projected slabs are used chiefly in cases where the projection of the 
entire cell causes superposition or partial superposition of atoms on differ¬ 
ent levels. Often the projection of half the cell resolves the atoms in such 
instances. An example is shown in Fig. 10. Other examples are to be 
found in literature. 

Projected sections. Booth^® has also shown that it is possible to 
synthesize the projections of several sections at the same time. For 
example, suppose it is desired to synthesize the two sections p(xyzi) 
P(xyz 2 )‘ The multiple synthesis has the Fourier representation 


P(xyzi,Z2) *“ P(xyzi) "t" P^xyzii 



Fhki 



J. 

V 


III 

h k I 

III 


Fhki 




(63) 
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More generally, several sections can be synthesized by using 


P(xy'Sz) 


T-ni 


p ^~-i2T(hx+ky+lZz) ^ 


The two-dimensional form of the synthesis is brought out by separating 
the portion which is a function of z: 




FhJrl ^-i2T(hx+ky)^ 


h k I 


Miscellaneous syntheses. Huggins^^ has brought together a number 
of Fourier syntheses of possible use in crystal-structure investigation. 
Little use has been made of many of these. 


Modulated projections 

Several investigators have devised functions of the electron density 
which may be called modulated projections. They are modulated in the 
sense that the electron density is modified by a weighting function which 
varies, for example, with the coordinate z of each atom. These functions 
have several uses, which will be noted presently. 

Generalized projections. Clews and Cochran,Dyer,^® and 
Cochran and Dyer^^ have described the most general modulated function, 
which has been called a generalized projection. In this function the elec¬ 
tron density is modulated by a factor where L is a constant value 

of the index Z, Before going on, it should be noted that jg merely 
an operator which shifts the phase through the angle 2tLz, so that, 
whereas p^xyz) is a real, positive quantity, is a function com¬ 

posed of the same absolute magnitudes, but all of the phases, instead of 
being zero, are 2tvLz. 

The generalized projection is the integral of p^xyz) over the period 
of the projection. If the projection is to be made along the c axis, the 
generalized projection is defined by 

PLixy) ” P(xyz) 0 dz. (66) 

If the Fourier expression for p^^y^) is substituted from (25) into this, it 
becomes 

PU.y) = 7 X X X ^ (gy) 

h k I 

^ ? X X X j (gg) 

h k I ^ 
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The integral m ((38j is 1 when L = /, but zero when L 9^ I . Therefore 
((38j reduces to 

PUxm = ^ ^ (69) 

h k 

Note that, when L = 0 , (69), becomes 


P0(xi/J 


I 

S 



Fhkii e 


—i2x(hz+ky) 


(70) 


” Pixy)' (^ 1 ) 

That is, when L = 0, (69) reduces to an ordinary projection parallel to 
c. The ordinary projection is synthesized from zerodevel F^s. In con¬ 
trast, (69) is synthesized from the F’s of the Lth level. Partly for this 
reason such syntheses are called generalized projections. 

Generalized projections are useful for several purposes. Funda¬ 
mentally, a generalized projection, piixy), be used to determine the 
coordinates xy of the atoms in the structure. A separate and inde¬ 
pendent determination is available from the set of F’s of each level of the 
reciprocal lattice. The projection can also be used to determine the 
approximate 2 : coordinate of each of the atoms in the structure. 

To understand how this is possible, let the electron density due to the J 
atoms of the crystal structure be resolved into the contributions, V? 
of the individual atoms of the structure. Thus the electron density of 
the crystal can be expressed as the sum of the electron densities of its 
individual atoms: 


P(xyz) ■“ ^Pixyz) P{xyz) * * ’ Pixyz) 

J 

” 2 ^Pixyz)- ( 72 ) 

Now consider the electron-density contribution, ^p(xyz), of the jth atom 
only. This is 

^ ^ X X (73) 

h k I 

and its generalized projection is 

( 74 ) 

h k 
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For L = 0, this reduces to the ordinary projection 


^P0(xyj 


1 

s 



^Fhko e 


—i2r (hx-\-ky) 


(75) 


But, for an individual atom, 



^Fhki = 

(76) 

so that 


= %fco 

(77) 

and 


^Fi,kL = ^fkkL 

(78) 


= %kL 

(79) 


The relation between ^Fhki and ^Fhko is 


therefore, 


^Fhm %ko 


^'FhkL = ’Fkko'-— 

JhkO 


If this is substituted into (74), it becomes 



'pL(xy) ^ j\ 

h k 

Now let (82) and (75) be compared: 

(75): 

^'pQ(xy) — g ^ ^FkkO ^ 

h k 

(82): 

^PUxy) 

h k 

Insofar as the approximation 


^fhhL ^ 


^i2T(hx+ky) 


[ ^ — %2Tr(Jix+ky) ^i^tcLZj 


(80) 

(81) 


(82) 


(83) 


can be said to hold, these two expressions are the same, except for the 
modulating factor so that 

Vo(.y) « ’PUxv) (84) 


The nature of the approximation will be noted presently, but, to the 
extent that it is valid, a valuable conclusion can be drawn: The generalized 
projection of the jth atom is the same as its ordinary projection, except that 
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it IS mochilated hij the factor The ordinary projection is everywhere 

real and positive. The modulating factor is merely an operator 

which changes the phase of the representation of the atom from zero to 
the angle 2TrLzj. 

Since the modulating factor is, in general, complex, it can be repre¬ 
sented by the sum of its real and imaginary components, so that the 
projection of the jth atom can be expressed as 

^PUxy) == '^p(x//j(cos 2wLzj + i sin 2TrLzf) (85) 

= ^P{xy) cos 2TrLzj + i ^Pixy) ^h\ 2TrLzj (86) 

~ ^F{xy) 4 “ iU(^xy)- (^0 

The representation of this relation in the complex plane is shown in Fig. 
11. This provides that 

tan 2TrLzj = (88) 

E(xy) 

SO that the phase angle of the atom is given by 

2wLzj = tan-^ 4^- (89) 

E{xy) 

Thus, the z coordinate of the atom can be found from the real and imaginary 
components of its generalized projection. 

hxy) 

^(xy) 

Fig. 11. 

Relation between generalized projection and its component projections. 

Before relating the generalized projection of an atom to the entire 
generalized projection, consider briefly the nature of the approximation 
involved in (84). In the first place, the modulating factor in 

(82) is not a function of h and k; it simply shifts the phase of the sum¬ 
mation. Therefore both (75) and (82) have the same Fourier phase 
factor, tlaBjt, in any event, both Fourier syntheses deter¬ 

mine the same peak location. Secondly, although approximations such 
as (83) are fairly good when h and k are large, and poorer when h and k 
are small, nevertheless the whole set of approximations in (82) comprises 
a very good net approximation because a full set of fhkf^ aiid fhko’s are 
merely different samplings of the same Fourier transform of the atom, as 
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explained in the next chapter. For these reasons, the italicized con¬ 
clusions noted above are both valid. 

This reasoning has been concerned with the synthesis of a particular 
one of the J atoms of the crystal structure. The Fourier synthesis of the 
entire structure is composed of the sum of the syntheses of the component 
atoms, according to (72). It follows that in the generalized projection of 
the entire structure, (69), the peak due to each of the component atoms of the 
structure appears at its correct location xy, and that the height of the peak of 
each atom is the same as that of the zero-level projection^ but that it has a 
phase shifted by 

With these properties of the generalized projection established, some 
details can be considered. Returning to (69), it is evident that, in gen¬ 
eral, the and the exponentials are both complex. To transform (69) 
to a form suitable for computing, each can be expressed in terms of real 
and imaginary parts: 


and 


PhkL = AhkL + 'iBhkL, (90) 

^-i 2 T{hx+ky) _ Qos2T(hx+ky) — i sin 2T(hx+ky). (91) 
If these are substituted with (69), it is expanded to 

‘Z5: 

h k 


f>L(xy) = g 2^ 2^1 AhkL+iBhkL][(iOS 27r{hx+ky) - i sin 2Tt{hx+ky)] 

(92) 


+ i 


ill [ AhhL cos 2x{hx+ky) + BhkL sin 2T{hx+ky)] 

h k 

III [ — AkkL sin 2T{hx+ky) + BhkL cos 2Tr{hx+ky)]. (93) 


h k 


This expression is composed of two parts: 
a real part: 

1 


Rl(xu) = ^ 2^ 2^ [AhkL cos 2Tr{hx+ky) + Bhhi sin 27r(te-h%)], (94) 


h k 


and an imaginary part: 





[—AhkL sin 2T{hx+ky) + cos 2Tr{hx+ky)Y 


(95) 
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Each of the^e parts is called a component of the generalized projection. 
Then the full generalized projection, (93), can be abbreviated as 

PUxy) = Ruxy) + i^L(xy)^ (96) 

The absolute value of the generalized projection can be computed with 
the aid of 

|pl(x|/)i = [Rl(xy) + ^L(xy)]‘-, (97) 

as suggested by Fig. 11 . In contrast to the component syntheses, ( 94 J 
and (95), this is called a modulus projection. The modulus projection 
has the property that, ideally it is the same for every levels including zero. 

In ordinary projections, the Fourier synthesis represents electron 
density which is everywhere positive. In generalized projections this 
positive density is modulated by the factor and the component 

syntheses are modulated by the factors cos 2TrLz and sin 2tLz. Therefore 
an atom, comprising positive electron density, may appear in a com¬ 
ponent of the generalized projection as its negative equivalent. In 
this manner a new symmetry operation, a reversal of sign, which is 
unknown in classical crystallography, appears in the components of the 
general projection. Whereas an ordinary projection must have one of the 
17 plane-group symmetries, the components of a generalized projection 
may have one of the 46 two-dimensional reversal symmetries. 

Some excellent examples of generalized projections are provided by 
Fridrichsons and Mathieson.^® They worked with DL-isocryptopleurine 
methiodide, whose cell data are 

space group: P 2i/n 

a = 9.95 A, 

b - 24.2 & = 112^ 

c = 9.95, 

Z — 4: C 25 H 30 O 3 NI per cell. 

Although a generalized projection along b would have avoided the 
imaginary component, the projection direction a was used in order to 
resolve the molecule. The ordinary projection p(yz) is shown in Fig. 12 . 
The components and modulus of the generalized projection pk^/z) are 
shown in Fig. 13, and of p$(yz) are shown in Fig. 14. It is evident that all 
three projections determine the same atom locations. Fridrichsons and 

Mathieson added all three in the projection ^ l-po+Pi+Ps to obtain 
Fig. 15. 

This brings out the feature that generalized projections usually display 
enhanced resolving powers over that of po- This is because atoms on 
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diffe'reiit leveli^ are differently affected by the factor so that there is 
usually less interference between atoms which are adjacent in projection. 

Sinusoidal modulation. A closely related type ot modulation has 
been devised by Zachariasen/^® who weighted the electron demsity by the 



c sin ^ c Sin 


Fig. 14. p5(j/ 2) Fig. 15. |po+piH“P5 

Figs. 12-15. 

Generalized projections of DL-isocrystopleurine methiodide. 

(After Friderichsons and MatMeson^^) 

factor cos 2';r^ and integrated it from = 0 to — 1. This weighting 
results in a projection which bears an interesting relation to the generalized 
electron-density projection discussed in the last section. To understand 
this relation, note that in ( 66 ) the function integrated is composed of two 
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parts, a real part Puyz} and a part, which has, in general, a complex 

component. It the real and complex parts of are separated as 

cos 'IttLz + i sin 2tLz, (66) can be written 


PLixy) 


= ^ /o Pi^yz) cos 2tLz dz 
“f” ic Pixyz) sin 2xZvZ dz. 


(98) 


Now, without bothering to go through the details of integrating the two 
lines of (98), which are the real and imaginary parts, respectively, of 
the generalized projection, it is evident that they should be the same as 
the real and imaginary parts of the integrated result. These are given 
in the first and second lines, respectively, of (93). From this it follows 
that if the sinusoidal weighting function is cos 2tLz, the result is a func¬ 
tion proportional to the real part of the generalized projection, whereas if 


Table 3 


Sinusoidally modulated projections 


Type 

Form for centrosymmetrical crystals 

Weighting 

Extremes 

Lz 

W eight 

/ Pixyz) COS 2TrLz c dz 

Jo 

S 2Tr (hx+ky) 

h k 

0 

1 

1 

-1 

r 

/ P(xyz) sin 2TrLz c dz 

Jo 

- ^ ^ ^ FhkL sin 27r (hx+ky) 
h k 

1 

¥ 

3 

¥ 

1 

-1 

/■' 

/ PCz 2 /z)(l + cos 2TrLz) c dz 
Jo 

^ ^ ^ {Fhk^+Fhkh) cos 2T{hx^-ky) 
h k 

0 

i 

2 

0 

/■' 

/ P(xyz) (1 cos 2'Trjt/Z) C dz 

Jo 

S (Fhko—FhkL) cos 2Tr(hx+ky) 

h k 

0 

-J- 

0 

2 

1 P(xyz)(l + sin 2TrLz) c dz 

Jo 

— Fhko cos 2ir(hx+ky) 

3 

¥ 

2 

0 


it iC 

—FhkL sia 27r(hx+ky) 



r 

/ P^xyz") (t sin 2TrIjz') c dz 

Jo 

i ^ ^ Fucti cos 2T(hx+ky) 

¥ 

3 

4 

0 

2 


it A? 

+FhkL sin 27r(hx +ky) 
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the sinusoidal weighting function is sin "IttLz, the result is a function 
proportional to the imaginary part of the generalized projection. 
Zachariasen's w^eighting function^^ is therefore a special case of the real 
part of (98) in that L = 1, and the proportionality factor c is omitted. 

Zachariasen^^ and his followers^^* also used an interesting composite 
weighting function which, unlike the parts of (98), has no negative values. 
These weighting functions are (1 + cos 2Trz) and (1 + sin 'Itvz), If these 



Fig. 16. 

Electron-density projection pixy)) orthoboric acid. Note lack of resolution. 
(After Zachariasen.35) 


are generalized to c(l + cos 2tLz) and c(l + sin 2wLz), their relation to 
the generalized projection is obvious. For example 

Jq P(.xyz)C- COS 2 'kZjZ)C dz = C Pixyz) dz "f" C P(xyz) COS 27rIjZ dz 

= Pixy) + R(PLixy))- (99) 

That is, this function is the sum of the ordinary electron-density projec¬ 
tion plus the real part of the Lth-level projection. 

The simplicities of these composite functions can be appreciated by 
evaluating them for centrosymmetrical crystals. In these cases, the 
exponential summation for the ordinary projection, (70), reduces to a 
summation of F^ko cos 2T(hx+ky). The reduction for the generalized- 
projection part can be derived from (93). From what has already been 
said, the weighting function cos 2tLz in (99) calls for merely the real 
part of (93), namely Ahki cos 2T(hx+ky) + Bhki^io.2T(hx+ky), But 
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for centrosymmetrical crystals BhkL = 0, and Ahki == Fhki, so that the 
second part of (99) is a summation over Fhki cos 27r{hx+Inj), The 
composite summation for (99) for a centrosymmetrical crystal is there¬ 
fore over (Fhko + Fhki) cos 2Tr{hx+ky), 

Table 3 lists this and other sinusoidally modulated projections with 
their forms and properties. The composite projections have the inter¬ 
esting property that they can be used to emphasize atoms at certain 



Fig. 17. 

Modulated electron-density projection 
P(*y 2 )[l + sin 2Trz] dz; 

orthoboric acid. Note improved resolution, 

(After Zachariasen.®^) 

chosen levels z but suppress atoms at certain other levels. For example, 
in studying the structure of orthoboric acid, Zachariasen^® found that the 
projection of the full cell, Fig. 16, showed lack of resolution between 
atoms on levels i and f. The atoms in level f are eliminated, while 
those on level i are given full weight by using the composite projection 

/q Pixyz) (1 + sin 2Trz) dz, Fig. 17. 

Elimination of atoms having snbperiods 

It is an easy matter to set up a Fourier expression to which atoms 
having a subperiodic arrangement within the cell make no contribution. 
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and are hence eliminated.^® This subject is treated in outline here, 
because a fuller treatment'*’ would make use of the subject matter of the 
next chapter. 

Suppose one or more sets of atoms have a period which is l/n-th of 
that of the 6-axis period. Then this set, considered by itself, diffracts 
as if the b axis were b/n. These atoms contribute only to reflections 
hnkl] other atoms contribute to all reflections. 

As in the discussion of the generalized projection, the entire electron 
density of the crystal can be regarded as the sum of the electron densities 
of its several atoms. Let ^p{xyz) represent the electron densities of the 
atoms having the subperiod, and ^p(xyz) represent the electron densities 
of the atoms having the normal period. Then the composite electron 
density is 

P(xyz) ~ ^PCxyz) “b ^P(xyz)' (100) 

If the portion ^P(xyz) alone is desired, this is given by 


^PCxyz) P(,xyz) P(z:yz) 


2 ^ 

V 


III 

h k I 


Fhkl 


V 


III 

k k I 


2 

V 


III 

h k I 


{Fhkl - 


r hkl ^ 


( 101 ) 


where ^Fhki is the partial Fhki due to the atoms having the subperiod. 
This can be rewritten as a sum of two summations, one for k 9 ^ nm and 
one for k = nm, where m is an integer. For k 9 ^ nm, ^Fku ~ 0, so that 


^Pixyz) 


2 

V 


III 

h k7*^n7n I 


—i2Tr(hx+ky+lz) 

hkl 



XZJ 

h k — nm I 


(Fhkl ~ ^Ffiki)^ 


— %2t (hx-j-ky-^lz) 


( 102 ) 


Each of these parts represents a fraction of the same summation. The 
second part gives 1/nth of the summation; the first part gives 1 — 1/n 
~ {n — l)/nth of the summation. Each part is a different sampling of 
the same Fourier transform (see next chapter), and either part produces a 
part of the same electron density. The second line in (102) is difficult to 
evaluate, but the first line is easily evaluated, and it is alone sufficient to 
t A fuller treatment is given in M. J. Buerger, Vector s'pace and its application in 
crystaUstructure investigation. (John Wiley and Sons, New York, 1959) Chapter 14. 
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reproduce the de^?ired synthesis. It is called a partial Fourier synthesis, 
and is given by 




^—t*2r{hxi-ky+h) 


h k^^nm I 


An example of a partial Fourier synthesis is given in Figs. 18 and 19. 
In the structure of pectolite,®^ XaHCa 2 Si 309 , some of the atoms have a 


c 



Fig. 18. 

Fourier synthesis, piyz)’, pectolite, NaHCa 2 Si 309 . 
(After Buerger. 



Fig. 19. 

Partial Fourier synthesis, dp(yz); pectolite, NaHCa 2 Si 309 . Note suppression of 
Cai, Ca 2 and Os, Oe of Fig. 18. 

(After Buerger. 51) 

subperiod 6/2. The electron density projection p^y^) is shown in Fig. 18. 
It can be seen that the following pairs of atoms are separated by 6/2: 
Cai, Ca 2 , Os, Oe. Those having subperiod 6/2 contribute only to reflec¬ 
tions hkl for k even. They can be eliminated by constructing a Fourier syn¬ 
thesis for which the of these spectra are absent. Such syntheses are 

h k I 
odd 


( 104 ) 
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The particular form for the projection dp(^yz) is 





F^iu cos 2Tr{hx + ku). 


(105) 


This is shown in Fig. 19. Note that the atom pairs Cai Ca2 and O5 Oe 
have been eliminated. A peculiarity of this synthesis is that it is com¬ 
posed of positive and negative portions which alternate at an interval 
6/2. In Fig. 19 the negative portion is shaded, since it is a negative 
repetition of the positive portion. These syntheses evidently have one 
of the reversal symmetries of Cochran. 

Equivalent positive and negative peaks bear an interesting relation to 
one another. Both are alternative regions permitted to the atoms which 
do not have the subperiod. The positive regions show where such atoms 
are, the negative regions where they are not. 

Partial Fourier syntheses can be devised for any situation in which an 
atom or set of atoms has a subperiod. The synthesis has the normal 
form except that the Fhki^ are omitted to which the atoms in the sub¬ 
structure contribute. 
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Reciprocal space 


In the last two chapters Fourier synthesis and some of its forms useful 
in crystal-structure analysis have been considered. In the discussion it 
was seen that the quantity l/dhki was needed, and this indicated a 
relation between Fourier synthesis and the reciprocal lattice. In this 
chapter, this relation is investigated in its own right. It turns out that 
the kind of transformation involved in Fourier synthesis is a generaliza¬ 
tion of that involved in transforming a lattice to its reciprocal. 

Generalization of the reciprocal lattice 

In that part of x-ray crystallography dealing with the investigation 
of the unit cell and space group of a crystal, the details of the structure 
can be ignored. In this restricted use of x-ray diffraction, the geometry 
of the diffraction maxima is important and their intensities are unimpor¬ 
tant. Under these circumstances it is sufficient to develop the theme that 
for a given crystal and its lattice there can be constructed a reciprocal 
lattice, and that to each point of this reciprocal lattice there corresponds an 
x-ray reflection by that crystal. 

For this limited purpose the reciprocal lattice is constructed as follows.'J' 
To each stack of planes (hkl), a normal is constructed, thus defining the 
directions of a set of interplanar spacings. All such directions are 
assembled so as to radiate from, a common origin, and on each a point is 
placed at a distance <Thki = l/dhu from this origin. Thus these points 
are at origin distances equal to the reciprocals of the interplanar spacings. 
These points lie on the points of a lattice which is said to be “reciprocaP^ 
to the original lattice. 

M. J. Buerger- X-ray crystallography, (John Wiley and Sons, New York, 1942) 
Chapters 6 and 7. 
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Now, in those branches of crystallography which are concerned only 
with the geometry of rational planes, the indices h, k, and I of a stack of 
planes cannot contain a common factor. To see this, consider a stack of 
planes, referred to a primitive cell, Qikl) where h, k and I do not contain 
a common factor. Any particular plane of the stack is repeated by all 
the translations of the lattice to become the other planes of the stack. 
Therefore every lattice point contains one plane of the stack. To every 
plane there correspond lattice points, and no plane is without a lattice 
point. Now consider a plane {nhyiknl), where n is a common factor. 
The indices (nhnk nl) imply a plane having l/zzth the spacing of {hkl), 
and hence imply a stack with n times as many planes as (hkl). Every 
nth plane in the stack (nh nk nl) contains lattice points, but the remainder 
do not. Therefore nh nk nl is not a set of legitimate indices for a rational 
stack of planes. But for the purposes of x-ray crystallography the nth- 
order Bragg reflection from hkl behaves precisely as if it were the Ist- 
order reflection from (nh nk nl). Although such a plane is fictitious, the 
designation is accepted in x-ray crystallography in order that the com¬ 
plicating notion of order-of~reflection can be dropped. When (nh nk nl) 
is accepted as a possible plane, then the indices hkl contain all possible 
combinations of all integers. (If such indices are not accepted certain 
combinations of hkl are missing.) 

Thus all values of dnhnkni = (lM)dhki can be regarded as occurring 
in the direct lattice, and consequently all values of n(l/dhki) occur in the 
reciprocal lattice. Therefore, on the line normal to the rational plane 
(hkl) there occurs a series of points having distances of n(l/dhki) from the 
origin, i.e. a row of points of interval IJdhkh In effect, then, a set of 
rational planes of spacing dhu ha direct space is represented in reciprocal 
space by a row of points of separation l/dhu and lying on the normal to 
the set of planes, Fig. 1. 

Now, the planes of index (hkl) constitute a periodical sequence. If 
this periodicity is thought of in most general terms, the repetition can be 
described as cyclic, and the interval of repetition, namely d, corresponds 
to 2r. The reciprocal representation of this sequence of planes is a 
sequence of points which is also cyclically repeated, and the interval 
1/d represents 2 t. 

To generalize the notion of reciprocal, consider a single plane. Fig. 2, 
similar to the plane of Fig. 1. In this generalized case, however, the 
plane is an individual plane and is not a member of a stack. Let the 
reciprocal representation of the plane be defined along its normal, OQ, 
similar to what it was for Fig. 1. Let the reciprocal be characterized by 
a periodic change along the normal. If this period is expressed in terms 
of phase, then the phase is zero at the origin, 2x at distance 1/5 from the 
origin, and n(2x) at a distance n(l/S) from the origin. This represents 
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a generalization over the reciprocal-lattice case, where, in the cor¬ 
responding reciprocal, 1/ d, d represented the interplanar spacing, and was 
the distance from the origin only if the origin was placed at a lattice 
point. In the generalized case, there are no necessary lattice points, 

C 



\ 

\ 

a 


Fig 1. 



and the absolute value of the distance of the plane from the origin deter¬ 
mines the distances from the origin where the phase of the reciprocal 
has values of n( 27 r). 

As a second generalization, let the phase be defined at all points along 
the normal, not just at a sequence of discrete points where its value is 
n(27r). Therefore, the reciprocal to a plane is taken as being repre¬ 
sented by a continuous phase variation along the normal to the plane. 
The phase variation is linear along the normal, namely proportional to 
t* where t* is the distance from the origin to the point on the normal 
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being considered. Since the period in reciprocal space is 1/5, the phase 
at any distance is 27 r — = 27r 5^* Therefore the product 5^5* deter¬ 
mines the phase at a point whose origin distance is due to a plane whose 
origin distance is 5. If one represents the phase component'*' by the 
notation of complex numbers, it is 

Now, the phasal significance of the idea of the reciprocal, which has 
just been set up, is quite independent of the idea of the periodicity of a 
lattice and can, indeed, be applied to any plane whatever. It merely 
states that the phase along a line in reciprocal space normal to a plane in 



direct space is controlled by the distance, 5, of the plane from the origin. 
The amplitude component of variation along the line in reciprocal space 
has not yet been mentioned. This must obviously be controlled by 
some quality of the plane in direct space. Let this amplitude be TT, 
which corresponds with a weighting attributed to the plane. (For 
x-ray diffraction purposes W is taken equal to the scattering power of the 

t Incidentally, this corresponds to the phase scattered by an atom in a cell. The 
phase difference scattered by planes separated by spacing dhki is fixed by Bragg^s law 
as n27r, where n is the order of the reflection. This establishes the sequence of 
reciprocal-lattice points Phkh 2 k 21 ' * , Fig. 3. If the origin is taken at 0 of 

Fig. 3, then the phase at Phki due to the plane at a distance d is 2t^ The phase 
at Phki due to a point on a plane at a smaller distance 5 from the origin is therefore 
27r5/d, and the phase at Pnk nk ni is 2TrnB/d. Since the distance from the nth reciprocal- 
lattice point is = n{l/d), this phase can be written 2TcBt*, and the phase operator 
is which has the form mentioned. 
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plane, i.e., to the number of electrons in the plane.) It is now possible to 
define the reciprocal to a plane of weight W. The value of this reciprocal 
at a point at distance i* along the normal to the plane is given by 

j?,* = (1) 

The reciprocal of the plane thus behaves like a line normal to the plane 
along which there is a stationary wave whose amplitude is IF and whose 
wavelength is 1/5, and whose phase increases uniformly with 

In order to display the relation between the reciprocal lattice and this 
more general kind of reciprocal, the discussion made use of the impor¬ 
tant geometrical element of the space lattice, namely a plane. But the 



generalization is quite independent of the use of planes, as can be seen 
by the following discussion: All points on the plane have the same phase 
effect, since this is controlled by the distance, 5, of the plane from the 
origin. On the other hand, the distribution of weighting in the plane 
may be irregular (corresponding to the distribution of electron density 
in the plane), and consequently different regions of the plane may have 
different effects on the amplitude. Isolate a small area, dA, of the plane, 
Fig. 4, and attribute to it a density p. Then the effect of this small area 
on the phase at is the same as that of any other part of the plane; 
namely it is proportional to But 8 is the projection of the vector s 
(which connects the origin with dA) on the normal OQ (Fig. 4). There¬ 
fore a neat way of writing the product 8t* is the scalar product of the two 
vectors s-F*'. One of these two vectors extends from the origin to the 
point experiencing the reciprocal. (Since each of the terms of a dot prod¬ 
uct has equal control on the product, the meaning of the word reciprocal 
takes on a new significance.) The contribution to the reciprocal at the 
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end of vector t* from the infinitesimal area at the end of vector s can 
evidently be written 

dRp = dW (2) 

By integrating this over the area of the plane, there results 

B/* = / (3) 

area 

Finally, this effect, produced at the end of a vector t* due to a point at 
the end of a vector s, can be integrated over a volume, Fig. 5. The 



reciprocal at the end of t* due to points in the volume is obviously 

ie«*= / p* e*"”^'** d7. (4) 

direct 

space 

The notion of reciprocal is now divorced from any necessary reference 
to a plane, or series of planes, or to a periodic structure of any sort. 
Relation (4) provides the general way by which the effects of all points in 
the volume in direct space are felt at the end of a vector t* in reciprocal 
space, in respect to both phase and amplitude. The phase aspect is 
due to the positions of the volume elements dF as well as the position of 
t*, while the amplitude aspect is due to weightings, the effects of all ele¬ 
ments being added in the complex plane. The function Rt* provides the 
reciprocal of the distribution of the density, p, throughout the direct 
volume. 
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Some fundamental properties of reciprocals 

The transformation to reciprocal space is identical with the Fourier 
transformation. The mathematics of the Fourier transformation‘s are 
tedious and indirect. The general features of the transformation can, 
however, be demonstrated on a simplified model. 

Elementary direct and inverse transformations. Since all 
objects of which reciprocals may be required can be regarded as made 
up of a collection of small elementary volumes, consider the reciprocal 
of one elementary volume, dV, of density p, at the end of vector s from 
the origin. Since there is only one elementary volume, the integration 
has a very simple form. To emphasize the constant nature of s for the 
particular elementary volume dV, let it be written as k. For this simple 
case the integration in (4) reduces to 

= Pifc (5) 

If both sides of (5) are multiplied by results 

^ p,, ( 6 ) 

This evidently represents the contribution of one point (at the end of 
vector t*) in reciprocal space to the transform of this reciprocal to direct 
space. But the point at the end of the vector k in direct space receives 
transform contributions from all points in reciprocal space. The full 
contribution requires integrating the left side of (6) over all reciprocal 
space. The full value of the transform at the end of the vector k is 
therefore 

Jy. Rt* dV* = P,. (7) 

Thus, for a simple elementary volume at the end of vector s in direct 
space, the following transformations hold: 

(5): Rt* = (T), (5') 

(7): P, =72**6-" dF*, (T-i). (7') 

For this simple case these are solutions of each other. They can also 

be regarded as a transformation T from direct to reciprocal space, and 

^ See, for example: 

R. Courant- Differential and integral calctdm. Vol. 2. (Interscience Publishers, 
New York, 1936) 318. 

E. C. Titchmarsh. The theory of functions. (Oxford University Press, Oxford, 
1939) 432-435. 

E. C. Titchmarsh. Introduction to the theory of Fourier integrals. (Clarendon 
Press, Oxford, 1948) 1-4. 
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the inverse transformation, 7“^, from reciprocal space to direct space, 
respectively. 

Characteristics of the transformation of a point. Before pro¬ 
ceeding, it is useful to explore some of the properties of these simple 
transformations. In the first place, in transformation (5')? the locus in 
reciprocal space of constant phase occurs for constant . This is 
constant for constant values of s-t*. Since s is constant in this case by 
hypothesis, constant phase occurs for constant value of the projection of 
t"** on s, that is, along planes in reciprocal space which are normal to 


—Stt —47r —2“ 0 27r 47r Stt 



Fig. 6. 



vector s in direct space. The phase is zero when this projection, Fig. 6, 
is zero, and consequently the plane of zero phase contains the origin. 

When the scalar product s-t* is unity, the phase angle 27 rs*t* is 27r. 
Since s is constant this requires that proj t* = 1/s. The origin distance 
of the plane in reciprocal space where the phase angle is 27r is therefore the 
reciprocal of the origin distance of the point in direct space. The spacing 
of the planes in reciprocal space where the phase angle is 0, 27r, 47r • • • 
is therefore the reciprocal of the origin distance of the point in direct 
space. If s is small this spacing is large. Fig. 6, and vice versa, Fig. 7. 

It has been seen that by using (7') the value of p at the end of vector s 
can be recovered. The question arises, what value is recovered at the 
ends of other possible vectors u in direct space. According to (7') this is 


( 8 ) 
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But Rt* is given by (5'), so this can be substituted in (8) to give 

= (9) 

This integral is zero unless s = u, in which case (9) reduces to pu = p«. 
Thus, the transformation for an elementary volume to reciprocal space 
results in a reciprocal which, when transformed back to direct space, vanishes 
everywhere except at the original elementary volume, where it reproduces 
the original density. 

Extension to more general objects. It follows from the last result 
that to every point in one space there corresponds a wave-like variation 
of phase in the other space. Reciprocally, to this wave-like variation of 
phase in one space, there corresponds one and only one point of generally 
non-vanishing density in the other. Now, any more general object can 
be regarded as compounded of elementary volumes each characterized 
by its own density p and location s. To each such elementary volume 
there corresponds a wave-like variation of phase in the other space, hav¬ 
ing characteristic amplitude p and w^avelength 1/s. A compound object 
in one space is represented by a pattern of superposed waves in the other. 
In the reverse transformation, each component wave reproduces its own 
characteristic elementary volume of density p at the end of vector s. 

This argument shows that the reciprocal transformations (5') and (7'), 
demonstrated previously for a single point, hold generally for compound 
objects. In particular, for a compound object, (5') must be integrated 
over direct space, so that it develops into (4). The integration changes 
the value of the reciprocal at the end of each vector t*. Nevertheless 
(7') remains valid. Thus the transformations from one space to the 
other, and the reverse transformation are 


T: 

Rt*= j 

( 10 ) 


direct 



space 


y-l; 


( 11 ) 


reciprocal 

space 


These two functions are called Fourier mates. Each is a solution in 
terms of the other. They have rather symmetrical forms. An impor¬ 
tant difference is that in one the phase of the phase operator is the nega¬ 
tive of that of the other. 

Repeated transformations. The transformation T involves the 
phase operator e^*^”®*** while the inverse transformation requires 
^-i27rs*t* Suppose that one starts with an original object, then transforms 
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it with the aid of T. It has been seen that if this result is transformed by 
the end result is the original object. This sequence of transforma¬ 
tions can be expressed as But consider the possibility of using 

the original transformation a second time. This sequence can be 

expressed as T(T). The result can be written as follows: 

T{T) = TiR) = f Rt* dV* (12) 

reciprocal 

space 

= f (13) 

reciprocal 

space 

This is similar to (11) but differs from it in that every vector s in the origi¬ 
nal object is replaced by its inverse vector — s. Therefore a transform of 


reciprocal 

structure 


original 

structure 



inverse 

structure 


inverse 

reciprocal 

structure 


Fig. 8. 

Results of repeated Fourier transformations. 
(After Ewald.2) 


an object twice repeated is the inverse object. An object and its inverse 
are identical with each other only if the object is centrosymmetrical. 

Ewald^ has diagramed the results of transformation along the lines 
shown in Fig. 8. If I represents the operation of inversion, and 1 is the 
identical operation, then 

yjr-l _ 

T2 = /, (14) 

- 1 . 


These transformations form a group of order 4. 
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Reciprocity. In the theory of reciprocal latticets, a translation of one 
lattice and the corresponding spacing of the other are reciprocals: 

^hki ‘^hki = Ij 

(15) 

/ -d* = 1 

An important feature of this transformation is that the star can be 
placed on either the translation or the spacing. Thus the two lattices 
are of equal rank and in every way reciprocal. 

A similar characteristic applies to generalized reciprocals, that is, to 
reciprocal structures or Fourier transforms. Thus either structure can 
be regarded as the original structure, and the other the reciprocal struc¬ 
ture. The phase operator of the transformation from one to the other is 
given by Either s or t can be regarded as the vector in ''direct'' 

space, the other then occurring in reciprocal space. Thus s and t can 
be described as components of sets of reciprocal vectors, such as a, b, c 
and a*, b*, c*, respectively. 


Reciprocals of some periodic objects 

In order to avoid leaving a feeling of abstractness, the reciprocals of 
some simple objects are discussed in the following sections. Part of the 
discussion will also show that the generalized definition of "reciprocal” 
is consistent with the original simple definition of reciprocal lattice. 

Reciprocal of a lattice row. Let the origin be taken as one of the 
points of the lattice row. If the period along the row is a, then the points 
of the row are defined by the vectors 

T = ma (m an integer). (16) 

Thus the integration in (10) becomes a summation over all the points 
in the row. If each point has unit weight the sum is 


Rt* = 


X 


Wl=a! — 00 


i2x7»a*t* 

O . 


(17) 


This summation of this exponential was given in (47) of Chapter 13. 
Therefore 


sin7r(2m-!-l)a't* 
sin ra-t* 


(18) 


When m is 00 , this function is zero for all values of i* except those for 
which the a-t* is an integer, when the value is infinite. For example, 
when a-t* = 0, a plane through the origin is defined. When a*t = 1, 
a plane at distance t* = 1/a is defined. When a^t* = 2, a plane at a 
distance t* == 2(l/a) is defined, etc. The reciprocal of a lattice row of 
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period a is therefore a stack of planes normal to the row and of spacing 

Reciprocal of a plane lattice. Let the origin be taken at a lattice 
point. Then, if the primitive translations of the net are a and b, the 
lattice points are at the ends of vectors 

T = ma+nb {m, n, integers). (19) 

The integral in (10) therefore degenerates into the summation 


Rt* = 


ii 


Stt (ma + /lb) ‘t* 



^i2rma t* ^2vnh't* 


sin 27r(2mH-l)a*t* sin 2T(2r2,+ l)b-t* 
siiiTra-t* sin7rb-t* 


( 20 ) 


( 21 ) 


Each of the t\vo terms in (21) behave as the right-hand side of (18). 
The first factor is zero everywhere except on the planes of a stack normal 
to a whose spacing is 1/a, where the value is infinite. Similarly the 
second factor is zero everywhere except on the planes of a stack normal 
to b whose spacing is 1/6, where the value is infinite. The product of 
the two factors in (21) is accordingly zero everywhere except at the inter¬ 
section of the two stacks of planes, where the value is infinite. This 
locus is an array of parallel lines, each normal to the plane of the original 
plane lattice, and intersecting the plane of the plane lattice at the points 
of the reciprocal plane lattice. 

Reciprocal of a space lattice. Let the origin be taken at a lattice 
point. Then, if the primitive translations of the net are a, b and c, the 
lattice points are at the ends of vectors 

T = ma+nb-f pc. (22) 

The integral in (10) therefore degenerates into the summation 


i,27r(ma+wb + pc) t* 


m n p 
— 00 

00 QO 

_ ^ ^ ^ ^T27mb-t* ^ 


(23) 


,t2xpc t* 


m n p 

sin 7r(2m-hl)a*t* sin7r(2n+l)b-t* sin 7r(2p+l)c*t* 


( 24 ) 


sin 7ra-t* 


sin xb-t* 


sin xc*t* 
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The first term in (24) is zero everywhere except on the planes of a stack 
normal to a whose spacing is 1/a; the second term in (24) is zero every¬ 
where except on the planes of a stack normal to b whose spacing is 1/5; 
the third term in (24) is zero everywhere except on the planes of a stack 
normal to c whose spacing is 1/c. Along the planes of each stack the 
value of the corresponding term is infinite.'^ The three terms of (24) are 
simultaneously non-zero only when the three sets of planes mutually 
intersect.*^ These planes mark out parallelopipeds of altitudes 1/a, 
1/5, and 1/c and the planes mutually intersect only at the vertices. The 
reciprocal given by (24) is therefore a lattice whose spacings are the 
reciprocals of the translations of the original lattice. It is therefore the 
lattice reciprocal to the original lattice. 

Reciprocal of a stack of planes. Let the origin be taken in one of 
the planes. Then the distances of the planes from the origin are given by 

s = md (m an integer), (25) 

where d is the spacing of planes in the stack. The reciprocal of an 
individual plane, according to (10) is 

Rt* = 

The reciprocal of the collection is 

00 

Rt* = ^ 

— 

sin TT 


This function is zero for all values of t* except those for which d*t* is an 
integer, when the value is infinite. For example, when d-t* = 0, a point 
at the origin is defined. When d*t* == 1, a point at a distance = 1/d 
is defined, where t* is taken in the direction of the spacing, d. When 
(j-t* = 2, a point at a distance = 2(l/d) is defined, etc. The reciprocal 
of a stack of planes of spacing d is therefore a row of points of interval 
1/d normal to the planes. 

Reciprocity. The truly reciprocal nature of the Fourier transforma¬ 
tion has already been pointed out. Some reciprocals have now been 
derived for some simple periodic objects, and examples of this reciprocity 
have been encountered. For example, the reciprocal of a lattice stack is a 

t This is true provided m, n, and p are infinite. If they are finite, then a peak 
function, similar to that shown in Fig. 5, Chapter 13, occurs at each lattice point, 
and between lattice points the function fluctuates near zero. When m, n and p are 
large integers (as they are for visible crystals) the departure from zero background 
between lattice points cannot be detected. 


t* 


e 


,i2v7nd’t* 


(2m4-l)(l-t* 

sin 


(26) 


(27) 

(28) 
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Object 

Reciprocal 

Lattice row 
(translation a) 

Stack of planes 

(planes perpendicular to row, 
spacing d* = 1/a) 

Plane lattice 

(translations a and 5) 

Lattice array of lines 

(lines perpendicular to plane 
of plane lattice, spacings of 
array 1/a and 1/b) 

Space lattice 

(translations a, h, and c) 

Space lattice 

(spacings 1/a, 1/b, and 1/c) 


lattice row, and, reciprocally, the reciprocal of a lattice row is a lattice 
stack. Some other examples are noted in Table 1. 

Reciprocals of some more general objects 

A reciprocal can be formed for any object whether periodic or not. 
In this section the reciprocals of some more general objects are considered. 

Real and complex reciprocals. Since the formation of the reciprocal 
involves the phase operator reciprocals are, in general, complex. 

But if the object is centrosymmetrical and if the origin is taken at this 
center, then the imaginary component vanishes. This is readily demon¬ 
strated by writing the exponential in its trigonometric equivalent: 

= j p, dv 

direct 

space 

" j Ps {cos (27rs*t*) + zsin (27rS‘t*)} dV. (29) 

direct 

space 

If the object is centrosymmetrical, and if the origin is taken at the center, 
then for every point at the end of vector s* there exists an equivalent 
point at the end of vector —s*. Since 

[ sin xdx = 0, (30) 

the sine component of (29) vanishes in this case. The reciprocal is then 
real, and can be computed from 

Rt* = f p, cos (27rs-t*) dV. (31) 

all 

direct 

space 
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Since co.s (—xj = cos x, this can be reduced to 

Rt* = 2 I p, cos (2xs-t*) dV. (32) 

half of 
direct 
space 

Reciprocal of a line segment. To illustrate, in its simplest form, 
the derivation of the transform of a centrosymmetrical object, consider 
the reciprocal of a line in the one-dimensional space defined by the 
direction of the line. Let the line have length L To take advantage of 
the simple form of a centrosymmetrical object, let the origin be taken at 



Fig. 9. 

Reciprocals of a line segment; Aj short segment, 5, long segment. 

(After Garrido.“) 

the center of the line, so that the coordinates of its ends are 1/2 and —1/2. 
Let the weighting of the line be uniform and have a value of p per unit 
length. Then (32) has the specific form 

Rt* == 2 ps cos (27rx*^*) dx (33) 

J x~0 

= 2p,^sin2x^i* 


sin tU* 


— Ps 


■jrt* 


(34) 


A graph of this function is shown in Fig. 9. The horizontal spread of this 
curve is inversely proportional to the length of the line. 
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Reciprocal of a rectangle. A somewhat more complicated example 
of the derivation of a transform is that of the transform of a rectangle in 
the two dimensions defined by the plane of the rectangle. Let the length 
of the rectangle be I, taken in the direction of the X axis, and its width w, 
taken in the direction of the Y axis Let the rectangle have a density of 
p per unit area. 

To perform the integration, let the vector s be referred to coordinates 
X y, and let t* be referred to the reciprocal set of coordinates x* y*. Then 


dV 


s - x+y, 
t* = x*+y*, 
dA = dx dy 


(35) 


To take advantage of the centrosymmetry of the rectangle, let the origin 
be taken at its center. Then the integration need be carried out for only 
half the rectangle, say from x = 0 to 1/2 and y = — ^^?/2 to w/2. Using 
these limits in (32) and substituting from (35), it is found the reciprocal 
is 




ru'/2 rl/2 

^ / / p cos 27r(x+y)-(x*+y*+z*) (36) 

J — w/2 J 

> 1/2 


/ —1^/2 

rw/2 


rw/2 rl/2 

== 2p / / COS 2T(xx*+yy*) dx dy 

Jy = —w/2 Jx = 0 

rl/2 


(37) 


I y= — w/2 
rw/2 


2p 


rw/2 rl/2 

/ / (cos 27r:rx* cos 27ry^* 

Jy = —w/2 Jar =0 

— sin 2'irxx* sin 2Tryy*) dx dy (38) 


o [si 

= 2p / — 

Jy——w/2 _ 


sin 2txz* „ . 

^ cos 2x2/2/* 


2wx* 


cos 2 irxx* . , / s 

A - 2 ;^—^ sm 2x2/2/* dy (39) 


2xr!:'' 


= 2p 


"sin 2Trxz* sin 2Tryy* 

cos 27ra:x* 

cos 2Tyy*y^^ 

2xx* 2x2/* 

2xa;* 

o 

11 

« 

—1 

* 

555 


1 = 0 

w/2 


y— —w/2 

(40) 


/ sin 2Tt^lx^\ 

^ sin 2 x 2 / 2 /* / 

/ sin 27r0x*\ 

sin 27r?/?/* 


\ 27ra;* ) 

1 

1 

^ 2xa:* / 

2 x 2 /* 


/cos 2'jr^lx'^'\ 

1 cos 2 x 2 / 2 /* 1 
’ 2xy* 

/ cos 27 r 0 a:*'' 

\ cos 2x2/2/* 

w/2 

\ 27ra;* J 

\ 2Trx* ^ 

1 ' 2 x 2 /* 

2/= - 


-w/2 

(41) 
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= 2p 


sin (sin 2T^wy* — sin (“~2'7r|-u?.?/*) 


27rx^ 




cos 2x^Zx* [cos 2Tiwy* — cos (—2r|-u?^*j 


27rx' 


+ 


27r|/* 


1 (cos 27r^wy* — cos ( —27r|-u'i/*j 


= p 


27ra;* 

sinTrZ*!;* sin 


27ry^ 


TX^ 


iry^ 


} 


(42) 

(43) 


Note that this is a generalization of (34). A graphical representation of 
the function is shown in Fig. 10. The cross-sections along the X* and 
F* axes have the same general form as Fig. 9. 

Reciprocal of an atom. If a spherically symmetrical atom is placed 
at the origin, it is evident that its reciprocal is also spherically sym¬ 
metrical. The value of the reciprocal along any radial line can be found 
by evaluating (10) along a radial line in reciprocal space. This requires 
a knowledge of the way the density Ps varies in the atom with radial 
coordinate s. When the function is properly evaluated, it can be repre¬ 
sented by a plot of Rt* against the radial coordinate s. When s is 
expressed in wavelength units it is the a of x-ray crystallography, whose 
value is (2 sin 6) /X. Thus the reciprocal of an atom is its / curve. 

Reciprocal of a structure. The reciprocal of a structure can be 
readily computed by making appropriate substitutions in (10). For this 
purpose 

s — xa,+yh+zCj 
t* == /ia*+^h*+Zc*, 

(44) 

s-t* — hx+ky+lzj 
dV = Vdx dy dz, 

where a, b, c and a*, b*, c* are reciprocal sets of unit vectors. With 
these substitutions the reciprocal has the form 

EhU = V P(:cyz) ( 45 ) 

The reciprocal of a structure is often loosely called its “reciprocal 
lattice,’' or its “weighted reciprocal lattice.” This is a crude designation. 
The reciprocal of a lattice is a reciprocal lattice, but the reciprocal of a 
structure is appropriately called a reciprocal structure. The word “lat¬ 
tice” is inappropriate, since it does not have repetition by translation. 
It may be real or it may be complex. 
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Fig. 10. 

Reciprocal of the rectangle shown at A. 
(After Garrido.ii) 


The discussion of this and the preceding section makes it plain that the 
mathematics of diffraction are the same as those of forming the reciprocal 
of the structure. 

Combinatorial properties of reciprocals 

Reciprocals can be combined with one another in various ways. Some 
important combinations are discussed on the following page. 
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Reciprocal of a sum. By definition, the reciprocal is an integral 
over all space. The same result is obtained if space is subdivided and 
the integral broken up into regions which together cover all space. This 
provides an additivity theorem: 

Theorem: The reciprocal of a sum is the sum of the reciprocals. This can 
be expressed symbolically as 

Rt<A+B) = Rt-{A) + (46) 

This relation is useful in developing the form of the Fourier summation for 
symmetrical crystals, for example. 

Reciprocals of products* Let the product be represented by 
PiP2 = The reciprocal of this is 

Rt*,p = dV 

= lyPiP2p^-^^*dV. (47) 

Each of these p's can be represented as the reciprocal of its R, but with 
the position vector of R ranging over different vectors t* which must be 
integrated over all reciprocal space. Let the position vector of one 
R be designated as t*, that of the other as u*. Then, substituting the 
reciprocal of P 2 in (47) there results 

Rt*.P = jy PI [fy. Ru%. dV*] dV. 

By changing the order of integration, this becomes 

Rt*,P = fy. Ru*,, [{y PI dv] dV* (48) 

= fy,Ru*,,,.Rit*-u*),..dV*. (49) 

This result is called the convolution of the functions Ru*n and Ru*pi- 
Thus, the transform of a product is the convolution of the transforms. 

On the other hand the product of two transforms can be reduced as 
follows: 

Rt*.,: Rt*,,, = / Pi.e‘^"**d7 / (50) 

= j[f PlrP2..-rdV]P^^-^*dV (51) 

= R[f PuP^,s-rdv]. (52) 

This is the reciprocal of the convolution of pir and p 2 r* Thus, the product 
of two transforms is the transform of the convolution. These results show 
that a product in one space corresponds to a convolution in the other. 
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O 2 “ Oj o 

Fig. 11. Fig. 12. 


Change of origin. According to (10), the reciprocal of an object 
with respect to origin 0i (Fig. 11) is 

^Rt* = / dV. (53) 

Suppose the origin is shifted to O 2 . The reciprocal is then 

= j (54) 

These two reciprocals have the same form, but they involve different 

vectors Si and S 2 in direct space. These are related by the vector relat¬ 
ing the two origins, specifically 

S 2 == Si—u. (55) 

If this substitution is made in (54), there results 

^Rt* = J Ps dV 

= / p. dV 

= J gt2xs.t* 

= (56) 

This simple analysis shows that at any point in reciprocal space defined 
by a given vector t*, a shift of origin defined by vector u produces a phase 
shift at t* having a phase component 
For some applications, it is desirable to regard the origin as fixed and 
the object in direct space shifted by a translation represented by vector 
w, Fig. 12. A shift of the object by w has the same geometry as shifting 
the origin, provided 


w = ~u. 


(57) 
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Therefore, if w is substituted for ~u in (54), there results 

RtK (58) 

This signifies that if the object is shifted in direct space by an amount 
defined by vector w, all points in reciprocal space experience a phase shift 
of 27rW't*. 

Reciprocal of a structure. The shifted-object relation, (58), pro¬ 
vides a neat tool for formulating the reciprocal of a cr^^stal structure. 
The reciprocal of the entire structure is the sum of the reciprocals of all 
the unit cells, each of which is the same except for a shift by translation. 

Let be the reciprocal of the original cell. Then, according to (58), 
the reciprocal of an individual shifted cell is 

“^Rt* = (59) 

Now, each lattice translation has the form 

T = ma+nb+pc {m, n, p, integers). (60) 

If this is substituted into (59) it becomes 

= ^Rt^ gt2x(ma+nb+pc)*t*^ 


By reason of the additivity theorem, the reciprocal of the collection of 
shifted cells is the sum of these reciprocals over m, n, and p: 


m n p 

_ ^22^* ^ ^ ^ gt2T(wa+nb+pc)*t* 


(62) 


But the summation is exactly that of (23), which is the reciprocal of the 
lattice. One concludes that the reciprocal of a structure is the product of 
the reciprocal of one individual cell and the reciprocal of the lattice. 

Now the reciprocal of the lattice vanishes everywhere except at the 
points of the reciprocal lattice, as pointed out in the section on Reciprocal 
of a space lattice. It follows that the reciprocal of a structure vanishes 
ever 3 rwhere except at the points of the reciprocal lattice, where it has 
the value of the reciprocal of the cell times the reciprocal of the lattice. 
The latter term is infinite if the extension of the crystal lattice is infinite, 
as pointed out under Reciprocal of a space lattice. But if the crystal 
lattice has a finite extension, the term is finite, and proportional to the 
total number of cells in the limited lattice, that is, to the volume of the 
crystal. 


Theorem: The reciprocal of a structure is proportional to the reciprocal of 
the cell as sampled at the reciprocal lattice points. 
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Solution of molecular structures with 
the aid of molecular Fourier transforms 

The arrangement of molecules in certain molecular crystals can be 
found with the aid of the Fourier transforms of the molecule. This 
kind of investigation requires that the structure of the molecule be 
already known, so the only unknown feature of the structure is the 
orientation of the molecules with respect to the cell edges plus possibly 
the distances of the molecules from any symmetry elements of the struc¬ 
ture. Such an investigation is easy provided that there is one molecule 
per cell, or one projected molecule in the two-dimensional cell of the pro¬ 
jected structure. This is equivalent to requiring that the molecule be 
not repeated by any other operation than the lattice translations. The 
method can be extended to the case of molecules repeated by operations 
within the cell, but then the simplicity of the method is replaced by 
complexity. 

The general theory of the simple case is as follows: The only unknown 
feature of the structure is the orientation of the molecule with respect to 
the cell edges. According to the last section, the transform of the struc¬ 
ture is the transform of the cell (that is, of the molecule) sampled at the 
points of the reciprocal lattice. Since the shape of the molecule and of 
the cell are known, their transforms, namely the transform of the molecule 
and the locations of the points of the reciprocal lattice are known. The 
only unknown feature is the relative orientations of the two. If these 
are plotted, the problem is resolved into finding a relative orientation 
whose sampling of the molecule transform at the points of the reciprocal 
lattice agrees in magnitude with those observed in the diffraction 
experiment. 

This is illustrated in Fig. 13, by the solution of the crystal structure of 
naphthalene, as given by Knott.® Both the reciprocal of the molecule 
and the reciprocal lattice are shown in the figure. Solving the structure 
consists merely of rotating the reciprocal lattice (as drawn on transparent 
paper) over the reciprocal of the molecule until a position is found such 
that the reciprocal-lattice points cover values on the reciprocal of the 
molecule equal in absolute value to the observed ¥ values. A good fit 
was obtained by Knott in the position shown in the figure. 

This problem is easy if there is one centrosymmetrical molecule in the 
cell. Then the transform of the molecule is real. The problem is some¬ 
what more difficult if the molecule is non-centric. It is a much more 
difl&cult problem if there are several molecules per cell, related by sym¬ 
metry elements. In this case the transform of each molecule must be 
added (in the complex plane if the molecule is non-centric). 

Several examples of the use of Fourier transforms in finding the arrange- 
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Fourier transform of the naphthalene molecule, and the hOI level of the reciprocal 
lattice of the naphthalene crystal. 

(After Knott.®) 

ment of molecules in crystals are to be found in the following literature 
list. 
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Symmetry in reciprocal space 


In the last chapter some general features of reciprocal space were 
discussed. In this chapter some of the symmetry properties of reciprocal 
space are considered, and these several symmetry properties are then 
applied to the reciprocals of crystals. This discussion incidentally 
provides a convenient approach to the practical problem of taking 
advantage of the symmetry of the crystal when computing Fourier 
summations. This application is discussed in the next chapter. Crystal¬ 
lographic symmetry in reciprocal space has been treated by Buerger, 
Nowacki/-^ Waser,® and Bertaut.'^"^® 


Point-group symmetry in reciprocal space 

General rotational symmetry. In the last chapter it was shown 
that the reciprocal of a point has a phase character which varies regularly 
along a line defined by the origin and the point; this phase is constant 
along planes at right angles to this line. Consider a general point-group 
symmetry operation, that is, a proper or improper rotation such as A a- 
Such a symmetry operation not only carries the point into a symmetrical 
point, but it also carries the line from the origin to the point, together 
with every constant-phase plane, to a corresponding symmetrical loca¬ 
tion. According to the additivity theorem of the last chapter, the 
reciprocal of any object is compounded from the properly weighted 
reciprocals of all its points. The same symmetry operation that carries 
one point into a symmetrical point necessarily at the same time carries 
the collection of all points into the collection of their symmetrical points, 
and therefore carries the entire reciprocal of the set of points into the 
reciprocal of the symmetrical set. Since every point-group symmetry can 
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be formulated in terms of combinations of groups of rotational operations, 
proper and improper, the truth of the following theorem is evident: 

Theorem 1: If an object conforms to the symmetry of a particular point 
group, its reciprocal does also. 

Several points are worth mentioning in connection with this theorem. 
In the first place, it is not restricted to crystallographic point groups, but 
includes non-crystallographic point groups as well. Thus, if the object 
is symmetrical with respect to a 5-fold axis, so is its reciprocal. 

Secondly, the effect on reciprocal space of an individual operation of 
rotation which requires that operation in the reciprocal could, in another 
sense, be performed by the reverse rotation in reciprocal space. Thus 
the reciprocal of a point can be written A rotation of the vector 


A 



Fig. 1. Fig. 2. 


s has exactly the same effect on this reciprocal as the reverse rotation of 
the vector t*. For example, vectors s and t* can be regarded as lying in 
separate vertical planes containing axis A, Fig. 1. Then the reciprocal 
is changed in the same way if vector Si is given a positive rotation, a, 
to S 2 , or if the vector ti* is given a negative rotation —a, to t 2 *. 
In both cases the angle between the final s and t is the same; there¬ 
fore S 2 *ti* = Srt 2 *, and so = gi 2 xsi t 2 * Thus, a rotation of s has 

the same effect on the reciprocal as the corresponding negative rotation 
of t*. In this sense, every rotation in direct space is equivalent to an 
equal but opposite rotation in reciprocal space. For considerations 
involving the whole symmetry group, however, this fine point is not 
important, because every group which contains an operation also contains 
its reverse. 

Conjugate symmetry. In addition to conforming to the point 
symmetry of the object, the complex reciprocal has further symmetry. 
The nature of this is illustrated for the reciprocal of point P in Fig. 2. 
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If the weighting at P in direct space is p, the weighting all over reciprocal 
space, due to P, is also p, but the phase, which is constant in any plane 
normal to OP, varies uniformly along OP. If any arbitrary vector t* is 
selected in reciprocal space, the phase angle at the end of the vector is 
27rs-t*. If the centrosymmetrical vector --t* is selected, the phase angle 
at its end is 27rs*(“-t*) = “~2xs*t*. Thus the phase angle increases on 
the side of the origin toward P but decreases on the side away from P. 
Therefore at the ends of t* and — t* the magnitudes are the same, but 
the phases are reversed. 

This symmetry in the reciprocal, demonstrated for a single point at 
which the density is p, can be shown to occur for more general objects. 
The reciprocal at t* for a more general object is given by 

Rt* = ( 1 ) 

The reciprocal at the end of the reverse vector, — t*, is 

R-t*=^ P dV 

= ( 2 ) 

The reciprocals at the end of a vector and at the end of the centro¬ 
symmetrical vector therefore have exactly the same magnitude (since the 
integrations are of the same function of p and s over direct space) but the 
reciprocals have opposite phases. This can be formulated as follows: 
Let the phase of the reciprocal at the end of the vector t* be 0. Then the 
complex reciprocal can be described as 

Rt* = \Rt*\e'*. ( 3 ) 

By using this notation, the conjugate symmetry of reciprocals can be 

expressed as 



= 


Rt* 

= \Rt*\e% 

( 4 ) 

R^t* 

= \Rt*\e-^t 



All reciprocals have conjugate symmetry. It is interesting to see how 
this can be reconciled with centrosymmetry when this occurs also. 
Again it is illuminating to study this in the simphfied case of the reciprocal 
of a single point at the end of the vector s, and at which the density is p. 
If there is no further symmetry the reciprocal at the end of vector t* is 

R,* = ( 5 ) 

But if there is also centrosymmetry in the object, then the point at the 
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end of the vector s is accompanied by an equivalent point at the end of 
the vector — s. In this case the reciprocal at the end of vector t* is 



(6j 



= 2p cos 25rs-t*. 

(7) 


Therefore, when centrosymmetry is present in the object, the reciprocal 
is everywhere real, so the conjugate of the reciprocal is identical with the 
reciprocal, but its value fluctuates, and it may be positive or negative 
depending on the trigonometric term. Furthermore, since the cosine in 
an even function, the reciprocal has the same value at t* and — i*. 

The symmetries of the reciprocals of crystals 

The foregoing treatment of the symmetries of reciprocals has been 
perfectly general. Since most applications of the theory will be to the 
reciprocals of crystals, this case is considered in some detail below. 

Point-group symmetry. Although the results of the general treat¬ 
ment already given can be applied to the case of crystals, it is interesting 
to derive the results in a slightly different fashion. First, let the material 
of the crystal be regarded as contained in a sequence of planes parallel 
to the rational lattice planes (hi ki li). Now, the reciprocal to a sequence 
of parallel planes vanishes everyAvhere except along the normal to the 
planes, so that attention can be limited to this line. Consider a sym¬ 
metry operation which carries the planes (hi kili) into the planes 
{h 2 k% h)} Fig. 3. The same symmetry operation carries the normal of 
the planes (hi ki h) into the normal of the planes (h 2 k^ h)- Except for 
the orientations of the two sets of planes, they are identical. Therefore 
if a point-group symmetry operation is satisfied by a crystal it is also 
satisfied by its reciprocal. 

Theorem 2: The point-group symmetry of a crystal and its reciprocal are the 
same. 

It is evident that if the reciprocal of a crystal is available, the point- 
group of the crystal can be determined. It might be supposed, from this, 
that the point-group symmetry could be ascertained from x-ray diffraction 
photographs. Unfortunately this is not ordinarily so. The reason may 
be formulated as follows: 

For the crystals of interest here, the reciprocal has non-vanishing 
values only at reciprocal-lattice points, which are located by coordinates 
A, k, and 1. The reciprocal at such a point is designated Fm. In general 
the reciprocal is complex, so that by following the notation of (3), it can 
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be expressed 

Fhki = 

Conjugate symmetry then provides relation (4j, which, for a ciystal, can 
be expressed 

= \F7iXl\j 

Fhki — \Fhki\e^'^i ( 8 ) 

^hll = \F • 

Now, x-ray diffraction experiments provide means of determining the 
magnitude but no way has been found to measure phases. It 

follows that Fhki and Fixi appear the same on a diffraction record and 
cannot be distinguished."^ In other words, conjugate symmetry cannot 
be distinguished from centrosymmetry in the diffraction record. Ail 
crystals therefore appear to be centrosymmetrical from diffraction 
experiments. 

This was first pointed out by Friedel,^ but the false centrosymmetry 
shown by diffraction records is usually called Lane symmetry, probably 
because Laue photographs were used in earlier days to study the sym¬ 
metry of the diffraction effects of a crystal. Because of the false centro¬ 
symmetry of the diffraction effects, it is not possible to distinguish the 
32 crystal classes by their diffraction records. Instead the only 11 
centrosymmetrical classes, sometimes called “Laue classes,” can be 
distinguished.^ 

Space-group symmetry. Point-group symmetries can be formu¬ 
lated in terms of combinations of proper and improper rotations. Space- 
group symmetries, in addition, involve translation components, that is, 
changes in s, and these can be expected to affect the phases of reciprocals. 

Consider how an n-fold screw axis through the origin relates two 
equivalent stacks of planes. For the sake of definiteness, let the screw 
axis, A, Fig. 4, be along the crystallographic c axis. The illustration 
shows two stacks of planes related by an operation of the screw. One 
set of planes may be indexed {hkl), the other (h'kT), but both have the 
common interplanar spacing d^ki- The reciprocal to a stack of planes is 
a lattice row, normal to the planes through the origin. The separation of 
points on the row is l/dkki, one point being located at the origin. Let the 
first point from the origin of the row reciprocal to the stack (hhl) be Q 
and the first point of the row reciprocal to the stack (h'k'V) be Q'. Both 
Q and Q' have the same origin distance, namely l/dhku Since the direc¬ 
tion of the normal is unaffected by the displacement of the planes due to 
the translation component of the axis, it is evident that the rotation com- 

Except when anomalous scattering occurs, as discussed in Chapter 20. 

§ See M. J. Buerger. X-ray crystallography (John Wiley and Sons, New York, 
1942) Table 1, page 57. 
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ponent of the crystal symmetry element is preserved in the relative loca¬ 
tions of the points Q and Q' in reciprocal space. 

The relative phases of the two points, however, depend on the relative 
displacements of the two sets of planes from the origin. In Fig. 4, the 
phase difference at Q corresponding with the displacement between the 
origin and the first plane of the set (Jikl) is 27r. This difference can be 
measured by the displacement of the planes along the c axis. Since there 
are I planes per unit translation along the c axis, the total phase differ¬ 
ence per unit translation along the c axis is 2^1. However, the translation 
component of the screiv produces a displacement of planes only a fraction 
of a translation, namely l/q, so that the phase difference due to this 
translation component is 2Tl/q. 




Let the complex value of the reciprocal at the point Q be In 

general, the phase angle of Fhu is not zero, but some value, say Thus 

the phase component of Fm can be represented in the complex plane by 
6^^, as noted in (8). Then the phase component at Q', according to the 
last paragraph, is Since the absolute magnitudes at Q and 

Q' are identical, the reciprocals at these two points must be related as 
follows: 

(9) 

where 1/q is the fraction of the c translation comprising the translation 
component of the symmetry operation. Note that the phase difference 
vanishes for symmetry elements without a translation component 
(i.e. q = 1), and also for indices such that Z/g == an integer. 

By permitting the rotation component of the symmetry element to 
include improper rotations, this result can be extended to include sym¬ 
metry operations of the second sort. Alternatively, corresponding 
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results can be derived directly for reflections, glide reflections, and roto- 
inversions. Neither the sequence of planes from the origin nor their 
distances away from the origin are affected by the improper character of 
the rotation, so that the only effect on reciprocal space that the nature 
of the rotation has is with respect to the location of the point. 

As a consequence of these considerations, the following statement 
can be made: 

Theorem 3: If a crystal contains a symmetry element through a chosen origin 
in direct space, its reciprocal has the isogonal, translation-free, symmetry 
element at the origin, hut the points in the fields related by the operations of the 
symmetry element have phases related by where p is the power of the 

operation relating the fields, and a/q is the translation component of the 
operation. 

For diagonal symmetry elements having the general translation com¬ 
ponent (a+i>+c)/g, the term (h+k+l) should be substituted for h. 
An equivalent statement of this is 

Theorem 4: The symmetry of reciprocal space is the same as the isogonal 
point-group symmetry of direct space, except that every symmetry element 
containing the origin produces a phase change in equivalent space fields 
of where 1/q is the translation component of the symmetry operation. 

Note that the phase shift becomes zero for q — 1, i.e., for pure reflections 
and pure rotations. 

In case the origin is not taken at the symmetry element, but is displaced 
by an amount Ax, then, as shown in Fig. 5, the planes hhl are displaced 
together with the origin, while the symmetry-equivalent planes are dis¬ 
placed in the opposite direction. The resulting phase difference between 
the reciprocals of the symmetry-equivalent planes is easy to evaluate in 
case the symmetry element is a mirror normal to an axis (a in Fig. 5A), 
a 2-fold axis, normal to two axes (a and b, Fig. 5J5), or an inversion center. 
In these cases, if the displacement of the origin is Ax, no phase change 
occurs in the reciprocal, Fhkh of fhe planes (hkl), since they are carried 
along with the origin, but the symmetry-equivalent planes are displaced 
backward by — 2Ax, and they suffer a phase change according to (58) 
of Chapter 15, which can be represented by 

gf2xwt* ^ 

This result is easy to generalize, and a useful form is 

Theorem 5: If the origin, at first taken in a symmetry element, is shifted by 
Ax Ay Az, this change induces a phase difference in the reciprocals of the 
symmetry-equivalent planes of: for a mirror normal to a; 
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g-i 27 r( 2 hAx+ 2 kAy) ^ 2-fold ttXZS HOTmal tO ab; and 
an inversion center. 

Theorem 5 incidentally provides a tool for predicting the changes in 
phase relations which accompany any displacement of the origin of the 
space group. 

Reciprocals of space-lattice types. In the last chapter it was 
shown that if the object in direct space has a periodicity which can be 



^ B 

Fig. 5. 

A The result of displacing the origin by B. The result of displacing the origin by 
an amount Ax from an original location an amount Ax from an original location 
on a mirror, m. on a 2-fold axis. 

described by a space lattice, the lattice periodicity has a characteristic 
effect upon reciprocal space. Specifically the lattice character limits the 
non-vanishing regions of the Fourier transform to points of the reciprocal 
lattice. In other words, if the object has a lattice, the reciprocal of the 
object has non-zero values only on the points of the reciprocal lattice. 

To each space-lattice type there is a unique reciprocal-lattice type.'^ 

t M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 
1942) 492. 



Symmetry in reciprocal space 


439 


i 


pi 



Fig 6. 



Fig. 7. 

Fig. 6-22. 

The symmetries of the plane groups (left), and the corresponding symmetries in 
reciprocal space (right). In reciprocal space some unusual symmetry elements are 
used. A partly blackened rotation axis represents conjugate rotational symmetry, 
and a wavy line represents conjugate refiectional symmetry. A hatched line shows 
the direction affecting a phase shift for certain values of the index in that direction or 
directions. 
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Reciprocals of lattice types 
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Lattice type i 

Reciprocal-lattice type 

P 

P 

R 

R 

A 

A 

B 

B 

C 

C 

I \ 

F 

F 

I 


These are listed in Table 1. Note that each lattice type is its own 
reciprocal except that body-centered (/) and face-centered (F) space 
lattices are each other^s reciprocals. 

Reciprocals of space groups. A space group is determined by 

(а) The space-lattice type. 

(б) The point group. 

(c) The particular symmetry elements isogonal with the symmentry 
elements of the point groups. 

It has been pointed out in the foregoing sections that each of these charac¬ 
teristics has a unique reciprocal representation provided allowance is 
made for origin shift. Thus, to each space group there actually corre¬ 
sponds a triply infinite spectrum of reciprocals, depending on the variables 
X, y, and 0 , which determine the origin. Nevertheless, the members of 
this spectrum of reciprocals differ only by relative phases. For a specific 
space-group origin, each space group has a unique reciprocal and vice versa. 

As an example of the symmetry of reciprocal space, Figures 6 through 
22 show the 17 plane groups on the left, and their reciprocals on the right. 
In addition to the usual symbols for 2-, 3-, 4-, and 6-fold rotations, and 
for mirrors and glides, the representations of the plane symmetries in 
reciprocal space require some new symbols. In these diagrams, axial 
conjugate symmetry is indicated by a symmetry symbol partly outlined 
and partly black, reflectional conjugate symmetry by a wavy line, and a 
reflection accompanied by a phase shift for certain values of an index is 
indicated by a ^^one-sided^^ line having hatching in the direction of that 
index or combination of indices. 
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Application of symmetry 
to Fourier summations 


In the last chapter it was seen that to each symmetry relation which can 
occur in crystal space there corresponds a kind of symmetry in reciprocal 
space. This relation between the symmetries of the two spaces provides a 
tool for simplifying the computation of Fourier summations. To 
appreciate the significance of this, consider the summations involved in 
the synthesis of a projection of electron density, P(xy)- Suppose Fhko’^ 
are available for h ranging from -10 to 10, and for k ranging from -10 
to 10. This provides a field of 21 X 21 = 441 Fkko’s in reciprocal space. 
Suppose that the density is required in a cell which is sampled at 60 
intervals along a and 60 intervals along b, that is, at 60 X 60 = 3600 dif¬ 
ferent points. Without taking advantage of any possible symmetry of 
the crystal or of its F’s in reciprocal space, such a Fourier synthesis 
would require a summation of 441 F’s, properly phased, at 3600 points. 

Fortunately the number of summations can be reduced with the aid of 
symmetry. Even if the projection is without symmetry, conjugate 
symmetry relates the two halves of reciprocal space. If the projection is 
symmetrical, the F’s of symmetrical segments of reciprocal space are 
related, and furthermore the summations need be performed for only a 
fraction of the crystal cell. In this chapter the condensation of the num¬ 
ber of terms entering the required summations in Fourier syntheses is 
considered, but the actual computing methods are reserved for the next 
chapter. 

The application of the additivity theorem in Fourier 
summations for symmetrical crystals 

In the last chapter some of the combinatorial properties of Fourier 
transforms were noted. An important combinatorial propetty is 
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additivity. The additivity theorem may be restated here in slightly 
different form. 

Theorem 1: The transform of a sum is the sum of the transforms 

Of course this applies either to a transform from direct space to reciprocal 
space, or the reverse. To emphasize this feature, let T^^^yz) represent the 
transform at xyz in either space, and let M and .V represent the object 
in the other space. Then the additivity theorem, stated above, can be 
expressed as 

T^,y,^{M+N) = ( 1 ) 

In the application required in this chapter, the transformation is from 
reciprocal space to direct space. Thus T(^xyz) refers to the transform at a 


Reciprocal Direct 

space space 



Fig. 1. 

point xyz in direct space, and M and N refer to objects in reciprocal space, 
which are sets of Fhkis, 

Suppose that the transform at xyz in direct space is required for all the 
objects in reciprocal space. Then reciprocal space can be subdivided 
into any convenient blocks, and the additivity theorem provides that the 
transform of all the blocks is the same as the sum of the transforms of the 
separate blocks. In particular, each block may be an unsymmetrical 
motif sector of reciprocal space which, when operated upon by the sym¬ 
metry elements, fills all reciprocal space. 

There are two ways of taking advantage of this. Fig. 1. An expression 
can be set up which gives the transform at Pi in direct space of the 
several equivalent segments Mi and ikf 2 of reciprocal space, and then 
symmetry relations of the P^s between segments of reciprocal space can 
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be used to reduce the expression. This process is illustrated diagram- 
matically in Fig. 1^4. This amounts to performing the addition in 
reciprocal space. Alternatively, Fig. IS, the transform of one segment 
M 1 in reciprocal space can be found at the several symmetrical points in 
direct space Pi and Po. The additivity theorem provides 

+3/2) = T(Pi)(il/i) + T (^) 

But, because of symmetry, 

!r(P0(ili'2) = (3) 

That is, the transform of segment il /2 at Pi is the same, due to symmetry, 
as the transform of segment M\ at P 2 . Therefore this substitution can 
be made in (2), giving 

+ M^) = r(p.)(Mi) + (4) 

This can be formulated in the following general way: 

Theorem 2: The transform at a point P in direct space of a set of equivalent 
segments which fill reciprocal space is equal to the sum of the transforms at 
several points equivalent to P in direct space of one of the equivalent segments 
in reciprocal space. 

This theorem can be used to advantage when it is found difficult to 
write relations between equivalent points in reciprocal space. It has 
the effect of transferring the work of summation by reducing the number 
of terms but increasing the number of points at which the summation is 
made. 

The transform of a sector 

Exponential form. To apply Theorems 1 and 2, it is convenient to 
develop the general form for the transform of a motif segment. This 
can be developed from first principles as follows: The general trans¬ 
formation from reciprocal to direct space, from (7') of Chapter 15, is 

Ps = fy, Rt* dV*. (5) 

Let the elementary volume dV* have edges dX*, dY*, and dZ*, parallel 
to the three reciprocal cell axes a*, b*, and c* respectively. Then 

dV* = dX*-dY*XdZ* 

= a* dh-h*Xdk-c* dl 
= gi*-h*Xc*dhdhdl 
= V* dh dk dl 

= Y dhdk dl, 


( 6 ) 
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where and T"* are the volumes of the direct and reciprocal cells, 
respectively. Let the vectors s and t* also be expressed in terms of the 
edges of the crystal cell and the reciprocal cell. Then 

s = ra+^b+^c, (7) 

t* = /ia*+A'b*+Zc*, (8) 

so that 

s-t* = hx+ky+h- (9) 

If these are substituted in (5) and the variables changed to k, and I 
according to (6), it becomes 

PUy^) = jjj Phkl dh dk dl. (10) 

For crystals, the Fhu^ are non-vanishing only at points of the reciprocal 
lattice, where A, k, and I have integral values. Therefore the integration 
can be replaced by a summation over h, k and I: 

Pizyz) = ^ ^ ^ ^ (11) 

h k I 

This has the same form as that for the Fourier summation for the entire 
crystal, except that the summation limits are not specified. These 

must be taken in such a way as to include all Fhki^ within the desired 
segment. 

The form corresponding to (11) for the projection of the electron 
density along the c axis is 

Pi.y) =^22 ^**0 (12) 

h k 

This form can be deduced by eliminating the variable z from (11), or it 
can be derived from first principles by repeating steps (5) through (11) 
for two dimensions. If this is done, S is seen to be the reciprocal of 
|a*Xb*l, and therefore equal to the area of the cell normal to c. The 
limits of the summation over h and k are undefined in (12), but these 
must be taken so as to include all F’s in the appropriate sector of the 
reciprocal lattice. 

Trigonometric form. Since (11) involves complex quantities it is 
convenient for purposes of computation to recast it into trigonometric 
form. Both F^s and exponentials are complex. They can be expressed 
in terms of real and imaginary components as follows: 

Fhhi = A-hhi + iBhUj 

= cos ^ i sin i/'. 


(13) 

(14) 
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If these are substituted into (11), it can be reduced as follows: 


P(xyz) 


mi {Ai,ki + iBkhi] 

h k i 

X !cos 27r(/ix+A'j/+Z3) — i&in2ir{hx+kij-\-lz)] (15) 


j. 

V 


III 

h h J 


{Ahki cos 2Tr(hx+ky+lz) 


— iAhki sin 2Tihx+ky+l^) 
A~iBkki Q>os2T{hx-\-ky+l^) 
+ Bum ^m2ir{hx+kyA’l^)] 


(16) 


This shows that, in general, the transform is complex since it contains 
terms with the imaginary component i. But this complication can be 
avoided if advantage is taken of conjugate symmetry. Conjugate sym¬ 
metry provides that 

Bhkl ~ ^hkl + iBhjci, (17) 

Fm == Ahki ~ iBhkh (18) 


The relation like (17) for hid is 

Fm = (1^) 


If (18) and (19) are compared it is evident that 

Am = Ahu 


( 20 ) 


but Bm = —Bhkh 


( 21 ) 


Furthermore, a similar relation holds for cosine and sine: 

cos 27r(te+^2/H~fe) cos 27r(/ia;+^2/“hfe)) (22) 

sin 27r(&+%+k) = — mi2ir{hx+kyA-l^)- (23) 


If a transform such as (16) is added to the transform of the opposite seg¬ 
ment, then one transform requires summations over hkl, the other over 
hicl If these two are combined, (20) and (22) cause the first line of (16) 
to be doubled, (20) and (23) cause the second line to cancel, (21) and (22) 
cause the third line to cancel, while (21) and (23) cause the fourth line 
to double. 



Application of symmetry to Fourier summations 


453 


As a result, the transform of a pair of opposite segments has the simpler 
form 


P(xyz) 



{Akki cos 2iTihx + ky-\-lz) 


+Bhki sin 2ir {hx + Icij +fe)}. 


(24) 


This has no imaginary component. The corresponding two-dimensional 
form is 


2 

P(xy) = ^ 



I COS 2T{hx+ky) 


+Bhko sin 2Tr{hx+ky)]. 


(25) 


The Fourier summation for any fragment of reciprocal space can be 
found by the use of (24) or (25) for that fragment plus its opposite frag¬ 
ment provided, of course, that the pair do not include more than all 
reciprocal space. Furthermore, by the use of Theorem 1, the transform 
of all reciprocal space can be found by adding the transforms of enough 
segment pairs so that all reciprocal space is included. 


The transforms of two-dimensional sectors 


Product form of the summation. The general form for the sum¬ 
mation for a two-dimensional sector pair is given by (25). This form 
involves the trigonometric functions of a sum of angles. For computa¬ 
tional purposes it is convenient to change this to a product form. This 
can be done with the aid of the identities 


cos (of+iS) = cos a cos — sin a sin /3, 
sin (a+fi) = sin a cos P + cos a sin 
When these are substituted into (25) it takes the form 


h k 


hko cos 2'irhx cos 2irky 


— Ahha sin 2v}vx sin 2-irky 
-1-J5aj;o sin 2Thx cos 2Trky 
+Bhko cos 2irhx sin 2Trky] 


(26) 

(27) 


(28) 


T his is the form for a pair of sectors between which and within which 
there is no symmetry other than the universal conjugate symmetry of 
reciprocal space. 
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Sectors related by symmetry 2. If the sectors of the pair are related 
by a 2-fold axis, then 

= PhlcQ- (29) 


By expressing this in terms of real and imaginary components 


-Imo + = AhhQ — (30) 

it follows that 

Bhko = 0 

(31) 

and Akk^ == 

For this symmetry of the sector pair, therefore, (28) takes the simpler 
form 


ll {Fhk(s cos 2xte cos 27r/cy 

h k 


-Fhko sin 2Trhx sin 2Tky}. 


(32) 


Transforms for the plane groups 

The application of the theory of condensing the number of terms 
in a Fourier summation may be illustrated by deriving the specific forms 
of the summation for the 17 plane groups. This is done in the following 
sections. 

Plane group pi. Figure 2 shows that reciprocal space for pi can 
be subdivided into sectors having index fields hk, hkj hk, and hk. Let 
opposite sectors be called a sector pair. Since only conjugate symmetry 
relates the members of a pair, the summation form for each sector pair is 
(28). The summation for each sector pair is from 0 to oo for both h and 
k, but the terms for the hk field in Fig. 2 require negative h indices. The 
summations over the two sector pairs can be written 

00 

Pi^y) “ ^ XT' { Ahko cos 2Trhx cos 27rky + cos 2xte cos 2TTky 

h k 

— AhkQ sin 2Trhx sin 2Trky — .4^fco("”sin 2Trhx) sin 2Trky 
+BhkQ Qm2whx cos 2Tky + BMo(^sin 2Trhx) cos 2Trky 
+Bhko cos 2Trhx sin 2Tky + cos 2Thx sin 2Tky}. 

( 33 ) 
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2 

~ ^ 2j + Ah 


hko) COS 'Iirhx COS 2Trky 


— — Aiko) sin 27rhx sin 27rky 

+ (FhkQ — Buo) sin 27rhx cos 2Tkij 
A(Bhko + Bhko) cos 2Thx sin 2Trkij]. 


In these and the other summations of this chapter, the following precau¬ 
tion should be noted. The lines dividing the sectors occur through the 



Fig. 2. 

points /lOO, OkO, hOO, and OkO. Each of these lines, therefore, belongs 
to its two adjoining sectors equally. The lines hOO, OkO, hOO, and OM 
should be counted at only half value for each segment, and the origin 
point at only quarter value. The special nature of the multiplicity of 
the edges and point of each sector is indicated by adding a prime to the 
summation sign. 

In Fig. 2 and subsequent illustrations of this chapter, the shaded area in 
reciprocal space shows the region in which data are required for the 
Fourier synthesis. The shaded area in direct space shows the area of 
cell for which the summations must be made. The area is chosen so 
that the multiplication of the area by the symmetry elements fills the 
entire cell. Figure 2 shows that data are required from half of recipro¬ 
cal space and the summation must be made for the full cell in direct 
space. 
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Plane group p2. Reciprocal space for this symmetry can be divided 
in the same as for pi, as shown in Fig. 3. In p2, however, a 2-fold 
axis relates the opposite sectors of a pair, and the form of the summation 
for each sector is given by (32). This is the same as (28) except for 
condition (31). When these conditions are applied to (34), the B terms 
vanish and the *4’s become F's, giving the simpler form 


2 


[ {FhkQ + Fuq) cos 2irhx cos 2xA:y 


-{Fhko - F-hko) sin 2Trhx sin 2Trky], (35) 


The shading in Fig. 3 indicates that data are required from half of 
reciprocal space, but the summation need be made for only half the cell 
in direct space. 



Fig. 3. 

Plane groups plml and clml. Plane groups plml and clml have 
identical symmetries in reciprocal space as shown in Figs. 4A and bA 
respectively. They differ only in the locations of the points where the 
transform does not vanish. The forms of the summations can be derived 
by imposing on the forms of pi and cl respectively the special symmetry 
of the reciprocal space for plml and clml, both of which have a 
symmetry plane normal to a*, Fig. 3. This requires that 

FhM — Fi]^,q, (36) 

so that 

and Bjm = Bijao^ 


( 37 ) 
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h 



Fig. 5. 


If these conditions are applied to (34), the second and third lines vanish, 
leaving 

eo 

P(xy) “ 'g XX { Ahko cos 2Thx cos 2Tky 

h k 
0 

+ Bhk^ cos 2Thx sin 2Thy} (38) 


00 00 

IJ'E' Ahko cos 2xhy + Bhhn sin 2vky^ cos 







458 


Chapter 17 


The form of (39) implies that the summation over k should be performed 
first. Figures 4 A and 5 A show that data are required for only one quarter 
of reciprocal space. Figure 4S shows that the summation just be carried 
out for a half cell for pi ml, while Fig. oB shows it need be carried out for 
only a quarter cell (equivalent, however, to only half a primitive cell) 
for clml. 

Plane group plgl. This symmetry is a specialization of pi, the 
specialization consisting of the addition of a glide plane g normal to a with 
glide component b'2. In reciprocal space, relations consequently occur 
between the F’s of the hk and hk fields. According to Theorem 4, 
Chapter 16, this relation is 

Fuo = Fhko (40) 

It is convenient to divide the reflections into two groups according as 
k is even or odd: 

for k even: ft/co = F^m, 

Aa^o = Aaao, (41) 

FhkQ = BhkQ] 

for k odd: Faao = 

Aa^o = -^Aaaoj (42) 

Bhk^ = — 5 aao * 

If the summation for pi, namely (34), is split into two parts, one for k 

even, the other for k odd, then for k even, conditions (41) apply, and lines 
2 and 3 of (34) vanish. For A: odd, conditions (42) apply and lines 1 and 
4 of (34) vanish. The resulting synthesis for pl^l is 



h k 


even 

0 


{Ahko cos 2irhx cos 2-n-ky 
+• 2**0 cos 2trlix sin 2Trky} 


00 



A k 
odd 


0 


{— sin 2xto sin 2xfcj/ 
+ 2**0 sin 2Khx cos 2x%} 


(43) 
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X. x 

f\ n 


0 0 

h k 

even 


X w 

nr 

0 0 
A /; 
odd 


Aai-o sin 2%l:y + Bhico cos 


2itt:y sin2ir/ix|. 


Although this looks complicated, it requires no more work than (39). 
It does require separation of terms for k even and k odd. 


b 



Fig. 6. 

The shading in Fig. 6A shows that data are required from a quarter 
of reciprocal space. Figure 6£ shows that the summation is required 
over a half the direct cell. 

There is an alternative form of summation for this plane group which is 
more convenient for subsequent derivation of the form of p2gg. In that 
derivation it is desirable to have the origin of the plane group chosen half 
way between neighboring glide planes, that is, with the glide plane dis¬ 
placed a/4 from the origin. According to Theorem 5 of Chapter 16, 
this shift produces a phase change of e* 2 «-A/ 2 _ Accordingly (40) is replaced 

by 


Flu = {Fbu 


( 45 ) 
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Fig. 7. 


Using the same reasoning as before, the summation is split into two 
groups, according a.sh+kis even or odd. The resulting summation is 


P(xy) ~ 


00 00 

x'lr 

0 0 
h k 
h+k even 


^4^*0 cos 2Trky + Bhko sin 27rky cos 2Thx 


Ahko sin 2Trky + Bhko cos 2Trky sin 2Tchx [. (46) 


Plane groups p2mm and c2mm. The distribution of symmetry 
elements in reciprocal space for p2mm and c2mm is the same, as shown in 
Figs. 7A and 8A. Plane group p2mm has subgroups p2 and plml, while 
plane group c2mm has subgroups c2 and clml. The forms from their sum¬ 
mations can be derived from the first subgroup by adding m perpendicular 
to a, or from the second by adding 2 at the origin. By the first route, 
conditions (36) are imposed on (35), and by the second route, conditions 
(29) and (31) are imposed on (39). By either route the following form 
results: 

QO 

P(xy) = ^ xx Fhko cos 2Thx cos 27rky. (47) 

h k 



0 
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b* 








hk 

V'' 

t 


1 i 

^ ''1 i 

• 

* 

hk 

hk 


h 


1 ^ 

^.^ -- i 


-1 

I* * 

-f- 

, •! . 


■|i ( 

-f- 

1 

( f . -.-13 ^ 

•! 

-V- 

1. 

^-1 . 1 




'c 


c2mm 


Fig. 8. 


Figures 7A and 8A show that data for this summation are required 
from a quarter of reciprocal space. Figure 7B shows that for p2mm the 
summation is required over a quarter cell in direct space, while Fig. 8B 
shows it is required over only an eighth of a cell for c2mm. 

Plane group p2gm. Plane group p2gm can be derived from its 
subgroup plgl adding the operation 2. If the 2-fold axis is taken as the 
origin, Fig. 95, then this imposes conditions (29) and (31) on (44). This 



Fig. 9. 
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caus^es the B term to vanhsh, leaving 


Pixy) 


4 



h k 
0 


k e\en 


Fhko COS 27r/ix cos 27rky 



0 

k odd 


Fhko sin 2-irhx- sin 2-jrA'^ 


(48) 


Figure 9 A shows that data are required from a quarter of reciprocal 
space for the summation. Figure 9B shows that the summation must be 
made over a quarter cell in direct space. 

Plane group p2gg. If the origin is placed at the 2-fold axis, Fig. 
lOA, then the glides are perpendicular to a and b and removed from the 
origins by (i/4 and 6'4. The form of summation for plpl with the glide 
removed from the origin by a/4 was given in (46). The form for p2gg can 
be derived from this by imposing the conditions on reciprocal space 
required by a 2-fold axis at the origin of direct space. These conditions 
are given in (29) and (31). These cause the vanishing of B terms in 
(46), leaving 


P(.xy) — irz Fhko cos 2Tthx cos 2'irhy 

h k 
0 

h-\-k even 



0 

h~\-kodd 


Fhko sin 27rhx sin 


(49) 


Figure lOA shows that this summation requires data from a quarter 
of reciprocal space. Figure lOB shows that the summation must be 
carried out for a quarter cell in direct space. 

Plane group p4. Since p4 conforms to the less restrictive symmetry 
of its subgroup, p2, the electron density for p4 can also be synthesized by 
using the form for p2j namely (35). When this is done, data must be 
derived from half of reciprocal space, that is from both the hk and hk 
fields, Fig. 3. But because of the 4-fold symmetry, the motif unit of 
reciprocal space is contained in a single 90® sector. To take advantage of 
this, let (35) be written so that the summation over the 180° sector is 
separated into two summations, one over each of the differently shaded 
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Fig. 11. 
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Theorem 2 can now be applied: Becauwe of the 4-fold symmetry of both 
reciprocal space and direct space, the second part of (50) produces the 
same effect at xy as the first part does at yx (See Fig. 11). Therefore, 
for the second part of (50) there may be substituted a summation like 
the first part of (50) except that x becomes y and y becomes x. When this 
is done, (50) can be rewritten as 


PiXV) 



+ Fxfro) cos 2Thx cos 2Trhy 


- (Fhko — Fuo) sin 27rhx sin 

+ {FhkQ + F%ko) cos 2Thy cos 2xArx 

- {Fhko — Fjiko) sin 2Trhy sin 2Trkx} 


(51) 


This can be consolidated to 


CO Dl 

P(xy) — ^ rr { {Fhko + F^jco) (cos 2Thx cos 2Ttky + cos 2xA:x cos 2Thy) 

Dl 0 
h k 

- (F^fco FikT) (sin ‘2>Trhx sin 2Tky — sin 2Trkx sin 2Thy )}. 

(52) 

This form of the synthesis uses data from only a single motif unit of 
reciprocal space, and may therefore be regarded as an elegant form for p4. 
Nevertheless the work of summing (35), from which (51) was developed, 
is probably no greater. 

Plane group p4mm. Plane group pimm has p4 for a subgroup and 
can be derived from it by the addition of a mirror normal to a. The 
consequence of this in reciprocal space. Fig. 12^, is 


F%ko — Fhko^ (53) 

If this condition is applied to (35), it reduces to 


4 

Pixy) — ^ 



Fhko COS 2'irhx cos 2'Kky. 


(54) 


This summation is over the range 0 to oo for both h and fc, and therefore 
requires a number of terms equal to the number of points in one quarter 
of reciprocal space. Figure 12A shows that only the data from one- 
eighth of reciprocal space should be necessary. The less condensed form 
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(54) resulted because it was based upon the addition of a reflection plane 
to (35), the form for p2. 

To limit the summation to a motif unit of reciprocal space, the reflection 
plane can be used to place restriction (53) on the properly condensed 
form for p4, namely (52). When this is done, the condensed form for 
symmetry p4mm is obtained, as follows: 


■ilY 


Fhkoicos 2whx cos 2xA'y + cos 2Trkx cos 2x/iy). 


This form is formally satisfactory because it uses only those terms in 
the shaded eighth of reciprocal space. But the number of summations 


Co 



Fig. 12. 


is the same as in (54), and (54) has a simpler general form which is 
preferable. 

The data required for summation (54) must be obtained from one- 
quarter of reciprocal space. The data required for (55), on the other 
hand, is obtained from one-eighth of reciprocal space. The summations 
must be carried out, according to Fig. 12J5, for one-eighth of the cell. 
(An alternative procedure, making use of Theorem 2, is to perform only 
the first term of (55), but to carry it out for a quarter cell of Fig. 12B, 
then add the results at xy and yx.) 

Plane group p4gm. Plane group jAgm, Fig. 13B, can be derived 
from its subgroup p4 by the addition of a glide plane through the origin, 
diagonal to the axes, and having glide component a/2 + 5/2. According 
to Theorem 4 of Chapter 16, this gives rise to the following relation in 
reciprocal space. Fig. 13 A: 

FfcAo = Fhko 


(56) 
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It is therefore convenient to distinguish two classes of reflections, for 
which the conditions are 

for h+h even: Fkhoi = = Fhko, (67) 

for h+k odd: Fkho{= Fmo) = —Fhko- (68) 

As in the cases of p4 and forms for the synthesis of pdgm can 

be derived which use either a double motif unit, or only a single motif 
unit of reciprocal space. To derive the form using the double motif unit 
(a 90® sector in this case), conditions (57) and (58) are applied to (35), 
giving 

Fhko cos 27rhx cos 2Trky 

h k 
0 

h-\-k even 




0 

h-\-k odd 


Fhk() sin 2Trhx sin 


(69) 


The form requiring only a single motif unit of reciprocal space may be 
derived by applying the special conditions (57) and (58) to (52). This 
gives 


Pixy) — ^ \xx Fhkoi^os 2Trhx cos 2wky + cos 27rkx cos 2Trhy) 


D 0 

h k 

h+k even 



h k 
A+A odd 


Fhkoi^^^ sin 2wky — sin 2Tkx sin 2Thy) 


(60) 


This summation makes use of data in one-eighth of reciprocal space. 
Fig. 13A. It is carried out for one-eighth of the cell. Fig. 13JS. 

Plane group jp3. The only subgroup of p3 is the trivial group pi. 
The form for the summation of p3 can best be derived as the sum of the 
summations for the three sector pairs for the fields hkj hi, and ih, Fig. 
14A. The general form for each sector pair follows (28). If the partial 
synthesis due to a single sector of field hk is designated dhk P(xy), then 
the full density is given by 


P(xy) - dhk Pixy) + dkiPixy) + d^hPixy), 


( 61 ) 
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where, for example, following (28), 


dhk Pixy) - ^ XT' {AhkQ cos 2Thx cos 27rky 

h k 
0 

— Ahko sin 2'Trhx sin 2Trky 

+Bhkd sin 2Trhx cos 27rky 

+Bhko cos 2Trhx sin 2Trky.} (62) 

Figure 14 A shows that partial summation (62) requires data from only 
one-sixth of reciprocal space. But to find the full density, (61), the sum¬ 
mation must be performed for three pairs of sectors. According to Fig. 
14B, the summation must be carried out for one-third of a cell. 
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Alternatively, Theorem 2 can be used. According to this theorem, 
only the summation for one sector, (62), need be carried out, but it must 
be summed over the full cell. The final density at xy is the sum of the 
partial densities at the three equivalent points shown in Fig. 145. Using 
the notation of (61), one obtains 


P{xy) - ^hk Pixy) + ^hkPiy,x^y) + ^hk Pix-^y.x)> (63) 

Plane group p31m. In reciprocal space, Fig. ISA, the symmetry 
of p31m provides the relation 


F'hkQ = FfcAO- (64) 

This relation could have been deduced from (55) for p4mm, and it can be 
used to condense the hk sector of Fig. 15A so that each term of (62) for 



p3 takes a form like (55). But a much simpler procedure is to make use 
of Theorem 2 in the following way. The motif sectors of reciprocal space 
are six pairs such as the one shaded in Fig. 15A. This is bounded by 
ai* and the diagonal D. For this sector pair the synthesis follows (28): 

CO D 

^hD Pixy) ” ^ rr cos 2Thx cos 2Tky 

D 0 
k k 

— Ahko sin 2'Khx sin 2Trky 
+BhkQ sin 2Trhx cos 2Thy 
cos 2Trhx sin 2Trhy]. 


( 65 ) 
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This partial summation must be carried out over the full area of the cell. 
Then the full summation is the result of recording at xi/ the values found 
for all six equivalent points shown in Fig. 15S. 

Plane gronp pSml. In reciprocal space, Fig. 16.4, the symmetry of 
p3ml provides the relation 


Therefore, 


Fkho = Fhko 

for h+k even: Fkho - Fhko', 

for }i-{-k odd: F^m — — 


( 66 ) 

(67) 

( 68 ) 


Again these relations enable writing the partial density due to a sector pair 
like (62) in condensed form. But a more straightforward summation can 



be performed by making use of Theorem 2. For this purpose a sector is 
again chosen between o* and the diagonal D, Fig. 16A. The form of the 
summation is then the same as (65). This must be summed for all sample 
points in the full cell. The full density is found by recording at xy the 
partial densities found at the six equivalent points in Fig. 16B. 

Plane group p6. This symmetry has p2 as a subgroup so that the 
form for a sector pair is given by (32). It would appear that the best 
way to take advantage of the hexagonal symmetry would be to perform the 
summation for the field of the hexagonal sector pair of Fig. 17A. The 
summation then has the form 


^hk P(,xy) 


2 

,S 


00 



{Fhko cos 2irhx cos 2Trky 


—Fhko sin 2irhx sin 2vky]. 


0 


(69) 
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The number of terms in the summation is the number of Fhko^ in the 
hexagonal sector. This must be summed over the full hexagonal cell, 
and, to obtain the full summation, the results at the three points xy] 
y, x — y; and x+y, x must be added and recorded at xy. 





Actually a simpler way is to ignore the hexagonal symmetry and treat 
the symmetry as if it were p2. The full summation is then given by 
(35), namely 

00 

h k 
0 

’-(Fhko — Fuo) sin 2Thx sin 2Trky}. (70) 

This needs be summed only for one-sixth of the cell, as shaded in Fig. 
17B. Summation (70) therefore need be made for only a fraction of the 
number of direct-cell points as that required for (69). In other respects 
(69) and (70) are equally easy, since both have the same number of 
summation terms. 

Plane group p6mm. This symmetry has subgroups p2, p3, plml, 
p2mm, pSmlj and pSlm, so that the Fourier summation for it can be 
performed in a large number of ways. Perhaps the simplest way is to 
treat it as p2mm, chosing ai* and D 2 as reciprocal axes, Fig. ISA. The 
form of the summation is the same as (47), namely 

P(xy) ^ ^ ^ 2Trk'y. 

h k' 

0 


( 71 ) 
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Fig. 18. 


The summation need be carried out only for the points within of the 
unit cell, as shaded in Fig. 185. 

Alternatively, full advantage may be taken of the symmetry 'p^mm in 
reciprocal space. In this case the summation is performed for a hexag¬ 
onal sector pair. Since pQmm provides 

FhkO = FjchO, 

a summation form analogous to (55) can be written for each sector pair, 
specifically 

DO Dl 

2 VA' VA' 

^hk P(xy) ~ /j Fhkoioos 2Thx cos 2'wkij + cos cos 2Tthy). (72) 

Dl 0 

h k 

The full summation is given by adding the results at ; y,x — y] x+?/, x 
and recording it at xy. 

Three-dimensional summations 

Three-dimensional summations, designed for computation one level 
at a time, can be referred to the pattern established for two-dimensional 
summations. For sake of clearness, assume that the electron density 
is desired for a level zi. Then zi is constant for the purposes of the 
summation. 

The general form of the Fourier summation for a pair of opposite seg¬ 
ments was given in (24). Since is constant for the level, it is con¬ 
venient to separate the trigonometric parts of (24) into variable and 
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Table 1 


Forms of Fourier svntheses for symmetrical projections 


^Symmetry 

of 

projection 

Form of synthesis 



pi 

2 Y'V' 

S Zj Zj 

h k 

0 

— (Ahko — Ahko) sin 2Trhx sin 2Trky 

A-(Bhko — Buo) sin 27rhx cos 27rky 

A-CBhko-l-Bhko) cos 2Trhx cos 2irky\ 

(34) 

p2 

2 V'^V' 

's Zj Zj cos 27r/ia: cos 27rA:y 

h k 

0 

— (Ffefco —Fuo) sin 2Trhx sin 2Tky } 


(35) 

plTnl 1 
clml J 

00 00 

5 ^ cos 2Trky 4- ^AJfco sin 27rky 

0 0 

A * 

COS 2Trhx. 

(39) 

piffi 

OO QO 

0 ^0 

/i fc 

even 

130 OO 

cos 2Trhx, 



— ^ ^ it-Afeo sin 27rA;2/ — cos J 

0 0 

h k 

odd 

sin 27rAa;| . 

(44) 
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Table 1 (Continued) 


Symmetry 

of 

projection 

Form of synthesis 


p2mm 1 
c2mm J 

4 V”v' 

— 7 7 Fuo cos 2tcKx cos 2-Kky 

h k 

0 

(47) 

p2gm 

4 IV'V' 

- 1 /j /j 23r^x COS 27tky 

h k 

0 

k e\’eii 

v”v' 1 

— 7 7 Fhkn sin 2x^x sin 2vhy f . 

A k 

0 

k odd 

(48) 

p2gg 

4/V"V' 

- 1 2j £, ‘Tnchx COS 2'Kky 

h k 



0 

A +k even 



v”v' 1 

— 7 7 Fhko sin 27rhx sin 2Trky f. 

(49) 


A k 

Q 



k+k odd 
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Table 1 (Continued) 


Symmetry 

of 

projection 

Form of synthesis 


p4 

^ ^ ^ |(/’aao+^aio) cos 2Trhx cos 2irky 
h k 



0 

-{Fhko-Fuo) sin 2Trhx sin 27rky] 

(35) 

or: 

to Di 

2 V' V' 

- ) y { (Fmo+Fu-o) (cos 2TThx cos 2Trky + cos 2Trkx cos 2Trhy) 

Sr 0 

h k 

~(FhkQ—FuQ)(sm 2Thx sin 2Trky — sin 27rkx sin 2Trhy) j. 

(52) 

pimm 

4 V'"V' 

- y y Fhko cos 2Trhx cos 27rky 

h k 

0 

(54) 

or: 

00 D 

4 V V 

- y y Fhko (cos 2Thx cos 2Tky + cos 27rkx cos 27rhy) , 

D 0 

h k 

• (55) 

p4:gm 

4 /V'^V' 

— I y y Fhko cos 27rhx cos 2Trky 

h k 



0 

h-\-k even 



v"v' I 

— / / F/ifco sin 2Trhx sin 27rky f 

h k 

(69) 

or: 

0 

h-^-k odd 

oo D 

4 {V V 

- I /j /j 2Trhy) 

h k 

h+k even 



00 D 

— ^ 2x712/) 1 

^ 0 

/fc 

A-f/b odd 

■ (60) 
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Table 1 (Continued) 


Symmetry 

of 

projection 

Form of synthesis 


p3 

2 V'V' 

“ / 7 \AhkO cos 27rkx cos 27rk!j 

h k 



0 

— Ahkd sin 2Trhx sin 27rkij 



A-Bhkd sin 2Thx cos 27rky 

A-Bhko cos 2Trhx sin 27rky\. 

(62) 


Add the values for xij; y, x—y; x+y, x and record the 
sum at xy. 


p31m 

00 D 

1 ^ ^ {Amo cos ^irhx cos 27rky 

D 0 

h k 

—AhkQ sin 2Thx sin 2Trky 



+BhkQ sin 2Trhx cos 2Trky 

-\-Bhko cos 2Trhx sin 2Trky\. 

(65) 


D is the reciprocal-<iell diagonal along [110]*. 

Add the values for XI/; y,x — y] x+y,x 
yx; x,x+y; x-y,y 
and record the sum at xy. 



Same as for p31m, except: 

Add the values for xy; y, x —y; x+y, x 
yx; X, x-y; x+y, y 
and record the sum at xy. 


p6 

2 v”V' 

's Zj Zj ^ (Fmo+Fmo) cos 2Trhx cos 27r/cy 

h k 

0 

-(Fmo-'Fmo) sin 2 t/ix sin 2Trky]. 

(70) 

or; 

2 V'”V' 

- 7 } {FhkO cos 27rAx cos 2Trky 

h k 

0 

—FhkO sin 2x/ix sin 27rfcy}. 

(69) 


Add the values at yx; y,x—y; x+y, x 
and record the sum at xy. 
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Table 1 (Continued) 


Symmetry 

of 

projection Form of synthesis 


pQrnm 


4 

5 



Fhk'o cos 27rhx cos 27rk'y. 


(71) 


h and k' are referred to orthogonal axes a* and 6'* 

00 D 

2 V' V 

~ } y Fhko (cos 27rhx cos 27rky + cos 27rkx cos 2'irhy). (72) 


D 0 

h k 


D is the reciprocal-cell diagonal along [110]*. 
Add the values at xy, x—y; x+y, x 
and record the results at xy. 


constant parts. This can be done by using the trigonometric identities 
(26) and (27). When these are applied to (24) it becomes 


P(xyzi) 


irrr [Ahhi cos 2Tt(hX'^ky) cos 27rfei 

h k i 


— Ahhi sin 2T(hx-\-ky) sin 2Trlzi 

+Bh.u sin 2TQix-\-ky) cos 2Trlzi 

-\-Bhu cos 2Tr{hx-\-ky) sin 2Trlzi}, (73) 

Now, for any selected level zi the following parts of (73) are fixed and 
can be computed in advance of the main computation: 


Ahki cos 27 rlzi 
Ahki sin 27rlzi 

i 

^ Bhkl cos 27rfei 
Bm sin 2Trlzi 


= Oam 

= ^A,hh 
^ CB,hk 


(74) 
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Each of these can be computed, and the results inserted into (77), which 
then takes the simpler form 


Pi^yzi) 



[Cam cos 2v(}ix-\-ky) 

-Sam sin 2Tr{hx+ky) 
+ Cbm sin 2Tr{hx+ky) 
-\-SB,kk cos 2irQix-\-ky )} 


I XT 1 {CA-\'SB)hk COS 2Tc{hx-\’ky) 
h k 

+ sin 2Tr{hx+ky)]. 


(75) 


(76) 


By using identities (26) and (27) again, this can be written in product 
form: 


P(xyzi) 



h k 


{ {CA+SB)hk cos 2Thx cos 2'wky 


— {CA+SB)hk sin 2Thx sin 27rky 
+ iCB-‘SA)hk sin 2xAx cos 27rky 
+ {CB^SA)hk cos 2Thx sin 2rky] 


(77) 


This has the same form as that for the general two-dimensional case, 
(28), except that 


AhkO iCA+SB)hkf 
BkkO-‘~^ (CB—SA)hk- 


(78) 


The detailed forms of the Fourier summation for the 230 space groups 
are listed by Lonsdale^ and in the International tables.^ 
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4 Norman F. M. Henry and Kathleen Lonsdale. International tables for x-ray 
crystallography. VoL I. (Kynoch Press, Birmingham, England, 1952) 353- 
525, especially 353-366. 
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Practical methods 
of summing Fourier series 


The last five chapters have been devoted to some of the theoretical 
aspects of Fourier series. In this chapter some of the practical pro¬ 
cedures for performing the actual numerical summations are considered. 

The large number of summations which would be required in a straight¬ 
forward Fourier summation was emphasized in the beginning of the last 
chapter. That chapter was devoted to showing how the number of 
summations actually required could be reduced by taking advantage of 
the symmetry of the crystal. There are also some simple mathematical 
devices which considerably reduce the labor of summations. These were 
introduced in the early works of Beevers and Lipson^“^ as well as Robert¬ 
son'^ and, in part, have been incorporated in the forms used in the last 
chapter. The basic mathematical devices are as follows: 

a. The trigonometric part of the summation may be recast into 
product form. This has an advantage in computation since it reduces 
a two-dimensional summation into products of one-dimensional 
summations. 

b. Trigonometric functions of positive and negative indices may be 
transformed into functions of positive indices only. This permits a 
reduction of the summation by bulking together functions of positive 
and negative angles. 

c. Advantage can be taken of the symmetrical or antisymmetrical 
properties of the trigonometric function about the angles 0, i-*27r, 
^•27r, f'27r, and 27r. If the computation is properly designed, this 
permits limiting the strictly Fourier part of the summation to the 
range 0 to i of the cell edge. 
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Sampling of the Fourier transform 

A Fourier function, such as the one which provides the value of P(xy)i 
does so for continuously variable values of the parameters x and y. But 
if one is going to compute p(xy) by digital methods, he cannot do this for 
the infinity of values of parameters. As a practical matter it is necessary 
to select a limited set of samples of x and y at intervals sufficiently close so 
that values of the function do not vary greatly between sample points. 
The values of the function for xy positions lying between sampled values 
can be found by some sort of interpolation. The actual interpolation is 
commonly accomplished by drawing contours of the function p^^xy) using 
as data points the values found at the sampled coordinates xy. 

The fineness of the interval chosen between sampled values depends on 
the amount of detail required in the synthesis. It is desirable that, 
whatever the interval chosen, the sampling should explicitly include the 
fractions -I, -f, and since these are commonly equipoint locations. Thus 
intervals of of the cell edge are not suitable, while intervals of -^V? 

and ^th of the cell edge are normally used. Perhaps the interval 
of is currently most common. 

Use of the symmetrical properties 
of the trigonometric functions 

By making use of the symmetrical and antisymmetrical properties of 
the cosine and sine, the actual trigonometric part of the summation 


h odd h even 



Fig. 1. 

involved in a Fourier summation need not be carried beyond x == y, 
2 / = y. The summation beyond these limits is always related in a simple 
way to the summation up to these limits. The basis of this is as follows: 
In Fig. 1 are shown graphs of the functions cos 27rhx and sin 2Thx for 
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Table 1 

Coordinates of symmetrical and antisymmetrical points for trigonometric 

functions 



cos 2Thx 

sin 27rhx 


symmetry 
point, i.e., 
no sign change 
at 

antisymmetry 
point, i.e, 
sign change 
at 

symmetry 
point, i.e., 
no sign change 
at 

antisymmetry 
point, i e., 
sign change 
at 

h even 
h odd 

X — 

0, h h 1 

0, i 

ih 11 i) 

T> f 

(h h h i) 
h i 

p p 

!1 


h = I and for A == 2. The behaviors of these functions are typical of their 
general behaviors for h odd and h even respectively. Note that the sym¬ 
metry and antisymmetry is distributed about the coordinates shown in 
Table L It is evident that if the value of the trigonometric function 
has been computed in the range 0 to it has the same absolute value at 
symmetrically related points in the ranges i to i-, -I to f, and f to 1, 
although the actual value may involve a sign change. These relations 
are, more specifically, 


h even: 


h odd : 


Range a: = to i Range x — 0 to ^ 
cos 27rA(|-—x) = cos 2 x^ 0 :, 
sin 27rh{^—x) = “-sin2xAx; 

cos 2xA(-|~-a:) = —oos27rhx, 
sin 2Th{^—x) = sin 2Thx. 


( 1 ) 


One can take advantage of these relations by performing the sum¬ 
mations for h even and h odd separately. If this is done, then the sum¬ 
mations in the several ranges can be found by combining the summations 
in the 0-to-|- range in the following manner: 

Let 


Ce = cos 2 xA.t when h is even, x = 0 to 
Co - odd, 

Se = sin 2xAx “ even, , 


5 . 


odd 
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Then, for 

Range x = 0 to 

a cosine summation is 

2 C = 2 (Ce + Co) 
a sine summation is 

Range x =|- to ^ (note backward progression of x, also see (1)): 
a cosine summation is 

Ic-lic.-c.) 

a sine summation is 


( 2 ) 


(3) 


2^ = 2 


To extend the range beyond x = one merely makes use of the universal 
symmetry of the cosines about either 0 or I-, and the universal antisym¬ 
metry of the sines about these points. To make this extension, therefore, 
all signs of the C^s in (2) and (3) are retained and the S^s reversed: 

Range x = ^ to f: 


2c = 2(C'e-C.) 

2^ = 2 (Se-Sc) 

Range x = 1 to x (note backward progression of x ): 

2 C = 2 iCe + Co) ] 

2^ = 2(-'S«-5<,) j 


(4) 


(5) 


A compact representation is given in Table 2. In this table note the 
symmetry and antisymmetry of the component parts about 0, xj f. 
The second and fourth ranges are designated in reverse order to display 
this symmetry. 

By the use of these relationships a non-centrosymmetrical summation, 
which involves both cosine and sine components, can be reduced to a 
quarter of the nominal number of summations required. In any sum¬ 
mation where the symmetry of the cell requires that the summation must 
be carried out beyond Xj tfj or z = there is a considerable saving of 
labor in using these relations. 
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Table 2 

Form of the Fourier summations based on summations in the range 0 to 4 


Range 

Summation combinations 


0 

o 

o 

C\ + Co + Se+ So 

1 

. T 

i to i- 

Ce- Co- Se+ So 

. . i 

JL to ~ 

2 4 

Ce- Co A Se- So 

3 

.... 4 

1 to f 

Ce + Co - Se - So 

.1 


Summation of one-dimensional series 


There are two popular “strip” methods of summing Fourier series, the 
BeeverS“Lipson^“® and Patterson-Tunell methods.’^ Both of these are 
essentially methods of summing one-dimensional series of the form 


and 


C == 



cos 2Trhx 


S = 



sin 2Thx. 


( 6 ) 

(7) 


It will be shown later how the methods can be adapted to two-dimensional 
summations. Meanwhile they are treated merely as methods for one¬ 
dimensional summations. 

The Beevers-Lipson method. A method was devised by Bee vers 
and Lipson^~® which relieves the computer of all the preliminary mathe¬ 
matical work in computing (6) and (7), leaving him only the job of per¬ 
forming the additions. The method does this by solving once and for all 
the parts of (6) and (7) likely to be used again and again. Specifically 
it provides the values of 

Ah cos 2Trhx (8) 

and 


Ah sin 2TrhXj 


(9) 


for all values of A and h likely to be needed (here Ah is the amplitude). 
For a particular value of A and h, the values of (8), or (9), are printed on 
a strip of cardboard for the 16 successive a; locations of* * • If. 
For example, for A = 39 and h = 4, the various values of (8) for the 
parameter x are printed on a strip as follows: 
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_ ^ = Q 1 3 4 o 6 7 8 9 IQ 11 12 13 14 lo 

39 C 4 39 36 26 12 4 19 ^ M M 32 T9 4 12 26 36 39 (40) I 


Thus one starts with numerical values for (8) say, for each A and h to 
be summed. To perform the summation (6), one merely places the H + 1 
strips so that their successive x values lie in vertical columns, as in Table 
4, and adds the numbers in each column. Strips are available for every 
combination of A and hj with A ranging from 1 to 100 and h ranging 
from 0 to 30. The negative values of the function are also provided. 
In some sets of strips these are on separate strips, in others on the backs of 
the positive-function strips. The values of the function are ordinarily 
given to two figures, which is ample for most crystallographic work. 
(Three-figure strips are also available.) 

The strips are stored in a special box, which aids in finding the strips 
and returning them to the proper place. The strips are arranged so that 
all having the same h values are kept in the same compartment, within 
which they are filed according to increasing amplitude A, 

The use of the strips is illustrated by the following example. It is 
desired to make a Fourier synthesis cos 2'irhx using the 18 Fourier 
coefficients in Table 3. (This is an actual case, specifically the Fourier 
synthesis of the Harker line Pmy^^) of realgar."^ From each of the com¬ 
partments of the cosine-strip box one selects a strip having the Ah value 
listed in Table 3. These are placed in order, as shown in Table 4, with 
even and odd values separated. Note that Table 3 shows that A is and 
A 17 are zero. They therefore contribute nothing to the summation 

Table 3 


Data for example of computation of the one-dimensional 
Fourier synthesis of Table 4 


Index, 

h 

Fourier coefficient. 
Ah 

Index, 

h 

Fourier coefficient, 
Ah 

0 

34 

9 

9 

1 

-2 

10 

-7 

2 

-17 

11 

2 

3 

-26 

12 

-3 

4 

39 

13 

3 

5 

11 

14 

-.4 

6 

1 

15 

-3 

7 

-8 

16 

0 

8 

1 

17 

0 


t Harker sections are discussed in M. J. Buerger. Vector space and its application 
in crystalstrvxture investigation. (John Wdey and Sons, New York, 1959) Chapter 7. 
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Table 4 


Example of computation of one-dimensional Fourier synthesis by the 
Beevers-Lipson method 




X — 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 


34 

c 

0 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

(544) 

17 

c 

2 

17 

17 

16 

14 

11 

8 

5 

2 

2 

5 

8 

11 

14 

16 

17 

17 

(0) 

39 

c 

4 

39 

36 

26 

12 

4 

19 

32 

M 

38 

32 

19 

4 

12 

26 

36 

39 

(40) 

1 

c 

6 

1 

1 

0 

0 

1 

I 

1 

0 

0 

1 

1 

1 

0 

0 

1 

1 

(0) 

1 

c 

8 

1 

1 

0 

1 

I 

0 

0 

1 

1 

0 

0 

1 

1 

0 

1 

1 

(2) 

7 

c 

10 

7 

3 

3 

7 

3 

3 

7 

3 

3 

7 

3 

3 

7 

3 

3 

7 

(0) 

3 

c 

12 

3 

1 

2 

2 

1 

3 

1 

2 

2 

1 

3 

1 

2 

2 

1 

3 

(6) 

4 

c 

14 

4 

0 

4 

1 

4 

2 

3 

3 

3 

3 

2 

4 

1 

4 

0 

4 

(0) 

2 

\, 

Ce 

f 


44 

51 

53 

41 

15 

2 

9 

3 

1 

11 

26 

41 

53 

71 

89 

98 

(580) 

2 

c 

1 

2 

2 

2 

2 

2 

2 

2 

T 

T 

T 

T 

T 

T 

0 

0 

0 

(20) 

26 

c 

3 

26 

25 

21 

15 

8 

0 

8 

15 

21 

25 

26 

25 

21 

15 

8 

0 

(69) 

11 

c 

5 

11 

10 

5 

0 

5 

10 

11 

10 

5 

0 

5 

10 

11 

10 

5 

0 

(26) 

8 

c 

7 

8 

6 

1 

5 

8 

7 

2 

3 

7 

8 

4 

2 

6 

8 

5 

0 

(6) 

9 

c 

9 

9 

5 

3 

9 

7 

0 

7 

9 

3 

5 

9 

5 

3 

9 

7 

0 

(14) 

2 

c 

11 

2 

1 

1 

2 

0 

2 

2 

0 

2 

1 

1 

2 

1 

1 

2 

0 

(2) 

3 

c 

13 

3 

1 

3 

2 

2 

3 

1 

3 

0 

3 

1 

2 

2 

1 

3 

0 

(4) 

3 

c 

15 

3 

0 

3 

0 

3 

0 

3 

0 

3 

0 

3 

0 

3 

0 

3 

0 

(0) 

2 

'Ce 


14 

T6 

23 


I5 

0 

8 

7 

6 

13 

22 

31 

36 

42 

29 

0 

(101) 



X ^ 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 


2 ^- 


? Co 

30 

35 

30 

16 

0 

2 

T 

4 

7 

24 

48 

72 

89113118 

98 




^ Co 

58 

67 

76 

66 

30 

2 

17 

lo 

5 

2 

4 

10 

17 

29 

60 

98 




X — 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 



and are omitted from Table 4. The strips have now been arranged 
in two blocks corresponding to Ce and Co of (2) and (3), with corre- 
sponding x values in columns. When a column is summed the result 
is 2) it A cos 2Tthx for that value of x. Accordingly the numbers in ail 
columns are summed for each block. The results are SCe and SCo. 
According to (2) and (3) the Fourier synthesis for the range x = 0 to if 
is obtained by adding to SCg, while the range from ff to ff is 
obtained by subtracting from The results of this sum and 

difference appear at the bottom of the table. Since this is a cosine 
synthesis, it is symmetrical about so this completes the summation. 
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The right side of Table 4 shows a series of numbers in parentheses. 
Each number is the sum of the numbers on that strip. When this column 
is added the result should equal the sum of the bottom row of sums, and 
so serves as a check on the correctness of the synthesis. 

The result of such a synthesis is usually plotted, as in Fig. 2. In the 
event that this one-dimensional synthesis is part of a two-dimensional 
one, only the numerical result at the bottom of the columns is recorded, 
no record being kept of the other figures in the two banks of Table 4. 

When one wishes to include an amplitude -4;^ which exceeds the 0-to- 
100 range of available strips, one can substitute any two (or more) Ah 



Plot of the example of the one-dimensional Fourier summation carried out in Table 4; 
realgar, Pcy^). 

strips of the same h such that the sum of their amplitudes equals the 
desired Ah. 

The Patterson-Tunell method. An alternative method of summing 
one-dimensional Fourier series using strips was devised by Patterson and 
TunelL'^ The theoretical backgrounds for the Beevers-Lipson and 
Patterson-Tunell methods are identical. They differ chiefly in the 
number of kinds of strips needed. 

In the Beevers and Lipson method, separate strips were required for 
A cos 27 rlx, A cos 27r2a;, A cos 2x3x, etc. In the Patterson-Tunell 
method, it is recognized that the numbers which appear on the strip 
A cos 2w2x are the same as the alternate numbers on the strip A cos 2wlx, 
and that the numbers on strip A cos 27r3a; consist of every third number 
on the strip A cos 27rla:, etc. Consequently, one could obtain all these 
required values of A cos 2ThXj for a specific value of x, by arranging a 
mask which would screen all but the nth number (where n = hx) to obtain 
A cos 2x1a;, another to screen all but the 2nth number for A cos 2x2a;, a 
third to screen all but the 3nth number for A cos 2x3a;, etc. Thus, 
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only one kind of strip is needed, namely A cos 27rLr, for each of the difter- 
ent amplitudes, A. In practice one has a collection of strips with the 
amplitude, A, ranging from 1 to ±300. White strips indicate positive 
A, colored strips are used to indicate negative A. 

To perform the summation, a strip is selected from a storage box 
(Fig. 3) for each value of These are laid on a board. Fig. 4, with the 
strip for A = 0 in the bottom position, the strip for A = 1 in the next 



Fig. 3. 

Box for storing Patterson-Tunell strips. 

(After Patterson and Tunell.'^) 

position above it, the strip for ft = 2 in the next higher position, etc. 
until all values of ft are represented and are in order from bottom to top. 

To perform the summation for the point x = 0, ft even, the value of 
n = hx is 0. Therefore the appropriate mask would permit one to see 
the 0th number of each strip. This cosine mask is shown in the upper 
left of Fig. 5. To perform the summation for x — 1, h even, the value of 
n is n = h’l = ft. The appropriate mask (Fig. 5, upper row, next to 
left end) has openings to display the 0th number for strip ft = 0, the 2nd 
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number for strip h = 2, the 4th number for strip A = 4, etc. All the 
numbers visible are added, with the precaution that colored numbers are 
negative, and a colored ring about the hole in the mask indicates that the 
sign of the number must be reversed (i.e., corresponds with a negative 
value of the trigonometric function). 



Fig. 4. 

Board for arranging Patterson-Tunell strips. A strip corresponding to Ah is laid 
in the slot numbered Ti, for each number. 

(After Patterson and Tunell.’^) 

The advantage of the Patterson-Tunell method is that a much smaller 
collection of different kinds of strips is employed, since the strips are 
functions of A only, and not of both A and A, as in the Beevers-Lipson 
method. Disadvantages include the requirement for the large para¬ 
phernalia of the mask and special board, and the consequent large amount 
of space required for their use, and the possibility of making an error in 
judging sign, especially when the mask sign reverses a negative sign of a 
strip. 
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cos X = 0 h even 

cos X = 1 A even 

cos X = 2 h even 

cos X = 3 k even 

cos x = 4 A even 

cos X = 5 A even 

0 

O 

O 

O 

O 

O 

0 

O 

O 
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© 

0 

O 
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O 

O 

0 
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© 

0 

0 

© 

0 
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O 
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0 
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0 
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sin X = 1 h even 

sin X = 2 h even 

sin xs=3 A even 

sm x = 4 A even 

even master 
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0 

O 

O 

O O O 
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cos X = 0 h odd 

cos X = 1 h odd 

cos x = 2 A odd 

cos x = 3 A odd 

cos X = 4 A odd 

odd master 

0 

O 

O 
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0 
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© 
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sin X = 1 h odd 

sin x = 2 /todd 

sin x = 3 A odd 

sm X = 4 A odd 

sm X = 5 h odd 


0 

O 

O 

0 
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O 
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© 
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Fig. 5. 

Set of Patterson-Tunell masks for sampling at of the cell periods. Each rec¬ 
tangle is a separate sheet with circular holes through which a certain number can be 
seen on each of several strips, which are arranged on a board like Fig. 4. The circle 
about certain circular holes in the mask requires that the sign of the number seen 
be reversed. 

(After Patterson and Tunell.’^) 

Adaptation of one-dimensional methods 
to two-dimensional Fourier syntheses 

Beevers and Lipson^ pointed out that if the trigonometric part of a two- 
dimensional Fourier synthesis is expressed in product form, the sum¬ 
mation can be regarded as successive sets of one-dimensional series. The 
form of a general two-dimensional Fourier synthesis is given in (34) 
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of Chapter 17. The forms of the synthesis for various two-dimensional 
symmetries are also given in product form in Chapter 17. 

In order to illustrate the adaptation of one-dimensional methods to 
two-dimensional Fourier syntheses, the simplest product form will be 
used as an example. This is the form for symmetry p2mm, which is 
given in (47) of Chapter 17. Omitting the scale factor, this is 

H K 

Pixy) = T' Fhkd cos 2Trhx COS 2TrklJ. (10) 

A = 0 k=Q 

The prime marks after the S'^s indicate that the border terms of the 
representative segment of the coefl&cients (i.e., the border of the repre¬ 
sentative section of the F^s in reciprocal space) are to enter the synthesis 
at half their true value to allow for their occurring on a line symmetry. 
One can regard (10) as summed over a k first, leaving h constant. To 
express this it can be written 

Pixy) ~ 

+ 

+ 


cos 27 r% j cos 2Tr0x 

[X 27 riry j cos 2x1^ 

cos 27rfcy j cos 27 r 2 a: 


constant 


cos 2Tchx. 


+ Fftho cos 2 x^ 2 /j cos 2xffa;|, 

k 

or, more compactly, 

h k 

This can be written 

Pixy) =^Kh COS 2Thx, 
k 

where 

Kk = cos 2x^2/]^. 


( 11 ) 


( 12 ) 


( 13 ) 

( 14 ) 
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Thus one separates the coefficients into groups with h constant, and 
sums the group with respect to l\ This gives a set of numerical coef¬ 
ficients Kh, (14J, to replace the terms which occur in the brackets of (11) 
and (12). This process is usually described by saying that one sums 
first over k (h being regarded as constant), then over h. It is immaterial, 
matheniaticall}^ which index is summed first, although, as will be seen, 
there may be practical advantages to summing one or the other first. 

Table 5 

Data for example of computation of two-dimensional Fourier summation 
(Data for Patterson synthesis P(xy)<f realgar) 


i 

17 

0 

0 

0 






16 

2 

0 

0 






15 

0 

3 

0 

6 

0 




14 

14 

2 

2 

0 

0 




13 

0 

2 

14 

0 

5 




12 

4 

5 

3 

11 

0 

0 



11 

0 

5 

16 

0 

9 

3 

0 


10 

4 

5 

0 

0 

0 

0 

0 


9 

0 

3 

15 

15 

0 

9 

0 


8 

118 

5 

0 

2 

20 

0 

0 


7 

0 

1 

11 

3 

0 

3 

0 

0 

6 

146 

24 

2 

24 

14 

2 

3 

1 

5 

0 

40 

0 

0 

18 

46 

0 

0 

4 

0 

0 

1 

44 

2 

0 

0 

0 

3 

0 

0 

2 

2 

2 

9 

5 

0 

2 

66 

0 

3 

3 

14 

0 

2 

2 

1 

0 

16 

37 

6 

35 

17 

0 

3 

0 

604 

40 

0 

24 

138 

0 

0 

0 


0 

1 

2 

3 

4 

5 

6 

7 


h 


An example of the computation of a Fourier summation for this sym¬ 
metry is P(xy) of realgar. (This kind of Fourier summation gives the 
Patterson synthesis, discussed elsewhere,'^ rather than the electron 
density. For Fourier coefficients it uses |F|^^s instead of F^s.) The 
Fourier coefficients for this synthesis are those in Table 5. The first step 
in starting the synthesis is to take account of the meaning of the primes 
on the S'^s of (10). These required that the borders of the asymmetrical 
set of Fourier coefficients be counted at half value, and that the origin 
point be counted at one-quarter value. The borders and origin of the 
|F|^^s in Table 5 are therefore altered to produce the lower-left block of 
Table 6 and Fig. 6. 

M- J. Buerger. Vector space and its application in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) 
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It will be evident shortly" that the second summation is most tedious. 
One therefore arranges to sum over the largest number of terms first and 
the smallest number second. Referring to Table 6, it is plain that in this 
example one should sum over k first and h second. Accordingly each 
vertical column of the table is treated as the set of coefficients of a 

one-dimensional synthesis and summed over k to produce the values for 
different y locations shown in the upper left table. The summation over 
terms with k even and k odd are performed separately and the results are 
recorded separately. To facilitate expansion the ^Ce terms are placed 
above the corresponding iCo terms. 

The first summation (over k) is now complete except for expansion to 
the y ranges of 0 to if and to |f. This is done using the upper parts 





Fig. 6. 

Sequence of operations in Table 6. 

of (2) and (3). The results of the expansion are recorded in the upper 
right block of Fig. 6. Each vertical column in this table is now a set of 
Fourier coefficients with y constant. These coefficients are to be summed 
over h to produce values at various points x. Each vertical column is 
therefore handled as a one-dimensional summation, even and odd terms 
being separately summed and recorded. The results are recorded in the 
block in the lower right of Fig. 6. 

It still remains to expand this block over x ranges from 0 to ^ and to 
It is most convenient to record the results of this^ expansion directly 
on a scaled projection of the crystal cell (a scale of 1 A == 2 in. is usually 
appropriate). A good way of preparing the projection is to make a 
tracing of the cell, and spot the points represented by the xy sampling. 
Since many Fourier syntheses are usually made using this same plan, 
copies of this original should be made by some reproduction process like 
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ozalid printing. The numerical values obtained by expanding the lower 
right block in Table 6 are recorded directly on this scaled print of the 
xy sample locations, Fig. 7. A piece of tracing material is then laid over 
this number field and contours are drawn on the tracing sheet. 

The example just discussed was computed using two-figure Patterson- 
Tunell strips. If Beevers-Lipson strips were used, it would be found that 
the results are slightly different due to the different rounding-off errors 
in the two kinds of strips. 

Adaptation to three-dimensional series 

The general Beevers-Lipson type of Fourier computation can be 
adapted to the computation of three-dimensional series. This matter is 
discussed by Goodwin and Hardy. ^ One has two choices of procedure. 
He may compute one-dimensional syntheses along lines having each 
sampled xy value, with z variable (say). Alternatively he may compute 
two-dimensional syntheses at constant z values with x and y variable. 

Outline for less symmetrical projections 

In order to facilitate the discussion of Fourier syntheses for various 
symmetries it is desirable to treat operations such as shown in Fig. 6 in 
outline. An outline corresponding to Fig. 6 is shown in Table 7. Out¬ 
lines for other symmetries are made up of similar parts but usually con¬ 
tain more individual operations. These may be illustrated for three less 
simple projections, specifically for the symmetries p2gg, p2j and pi. The 
forms of the Fourier syntheses for these symmetries are found in (49), 
(35), and (34) of Chapter 17, respectively. The sequences of operations 
for these symmetries are shown in Tables 8, 9, and lOA, respectively. 
Ill these tables it is assumed that the range of k is greater than that of h, 
so that summations are performed first over k. If the range of h is 
greater than k, the roles of h and k should be reversed. This is easily 
arranged for Tables 8 and 9, which are symmetrical in h and k. Table 
105 is the alternative form of the difficult Table 10A. 

Direct summation of two-dimensional series 

The Beevers-Lipson method of summation breaks down a two-dimen¬ 
sional series into sets of one-dimensional series. It is also possible to 
sum two-dimensional series in a direct manner. This was first pointed 
out by^Hobertson.^ Since his apparatus was cumbersome this method 
did not meet with wide acceptance. Recently it has been independently 
discovered by Grenville-Wellsd® who made the method quite practical. 
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Table 7 

Sequence of operations in Fourier synthesis for svmmetrj p2mm 
n'- 0 cos 2Thx cos 2Tky 


^kkQ 

/ FhkO cos 2TrklJ 

1 

expand over ^ == 0 to v 

0 COS 2Tky^ cos 2Thx 

r , I 

expand over a; - 0 to i 

^ y FhkO cos 2Trhx cos 2Trky 
h k 


Table a 

Sequence of operations in Fourier synthesis for symmetry p2gg 


^ ^ Fhko cos 2Trhx cos 27rky ^ ^ FhkO sin 2vhx sin 2irky 

I 

h- 

FhkO 


h k 
h-{-k even 


h k 
A+ibodd 


r 

FhkQ, h-\rk even 
2^ Fhko cos 2Tky 


expand over y - Oio 

^ [Fhko cos 2Trky] cos 2Trhx 
h 

expand over x = 0 to -g- 


1 

Fhko, h~\-k odd 

,, 1 

2^ Fkko sin 2irky 


expand over y = Oio ^ 

V ‘ 

) [Ffcfco sin 2Tky] sin 2Trhx 

‘ 1 

expand over x = 0 to |- 


+ 


u F/,jfco cos 2 t/ix cos 2Tky — IT Fhko sin 2Trhx sin 2Trky 


h k 
h-\-k even 


h k 
k+k odd 
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In summing two-dimensional series directly, one wishes to sum the 
Fourier series in the form (omitting a trivial scale constant) 

P(xy) = Y, 2T(hx+ky). (15) 

h k 

This can be broken into a set of subseries, each with k constant, thus: 


Pixy) = {Fhoo cos 2Trihx+0y) 

h 

-f Faio cos 27r(hx-t-lz/) 
+ Ph 20 cos2-ir{hx+2y) 


+ F hKO cos 2Tr{hx-{-Ky )}. 

Table 9 

Sequence of operations in Fourier synthesis for symmetry p2 


(16) 


^ X 2Trhx cos 2Trky ^ ^ (FhkO’-Fjiko) sin 27rh:c sin 2irfcy 


h k 


h k 


FhkO 


I 

(Fhko+Fiko) 

/ {FhkO'^Flko) cos 27rky 

• 1 

expand over y = 0 to ^ 


n [(Fhko-^Fiko) cos 1 


2Trky] cos 2hx 


h k 


(Fhko-Fhko) 

^ (Fhko -Fhko) sin 27rkij 

k 

expand over y = 0 to ^ 
u [{Fhk^—Fu^) sin 2trky] sm 2Trhx 


h k 


expand over ?/ — 0 to 1 


expand over ^ = 0 to 1 


4- 


4^ 

^ ^ COS 2Trhx cos 2wky 

h k 

-rr (Fhko—Fiko) sin 2irhx sin 2Trky 
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Each such subseries can be summed (as will be shown) on a set of strips 
for various values of x and y. The sum for the several subseries is the 
entire summation. 

To see how this can be arranged, let 

<j> = 27r(hx+ky), (17) 

Then each subseries is of the form 

Fhkio <t>ki (18) 

The angle 2T<j)jci is made up of two components, 2Trhx and 2'irky, With 
k held constant, the contributions of these two components to 4> are 
diagrammatically shown in Fig. 8A. Since h is constant, the contribution 



z 


A:=6 



Fig. 8. 

Scheme of the Grenville-Wells method of summing two-dimensional Fourier series. 


of 2'Kky varies uniformly with y. Since both h and x are variable, the 
contribution of increases uniformly with hif xis held constant, and 
is doubled if x is doubled, etc. The cosine of <f> can be found by laying a 
Patterson-Tunell-type strip with its left-hand side at the given x line, 
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Fig. 8 jB. The contribution to the point xy of Fkico cos 0 (h and k being 
constant) can therefore be found by putting the left side of the strip at 
the proper value of x for the proper level of h and reading the F cos 4> 
under the proper value of y. Accordingly, if several strips for the various 
values of h are laid with the left end at the proper .r value, their sum in 
the proper y column gives the contribution at xy of all Fhkio- Their 
contributions at other y values are found by adding different columns. 
These contributions at other x’s are given by moving the left end of the 


Table lOA 

Sequence of operations in Fourier synthesis for symmetry pi, K > H 


4" 


^ ^ + COS 27 rky + (BhkO'^'^hko) sin 27 rky] cos 27 rhx 

h k 


h k 


r 


AjikQ 

J L 


Bhko 


(AhkQ-\-^lko) 

„ I 


1 


r 


(Ahko-Aiko) {BhM-Bua) (Bm+Buo) 

^ ( ) COS 2'irky 2 ^ ^ 2tA'i/ r< ) cos 2x^7/ ^ ^ ^ ^xky 




[2 (Bhk(i+Bhko) sin 2irhy\ j 

{{Bhko-'BjiKQ) cos 27rky - (AhLQ-^iUa) am ] 


expand over y — 0 to 1 
^ [ ] cos 2Thx 


expand over y = 0 to I 

J 


Z' 


sin 2Trhx 


expand over x =» 0 to 1 


4- + 

T 


expand over ;r =*= 0 to I 


rr A%ko) cos %Tky + {Bkh^+Byik^ sin 2x%) cos 2Trhx 

h k 

4“ rr {{BhM-Buo) cos 2Tky - (Ahko-Auo) sin 2x%i sin 2x/»-x 


h k 
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strips to another diagonal x line. The contribution of other Fhko'^ 
for different k^s can be similarly determined by setting up other sets of 
strips for different k values. 

In the Grenville-Wells method, a card based upon Fig. 8 is supplied for 
each value of k. On each card one sets strips for all F^ko values, k being 
constant for the card. The sum of all the numbers in ?/ = constant 
columns for all strips gives p(a;y) = 'ZF^ko cos 2Tr{hx+ky) for one value of 
the pair xy. When sine summations are necessary, ZFhko sin 27 r (hx+ky) 
can also be summed by setting the strips to a different origin. 


Table lOB 


Sequence of operations in Fourier synthesis for symmetry jpl, H > K 



+ cos 27rhx + {Bhko — Blko) sin 2Thx} cos 2Trky 


+ ^ ^ {(B;iAO“}-BxA:o) cos 2Thx — (Akko-^^hko) sin 2Trhx} sin 2irfcy 
h k 


Ahko 

J L 




1 




r 


(BkkO“-Bjiko) 


(Bhko+Buo) 


I 

{AhkQ-\-AUo) 

1 

X / 1 I Y' ^ V' ^ 

( ) cos 2Trhx 2^ i ) sin 2Thx 2^ ( ) sm 2rrhx ( ) cos 2Thx 


h 

-f 4" 


cos 2Trhx -h (B/ifco—Bu-o) sin 27r/ia;} J 

[X "" ^Ahk(i-AUQ) sin 2x/ixl j 

expand over x — 0 to 1 

T' 


expand over x — 0 to 1 
^ [ ] cos 2Tkxj 


expand over y = 0 to 1 


-f + 

T 


sin 2irky 


expand over // = 0 to 1 


y X {cos 27rhx 4- {BkkQ—B%ko) sin 2Thx] cos 2Trky 
h k 

{(Bhko-hBuo) cos 27rkx — (Awko—-AXfco; sin 2xhx] sin 2xky 


h k 
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This method has the advantage that the synthesis can be independently 
performed for one point xy without going through the first entire sum¬ 
mation over k, say, as required in the Beevers-Lipson method. 

Phase-table method 

W. de Beauciair^^ has presented values of cos 2Tr(hx+ky) for a field of 
X and y divided into 48ths of a cycle, for different values of h and /c. To 
use the table for computing (15) one must multiply each by the 
appropriate trigonometric value, and sum results for a particular xy. 
This method has not come into general use. 

b 



The Lukesh semipolar method 


Lukesh devised a novel method of Fourier synthesis,^* ^ 

Starting with 

(15): P(xy) == y y ^hko cos 2T{hx+ky), 

h Jc 


one substitutes, (Fig. 9), 


y ^ X tan 0, 

(19) 

so that (15) becomes 


P{xy) ~ ^ ^ cos 2'K{hx~{-hx tan 0) 

h k 

(20) 


(21) 

where C = tan 0. 

(22) 


To apply the system one uses an unusual polar net of sample locations. 
This method has not come into general use. 


The high-index line synthesis 

The relations between the direct and reciprocal lattices suggests an 
interesting way of performing a two-dimensional synthesis by means of a 
one-dimensional summation. Consider a set of rational planes in the 
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reciprocal lattice, Fig. 10.4. The transform of this set of planes lies 
along a line at right angles to the planes. In other words if the (uv)^ 
reciprocal-lattice planes are used in a Fourier transform, the line [uv] 
in the direct lattice results. This line is periodic with the period of the 
lattice translation 

Now the interesting thing about this synthesis is that the period of the 
line [uv] is not complete until it crosses several cells, Fig. 10 j 5. Each cell 
is crossed in a different region. If all traversed cells are translated to the 
same location, the cell is crossed by a uniformly spaced set of lines. 
Fig. 105. This is the line [uv] modulo F, where F is the group of lattice 
translations. Indeed this complete set of lines [uv] which crosses one 
cell is simply translated fragments of the reciprocal to the complete set of 
planes (uv)* crossing the reciprocal cell. If a plane (ul)* is chosen. 
Fig. 11A j the b* translation repeats the first plane as successive planes. 
In direct space, Fig. 115, successive applications of the o translation 
restore successive segments of the line [wl] to the first cell. 

This Fourier transformation can be readily carried out by using the 
standard Fourier relation, (11), Chapter 15, but expressed for a point at 
a distance 5 from the origin in direct space: 

= dV*. (23) 

In the case of points on a lattice, this relation reduces to a summation for 
points of weight Fn confined to discrete planes at distances t* = nd* 
from the origin. The direct-lattice distance, s, can be expressed xi, 
i.e., as a fraction x of the period of tuv Thus (23) becomes 

(24) 

Since 

dn* = f (25) 

In 

this reduces to 

(26) 

For centrosymmetrical crystals this has the simpler form 

PC*) = I”' cos 2imx. (27) 

Here n indicates the nth reciprocal-lattice plane from the origin and x is 
the fractional coordinate along a period of the line [uv]. 

The weighting of the nth (uv)* plane consists of all the Fhko’s on that 
plane, i.e., the F„’s. The F’s on the same plane can be distinguished by 
relations among their indices. Thus, if the planes are (uv)*, the inter¬ 
cepts of the first rational plane from the origin are v, u. Figures lOA 



502 


Chapter 18 


and 11A show that indices of F’s lying on the same plane have indices 
h-mv, k-{-mu, where m is an integer. The particular plane on which an 
FhM belongs could be found by reducing the index in this way to the index 
of a point on a plane separated from the origin plane by n translations. 
This would show that the Fftt-o is on the nth plane from the origin. 

A B 

Reciprocal space Crystal space 



Fig. 11. 


When a plane (wl) is used, Fig. 11 A, the indices of F’s on the same plane 
have the form h — m, k+mu. The index of an F on the nth plane from 
the origin could be reduced by this relation to OnO. 

A more general way of finding the plane in the reciprocal lattice to 

make use of an index transformation. 
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Thus the high-index line in the direct lattice may be taken as a cell edge, 
and the high-index plane in the reciprocal lattice may be taken as the 
corresponding pinacoid. Figure llA shows that the required direct 
lattice transformation is as follows: 

New, oblique cell from original cell: 

a' = a, 10 

matrix • (28) 

h' = xia + h u I 

The index transformation (i.e., reciprocal-lattice transformation) has 
the same matrix.'^ Therefore the index transformation is 


h' = h, 
h' — vJi k. 

For example, the particular cell transformation of Fig. 115 is 

a' — a, 10 

matrix 

5 ' = 3ci -1-6 3 1 

Thus, the point hk = ll of Fig. 11A transforms as follows: 


(29) 


(30) 


h' = lh +Ok = M -f 0-1 = 1, 
k' = Zh +Ik ^ 3*1 + 1-1 = 4. 


(31) 


Thus Tl**—>T4** and Fiio“^Fi 4 o; i.e., Fn of equations (26) and 
(27) is F 4 , since F 140 is on a “plane’^ removed from the origin pinacoid of 
the reciprocal cell by 4 6 * translations. 

To make practical use of this property of a high-index line synthesis, 
one must select a line which traverses the cell at sufficiently closely spaced 
intervals. For simplicity, confine attention to the special kinds of high- 
index lines [ul]^ Fig. 115. Such a line must cross u cells to attain a lattice 
point, so that the line, modulo F, crosses the origin cell u times. If one 
would accept a Beevers-Lipson sampling of the cell edges in 60 parts, 
then a line [60, 1 ] would accomplish an equivalently close sampling. 
The sampling interval along the line should be such that one cell crossing, 
i.e., -^th of the period of the line [60, 1 ], would be divided into 60 parts. 
The entire line synthesis would thus be summed at 3600 points. 

Evidently the computation for a completely asymmetric cell by the 
high-index line method would require the same number of summation 
points as the Beevers-Lipson summation. The number of sample points 
for which summations must be made is reduced for symmetrical crystals 

M. J. Buerger. X-ray crystallography. (John Wiley and Sons, New York, 1942) 
12, 13. 
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in both methods. The advantages of the high-index line method are 
that only one type of operation is used, that only cosine summations are 
necessary unless an inversion center is missing, and that the summation 
for any individual point can be undertaken without preliminary computa¬ 
tion. The disadvantage is that no ‘‘strips’^ are commercially available 
for the method. 

This method is well adapted to high-speed digital computation and can 
be readily extended to routine full three-dimensional summations. It has 
not come into common use. It has been exploited to a limited extent by 
Rose and Rimsky^® and by Donnay and Donnay.^® 

The circle theory of Fourier synthesis 

Grenville-Wells^® pointed out that the contribution of a reflection hkO 
to a Fourier synthesis at point xy is related to a circle controlled by xy. 
Let the plane and point be as shown in Fig. 12A, For simplicity, let 



A B 


Fig. 12. 

the crystal be centrosymmetrical. Then the contribution of Fhho to point 
xy is Fhko cos 27r(hx+ky). The phase part of this is given by reading the 
Bragg-Lipson chart,symmetry p2, Fig. 12R, for the length and direction 
of AB. This is the same as the length and direction of OC. Thus the 
Fourier contribution at xy of any plane hk is controlled by the intersection 
of a circle whose center is at ^y with the normal to the plane. Unfor¬ 
tunately this is not of much help since the resulting value must be multi¬ 
plied by Fuo before entering into a summation. 

A somewhat more direct interpretation of this same relation can be 
appreciated by using reciprocal space. The contribution of an Fhko is 

= Fhko 


f Chapter 11, Fig. 4. 


( 32 ) 
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The phase part of this is dependent on the projection of the direct-lattice 
vector s on the vector which runs to the reciprocal-lattice point 
•hkO’ . Unfortunately, this phase factor must be multiplied by Fhko 
before it enters the summation. 

Mechanical methods of Fourier synthesis 

Many mechanical and graphical methods of computing Fourier syn¬ 
theses have been prepared and some of these methods are frequently used. 
These methods are so numerous that they would require a separate vol¬ 
ume for adequate discussion. Some devices for computing Fourier 
syntheses are mentioned in the literature list. 

High-speed digital computing 

With the development of high-speed digital computers, more and more 
Fourier syntheses are being carried out by this method. While strip 
methods may require several days for the computation of the summations 
for the desired number of sample points of an electron-density projection, 
high-speed digital computors can do the same job in, say, four minutes. 
In fact the greatest time is taken by the human elements of entering the 
data into the computer and copying the results into the appropriately 
scaled outline of the cell. 

The advent of high-speed computing methods marks the vanishing of 
one of the important barriers in crystal-structure analysis. Few three- 
dimensional syntheses would be undertaken without the aid of high-speed 
computors. The literature list wiU furnish a guide to application of the 
various methods to Fourier syntheses. 
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Phase determination for structures 
having a set of heavy 
or replaceable atoms 


In order to prepare a Fourier synthesis of the electron density it is 
necessary to know the phases of the Fourier coefficients. These cannot 
be determined experimentally. Nevertheless, there are some special 
cases in which some or all of the phases can be learned from other data. 
In these instances the electron density, or an approximation to it, can be 
found by Fourier synthesis. Usually this reveals the locations of the 
atoms in the structure in sufficient detail so that the remaining phases 
can be computed. 

There are two important situations in which the phases can be deter- 
mined. If the crystal contains a heavy atom whose scattering power 
dominates the intensities, it may control some or all of the phases. If 
the location of the atom in the cell is known, then these phases can be 
determined. The possibility of phase determination also arises if two 
isomorphous crystals are available in which there is one replaceable atom. 
It is then often possible to determine the phase scattered by the replacea¬ 
ble atom, and this information can be used in conjunction with the 
changes in intensity of the reflections for the two crystals to determine the 
phases of the reflections. In this chapter these methods are discussed. 

Phase determination for crystals 
having a set of heavy atoms 

Possibilities of locating the heavy atom. There are at least two 
ways in which the location of a heavy atom can be found without further 
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knowledge about the crystal structure. One way of doing this arises 
whenever the number of heavy atoms per cell is so small that they must 
occupy one or more sets of equipoints without degrees of freedom, or, at 
least, without degrees of freedom in projection (See Chapter 9). A 
second way of finding the location of the heavy atom is with the aid of 
Patterson or Harker syntheses.'^ 

Centrosymmetrical case. When the heavy atom has been located 
by one of the above-mentioned means, the contribution of this atom to 
each of the reflections Fhu can be computed. Let the contribution of the 
heavy atom to this wave be ^Fhkh ^-^^d the contribution of the rest of the 
structure be ^Fhki^ The general relation between these complex quan¬ 
tities is 

Fhkl = ^Fhkl + (1) 

If is the symmetry factor of the space group for the equipoint occupied 
by the heavy atom (Chapter 10), then the heavy-atom contribution is 

^Fhki == ^fhhi ^Shkh ( 2 ) 

This can be readily computed. Thus (1) can be rewritten 

Fhkl == ^fhM ^Shkl + ^Fhkl- (3) 

This is a general relation. If the crystal is centrosymmetrical and if a 
symmetry center is chosen as origin, then all values in (3) are real, and 
consequently are either positive or negative quantities. The maximum 
value of ^Fhki is the sum oifhki^ pertaining to the residue of the structure. 
This is also readily computed. Whenever the heavy-atom contribution is 
greater than this S term, then the sign of F^ki can be taken as that 
for the contribution of the heavy atom. This result is useful in prepar- 
ing a preliminary Fourier synthesis of the structure. Such a preliminary 
Fourier synthesis has as coefficients only those F’s whose signs are con¬ 
trolled by the contributions of the heavy atom (other F^s being omitted). 

When the heavy atoms are not in special positions in a centro¬ 
symmetrical structure, their contributions to the general reflections are 
ordinarily neither a maximum (in-phase contribution) nor zero, but rather 
have variable values. In these instances, (2) should be computed for 
each reflection to see if the contribution of the heavy atoms dominates 
the right side of (3). When the first term in the right of (3) is greater 
than the maximum value of the second term, the sign of Fhki can be said 
to be certainly determined, and can be taken as that of the contribution 
of the heavy atom. In such instances a preliminary Fourier synthesis, 
such as mentioned above, can be prepared, using only those F's whose 

■•■See M. J. Buerger, Vector space audits application in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) Chapters 6 and 7. 
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signs are controlled by the metal atoms. Actually, except in the rare 
circumstance that all the atoms of the residue scatter in phase, the con¬ 
tributions of all the individual atoms of the residue never attain their 
maximum values. In fact, in the more complicated structures, the atoms 
of the residue tend to be uniformly, but randomly, distributed throughout 
the cell. The phasal relations of the waves scattered by this kind of 
distribution is such that the waves contributed by the individual atoms 
tend to annul one another. Thus, even a moderate contribution by the 
set of heavy atoms tends to dominate Fhki and hence usually determines 
its sign. 

Example: platinum phthalocyanine. A simple example of the deter¬ 
mination of a crystal structure by utilizing phases based upon a heavy 
atom is afforded by Robertson and Woodward^s^ analysis of platinum 
phthalocyanine, PtC 32 Hi 6 N 8 . This compound crystallizes in the mono¬ 
clinic system, space group P 2i/a. The cell chosen by Robertson and 
Woodward has the following dimensions: 

a = 23.9 A, 

6 = 3.81, 

c = 16.9, 

/? = 129.6°. 

The cell contains two molecules of PtC 32 Hi 6 N 8 . The only 2-fold equi- 
points in P 2i/a are sets of inversion centers, so that the molecule must 
occupy one of these, which may be taken as the origin and 0 0. The 
space group P 2i/a projects on (010) as plane group p2. The projected 
cell has half the a axis of the space cell, so that there is only one molecule 
per cell in projection, with its platinum atom at the origin. Accordingly, 
all permissible reflections have a maximum positive contribution from 
the heavy atom. 

Table 1 

Approximate maximum scattering powers of heavy atom and residue in 
platinum phthalocyanine, PtC32Hi6N8 


Atom 

Atomic 

number, 

Z 

Number of 
atoms in 
asymmetrical 
unit 

Total 
number of 
scattering 
electrons 

Pt 

78 

1 

78 = 

N 

7 

8 

56l 

C 

6 

32 

192 [264 = ^Z 

H 

1 

16 

16) 
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Table 1 shows the analysis of the maximum possible contributions 
of the heavy atom and the residue. These are in the ratio 0.29. In spite 
of this small ratio, the residue atoms are distributed through the cell 
in a non-regular fashion and therefore never attain more than a fraction 
of their maximum possible contribution. On the other hand, the heavy 
atom is always making a maximum positive contribution. On this basis 
it was assumed that the signs of all the 302 hOl spectra were positive. 
These were used to compute the Fourier synthesis of p(arz), which is shown 
in Fig. 1. On the basis of the atom locations revealed by this electron- 
density map, all the were recomputed. The signs of all of these 
were found to have been correctly given by the assumption that the heavy 
atom controlled the phases. 

Example: KH^PO^. If the heavy atoms occupy one or more sets of 
special equipoints, two possible cases arise. The heavy atoms may 
contribute to all reflections as in the case of the example just given, or they 
may contribute only to a certain class of reflections. Which of these two 
actually occurs can usually be determined in advance by examining the 
form of the contribution by the heavy atoms. The analysis of the 
structure of KH 2 PO 4 by West^ furnishes an illustration of the second 
case. 

KH 2 PO 4 is tetragonal, symmetry /42d!. Its cell has the following 
dimensions: 

d s=z 7.43 A, 
c - 6.97. 


The cell contains 4 KH 2 PO 4 . 

Space group J42d has two 4-fold, four 8 -fold, and a general 16-fold 
equipoint. The 4-fold equipoints are 

4a: 0 0 0, 0-|*i, iOf; 

46: OOi Oil iiO, iOi. 

The 4 K and 4 P atoms must necessarily fill the two sets of equipoints 4a 
and 46. 

Space group /42<i projects on ( 001 ) as plane group c4m^. This pro¬ 
jection has superposed K and P atoms at 0 0, ^ 0 , 0 1 and i I*. The 
contribution of these atoms to reflections hkO is 

^ g!2ir(fe-ft+A4S) j 

= (/x+/p){l + e"* + 


(4) 

(5) 
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Recalling that = +1 and = - 1 , one finds that expression 

(5) has different values according as A and k are even or odd, as follows. 

J ^ ^nrih-\-k) 

h even^ k even: 1 + 1 +1 +1 

h odd, k odd: 1-1 -1 +1 ==0 

The combinations h even, A; odd and /i-odd, k even also give zero, but this is 
a space-group extinction for h+k odd. Thus the heavy atoms give no 
contribution for permissible reflections which have h odd. 

An analysis of the approximate maximum scattering powers of the 
heavy atoms and the residue is shown in Table 2. The analysis is for 
neutral atoms; the balance would shift slightly in favor of the residue if 
the atoms were regarded as ionized. Table 2 shows that the heavy 
atoms safely dominate the scattering regardless of the distribution of 
oxygen atoms. The margin is stronger than shown by the table since 
the / curve for oxygen declines more rapidly with sin 6 than the / curves 
for the metals. 

Table 2 

Approximate maximum scattering powers of heavy atoms and residue 

in KH2PO4 



Atomic 

Number of 

Total number 


number 

atoms in 

of scattering 

Atom 

Z 

cell 

electrons 

K 

19 

4 

761 

1-144 = 

P 

17 

4 

68j 

1 

H 

1 

8 

81 

1-136 = ^Z 

0 

8 

16 

128j 



This means that the signs of all hkO reflections for h even can be fixed 
with certainty. The hkO reflections for h odd have no contributions from 
the metal atoms and depend only on the distribution of oxygen atoms, 
which is unknown. A Fourier synthesis can be prepared, using only 
hkO terms for which h is even. An area of this synthesis corresponding to 
^ of the entire cell is given in Fig. 2. This synthesis shows not only 
high peaks corresponding to the original metal locations, but also two 
very low peaks. These must be attributed to the oxygen atoms. There 
are, however, 32 such peaks per cell, whereas there are only 16 oxygen 
atoms per cell, and the duplication displays a diagonal mirror plane not 
present in the space group. Only one of the oxygen peaks shown in 
Fig. 2 is actually a correct oxygen location. The mirror image is caused 
by using only half the Fourier coefficients. The false additional sym- 
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metry arises because the Fourier coefficients used have this high sym¬ 
metry, which is caused, in turn, by the more symmetrical positions of the 
heavy atoms. 



Fig. 2. Fig. 3. 

KH 2 PO 4 ; Fourier synthesis made using KH 2 PO 4 ; Fourier synthesis made using 

only Fhko’s with h even. The two circles only FhkoS with h odd, with signs based 

represent alternative possible locations of upon the upper-left oxygen location 

oxygen atom. (Projection of full shown in Fig. 2 . (Projection of full 

cell.) ceU.) 

(After West.i) (After West.^) 



Fig. 4. Fig. 5. 

Sum of Figs. 2 and 3, i.e., Fourier syn- KH 2 PO 4 ; p{xy) on - 3 ^ the scale of Figs. 2 , 
thesis made using all Fhkos. (Projection 3, and 4. (Projection of full cell.) 
of full cell.) (After West.i) 

(After West.i) 

Either of the two possible oxygen locations can be arbitrarily accepted. 
It is then possible to compute the phases for reflection hkO having h odd 
for this choice. A separate synthesis using only these terms is shown in 
Fig. 3. Note that this synthesis shows no metal atoms (since these do 
not contribute to hkO with h odd). It does show a peak at the oxygen 
location chosen to compute phases, plus a corresponding depression at 
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the false oxygen location of Fig. 2. When Figs. 2 and 3 are added, this 
corresponds to the full Fourier synthesis using all This full syn¬ 

thesis is given in Fig. 4. Note that the depression in Fig. 3 cancels the 
false oxygen peak in Fig. 2, resulting in Fig. 4. The Fourier synthesis for 
the entire cell is shown in Fig. 5. 

Example: dighjcine hydrohromide. The general case of phase determi¬ 
nation for a structure containing a heavy atom is well illustrated by the 
analysis of the structure of diglycine hydrohromide,^^ 2 (C 2 H 5 N 02 )HBr. 
This compound crystallizes in the orthorhombic system, space group 
P2i 2i 2i. Its cell has the following dimensions: 

a = 8.21A, 
h = 18.42, 
c = 5.40, 

Z = 4: C 4 HiiN 204 Br per cell. 

The only equipoint in space group P2i 2i 2i is the general position, which 
is 4-fold. Thus the 4 Br atoms must occupy one set of general positions. 
Since the Br atoms are relatively heavy, and since there is only one equi¬ 
valent set, their locations can be readily determined from Patterson 
projections."^ 

The origin of coordinates for space group P2i 2i 2i is commonly chosen 
in such a way that it bears a symmetrical relation to the symmetry 
elements; specifically it is usually chosen halfway between pairs of non¬ 
intersecting 2-fold screws. When this origin is used, both structure factor 
and expression for the electron density are complicated, involving both 
A and B components. However, the projections of the space group on 
each of the planes (100), (010), and (001) have plane symmetry p2gg, 
which is centrosymmetrical. If the 2-fold axis of the projection is taken 
as the origin, the symmetry factor and electron-density expressions lack 
B components and are comparatively simple. The relation between 
coordinates of an atom in projection, referred to a 2-fold axis as origin, 
and also referred to the usual space-group origin, is given in Table 3 and 
illustrated in Fig. 6. The coordinates of the Br atoms referred to these 
several coordinate systems are shown in Table 4. 

The maximum scattering powers of the various atoms in the cell are 
proportional to and this is approximately proportional to the atomic 
number Z. Thus the quantities in (1) are approximately as shown in 
Table 5. This shows that 

t See M. J. Buerger, Vector space and its application in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) Chapter 6. 
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'^Z 




0.43. 


Thus, even when the 4 Br atoms are scattering in phase, they attain less 
than half the maximum scattering power of the residue. In spite of this, 



Fig. 6. 

Relation of the origin of space group P2i 2i 2i (at 0), to the origins of its projection 
on (001), (010), and (100), indicated by dots. 

(After Buerger, Barney, and Hahn.^®) 

Table 3 

Relations between coordinates of P2i 2i 2i, with origin chosen halfway between 
pairs of screw axes, and the coordinates of the projections of F2i 2i 2i on 
(100), (010), and (001), using projections of 2-fold screw axes as origins 


Projection coordinates from 
space-group coordinates 

Space-group coordinates from 
projection coordinates 

p(x' 2/0 from p{xyz): 

p{xyz) from p(x'y')** 

x' = x-i 


y' = y 

y y' 

i>{y"z") from p{xyz)-. 

pixyz) from p(y"z"): 

11 

1 

y - r+i 

e" = z 

z = z" 

p{x"'z'") from p(xyz): 

p(xyz) from p{x'"z"'): 

z'" = Z-l 

z = 

x"^ = a; 

X = a;'" 


Table 4 

The coordinates of the Br atoms referred to the several coordinate schemes 



Referred to projected 2-fold axis as origin in 
p(x’y') p(y"z") p(®"V'0 

Referred to standard 
space-group origin 

X 

0.178 


0 072 

0 072 

y 

0.035 

0.215 


0 035 

z 


0.167 

0 083 

0 167 
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Table 5 

Approximate maximum scattering powers of heavy atom and residue in 
diglycine hydrobromide, C 4 HiiN 204 Br 


Atom 

Atomic 

number, 

Z 

Number of 
atoms in 
asymmetrical 
unit 

Total number 
of scattering 
electrons 

Br 

35 

1 

36 = 

C 

6 

4 

24'! 

H 

1 

11 

isi = ^Z 

N 

7 

2 

14( 

0 

8 

4 

32; 


the signs due to the bromine atoms alone were computed and assigned as 
signs to the observed A first set of electron-density maps 

Pixy) and p(yz) was computed with these signs. These are shown in Fig. 
7. A set of coordinates was derived from these maps, and from them a 
new set of F’s was computed. In all, 137 terms were used to compute 
p{xy). When the signs were recomputed on the basis of atomic positions 



Fig. 7. 

Diglycine hydrobromide. First electron-density projections using signs determined 
by bromine atoms alone, p(xy) above, below. 
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Table 6 

Unrefined coordinates of atoms of diglycine hydrobromide, as determined 

from projections 



Projection 

Projection 

Piy"z") 

Projection 

For p{xyz)^ referred 
to space-group origin 


x' 

. 

y' 

y" 

3^' 

x'" 


X 

y 

z 

Br 

0 178 

0 035 

0 785 


0 428 

0 583 

0 428 

0 035 

0 833 

Cl 

095 i 

380 

130 

833 

345 

583 

345 

380 

.833 

C2 

104 

428 

178 


354 

820 

354 

428 

070 

C3 

.450 

267 

017 

517 

700 

267 

700 

267 

' .517 

C4 

072 

170 

920 

.397 

322 

147 

.322 

170 

397 

Ni 

.278 

430 

180 

158 

528 

908 

528 

.430 

.158 

N2 

149 

194 

944 

158 

399 

908 

399 

.194 

1 158 

0 i 

.462 

no 

860 

315 

712 

.065 

712 

no 

315 

O2 

.200 

338 

.088 

842 

450 

592 

450 

338 

842 

O3 

472 

213 

963 

638 

722 

388 

722 

213 

638 

O4 

418 

283 

033 

266 

668 

016 

668 

283 

266 
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revealed by this first electron-density map, only 5 of the 137 signs com¬ 
puted on the basis of the position of the Br atom alone were reversed, 
specifically the signs of 0-22 0, 320, 370, 610, and 940. The resulting 
electron-density maps are shown in Fig. 8, and the coordinates derived 
from them are also shown in Fig. 8 and Table 6. When these new coor¬ 
dinates were used to compute new F’s, the new set had signs identical with 
the set used to compute Fig. 8, so that if another set of Fourier syntheses 
had been made with the new F’s, they would have been identical with 
Fig. 8. The process had thus converged to Fig. 8. 

Remarks on the heavy-atom method. The heavy-atom method 
can also be followed if the initial information concerns the positions of 
several located atoms. The extent to which the sum of the atomic 
numbers of the located atoms overshadows the sum of the atomic num¬ 
bers of the unlocated atoms is a measure of the probable reliability of the 
first electron-density projection. 

This discussion makes it plain that, except in simple symmetry- 
fixed structures, the contributions of the heavy atom tend to dominate 
the phases of the F’s except when their contribution is small or actually 
zero. As a consequence it is usually a worthwhile procedure to carry 
out a first Fourier synthesis in which are included only those Ft^kis whose 
signs can be regarded as certainly or probably correct. This usually 
gives a map of the structures which reveals its chief features. This 
should include the location of some or all of the residue atoms. The 
F’s can then be recomputed and the signs of many of the uncertain F’s 
can be transformed into probable, or even safe signs. A second Fourier 
synthesis then usually provides a close approach to the structure unless it 
is quite complicated and contains unresolved peaks. 

Lipson and Cochran''' suggest that the heavy-atom method is most suc¬ 
cessful when the sums of the squares of the atomic numbers of the heavy 
atom and the light atoms are equal. Under these circumstances, about 
three-quarters of the signs are correct: Half are correct because, on the 
average, in half the cases the contributions of the residue and the heavy 
atom have the same sign. Of the remaining half, the residue and heavy 
atoms have opposite signs, but of this group, in only half the cases, on the 
average, does the residue have a greater net amplitude. Thus about 
three-quarters of the structure factors have their signs correctly given by 
the scattering phase of the heavy atom. More exact relationships are dis¬ 
cussed by Luzzati*^ and Woolfson.^“ 

In many investigations of organic structures, using the heavy-atom 
method, the shape of the organic molecule has already been established 
by chemists, and the probable location of attachment of a heavy atom, 

t H. Lipson and W. Cochran. The determination of crystal structures (G. Bell and 
Sons, London, 1953) 207. 
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such as iodine or a metal, is also predictable on chemical grounds. When 
the first or both of these features are known, the crystal-structure analysis 
degenerates into fitting the known molecular configuration onto the peaks 
of a crude electron-density map. Such a procedure can be successful even 
if quite a number of signs of the Fourier synthesis are wrong. These 
investigations comprise a degenerate form of crystal-structure analysis. 
For, when analysis is being made of a structure in which the shape of the 
molecules is unknown (as in organic crystals with complicated molecules), 
or in which the crystal does not contain discrete molecules (as in the case 
of most inorganic crystals), then many incorrect signs of the F^s cannot 
be tolerated, except for F^s of small absolute magnitude. 


Phase determination for crystals having 
a set of replaceable atoms 

J. M. Cork22 was the first to make use of a replaceable atom to deter¬ 
mine phases of F^s for Fourier synthesis. There are a number of other 
examples of the use of this phase-determining strategy in the literature 
for both centrosymmetrical and non-centrosymmetrical cases. 

General relations. Consider two crystals of compositions MABCD 
• • • and NABCD • • • which have the same structure except that the 
set of atoms of species M in one crystal is replaced by a set of atoms of 
species N in the other crystal. The atom in the M, N site may be said 
to be replaceable, and the rest of the structure, ABCD • * * , may be 
described as the residue, R. The composition of the two crystals can 
thus be described as MR and NR. The diffraction amplitudes of these 
two crystals are related. 

Let superscripts refer to compositions. Then relations like (1) can 
be written as follows; 

rhkl — J^hU ’T ^hkh W 

and 

NRirr Ntjt i Rttt ff7\ 

rhkl~ ^hkl^ rhkh 

SO that 

^^Fhki — ^^Fhki = ^Fhjci — ^Fhkh ( 8 ) 

The terms on the right are simple expressions given by relations similar 
to (2): 

^Fhkl = ^fhkl ^Shkh (^) 

^Fhki = ^fhki ^Shkh (10) 

Since M and N occupy identical coordinates, 

M cf _ Nq 

^hkl — ^hkh 


( 11 ) 
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so 

^Fhu - = {^fhki - ^hki)Shu ( 12 ) 

and the detailed form of (8) is 

^^^Fnu - ^^F^u = C^fku - ^fkki)SkU. (13) 

If (13) is arranged so that M is an atom of higher atomic number than 
N, then the term in parentheses is a positive number, i.e., a scale constant. 
Relation (13) then shows that the phase of the left side is controlled by the 
symmetry factor of the replaceable atom. 

This relation is perfectly general, and, as will be seen in succeeding 
sections, useful. To use it requires a knowledge of the F’s on an absolute 
scale and a knowledge of the location of the replaceable atom. A note 
on the determination of scale is given in a subsequent section. 

In order that (13) should hold rigorously, it is necessary that the 
coordinates of all atoms of both crystals MR and NR be the same. 
Under ordinary circumstances this is reasonably well obeyed in isomor- 
phous series. Robertson^^ has pointed out that whether this is obeyed 
or not can sometimes be tested by comparing reflections from both 
crystals for which the M and N atoms make no contribution. If the 
circumstances provide such reflections, they are due to the residue alone, 
and only if the coordinates of the residue atoms are the same in both 
crystals will the reflections be the same. When this requirement is not 
obeyed, the reflections of smallest intensity are most likely to be seriously 
affected. 

Centrosymmetrical case. For centrosymmetrical crystals the F’s 
and (S’s of (8) through (13) are all real, and therefore are merely positive 
or negative quantities. If the set of replaceable atoms can be located, for 
example because they occupy special positions, or by interpretation of a 
Patterson synthesis,then S is readily computed for all spectra. In 
this event both the magnitudes and signs of the quantities on the right 
side of (12) are known for all reflections. The two quantities on the left 
are known in magnitude only, and may have either a positive or negative 
sign. To determine these signs it is necessary to assume the four possible 
combinations of signs and see which combination causes the F’s to span 
the quantity on the right. 

Geometrical interpretations of (8) are shown in Figs. 9 and 10. In 
these illustrations, the symmetry factor of the replaced atom is taken as 
positive. Figure 9 shows the relation when the contribution of the 
residue is negative. Fig. 10 when it is positive. 

t See M. J. Buerger. Vector space and its application in crystal-structure investi- 
cation. (John Wiley and Sons, New York, 1959) Chapter 6. 
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Example: phthalocyanine. One of the first crystal structures to be 
solved by finding the phases for a two-dimensional Fourier synthesis by 
the replaceable-atom method was phthalocyanine, which was solved by 
Robertson^^ in 1936. This classical solution is actually a degenerate 
case so that it forms a simple example for first consideration. 

The general crystallographic features of the metal phthalocyanine 
have been described in an earlier section of this chapter. The crystals 
are monoclinic, space group P 2i/a, and the p(xy) projection can be 
referred to a cell of plane symmetry p2. In the projection the metal 
atom occupies the origin, and therefore contributes a wave of amplitude 
to all hOl spectra. 


Rjp, 

^ ^ ; 


^^ 





MR^ 


hrf 


1 






1 

1 

1 

1 

1 


RF 

1 

1 

1 1 
_J Nr. I 

I 1 • 

1 1 1 

1 1 1 


nhf 

f 


MR2;;»_NRj|;' 


MRp_NR^ 


Fig. 9. Fig. 10. 

Geometrical interpretations of equation (8) under the condition that — ^F is 
positive. Figure 9 shows ^F negative, while Fig. 10 shows ^F positive. 

Both metal phthalocyanine and the metal-free phthalocyanine are 
known. Thus M in relation (13) may be taken as a metal atom (nickel 
in Robertson^s investigation) and N may be regarded as an empty space. 
Thus (13) assumes the special form 

_ R/? = (Ny _ (14) 

Since the metal atom is at the origin, S is always +1 and (14) becomes 

KiRp _ (15) 


Robertson assumed the four possible sign combinations for the two F’s 
of (15), and plotted these against sin dj Fig. 11. The combination falling 
closest to the / curve of Ni was accepted as the correct one. 

Example: Br- and Cl-camphor. An excellent example of the more 
general use of a replaceable atom in phase determination is provided 
by Wiebenga and Krom's analysis^® of the structures of d!-a-Br-cam- 









sin0(\^/,54) 


Fig. 11. 

Plot of the possible values of the left of (15) against sin d for nickel phthalocyanine 
and metal-free phthalocyanine. The correct sign combination is the one best fitting 
the / curve of nickel, according to (15). This is shown as the dashed line in this 
figure. 


(After Robertson.25) 
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phor and d-a-Cl-camphor. These belong to space group P2i and have 
cell dimensions 



Br 

derivative 

Cl 

derivative 

a = 

7.38 A 

7.25 A 

b = 

7.57 

7.51 

c = 

9.12 

9.04 

P = 

94°0' 

93°15'. 


This cell contains 2 molecules. Although the space group is non- 
centrosymmetrical, it projects on (010) as the centrosymmetrical plane 
group p2. Thus the p^^xz) projection can be handled as a centrosym¬ 
metrical case. The cell dimensions of the two crystals are sufficiently 
close so that the positions of the atoms can be assumed to be approxi¬ 
mately the same in both structures. 

The intensities were obtained by comparing the reflections with those 
given by a standard sodium chloride crystal, as recorded on Weissenberg 
photographs. The location of the replaceable atom was found from 
Patterson syntheses P(^xz)‘ These showed the Br position to be a; = 
0.284, z = 0.164. The Cl positions were substantially the same. With 
these coordinates, the Br and Cl contributions, and can be 
computed for each reflection according to (9) and (10). 

The determination of the signs of the Fhoi^ using relation (8) are 
illustrated in Table 7. The second column shows the measured values of 
the [f^ps. The third column shows the differences between these quanti¬ 
ties assuming the four possible sign combinations. These give four pos¬ 
sible values for the left side of (8). One of these must be equal to the 
right side of (8), which is easily computed by (12). The results of this 
computation are listed in column 4. By comparing the value in this 
column with the four possibilities in column 3, one should find one 
comparison to be acceptable. On this basis the signs in the last column 
were selected. Note that when the observed F’s are small an ambiguity 
may exist. This is true for 607 and 606, for example. 

By this method the signs of all but 44 of the 160 Fhois could be deter¬ 
mined; the 44 undetermined signs were associated with small IFj's. 
The preliminary Fourier synthesis p(^xz) prepared by using the F’s with 
determined signs are shown in Figs. 12 and 13. These syntheses revealed 
positions of atoms with sufficient exactness so that the undetermined signs 
could be computed. A final Fourier synthesis based upon all F’s could 
then be made and the coordinates of the atoms correspondingly refined. 

Other examples of phase determination for centrosymmetrical crystals 
are cited in the literature list 



526 


Chapter 19 


Table 7 

Determination of phases for chlorine-camphor and bromine-camphor 
(After Wiebenga and Krom^o) 


1 

2 

3 

4 

5 

hOl 

iBrE/?! 1 

ciRy| 


BrR/r 

ciRy 


Computed 

Bry Clf 

Deduced 

signs 

BrUp ClRf 

{++) 

(+-) 

(—h) 

(--) 

001 

45 

36 

+ 9 

+81 

-81 

- 9 

+ 18 

+ 

+ 

100 

13 

10 

+ 3 

+23 

-23 

- 3 

- 3 

— 

— 

101 

15 

35 

-20 

+40 

-40 

+20 

+27 

- 

— 

103 

32 

34 

- 2 

+66 

-66 

+ 2 

: + 1 



300 

7 

<4 

>+ 3 

<+11 

>-11 

<- 3 

+ 7 

+ 


203 

19 

11 

+ 8 

+30 

-30 

- 8 

+25 

+ 

— 

301 

27 

10 

+ 17 

+37 

-37 

-17 

-18 

— 

— 

301 

40 

19 

+21 

+59 

-59 

-21 

+24 

+ 

+ 

C04 

22 

12 

+ 10 

+34 

-34 

-10 

-14 

— 

- 

607 

11 

7 

+ 4 

+ 18 

-18 

- 4 

- 6 

— 


606 

9 

7 

+ 2 

+ 16 

-16 

- 2 

- 6 

— 


801 

9 

7 

+ 2 

+ 16 

-16 

- 2 

+ 5 

+ 

+ 

800 

8 

4 

+ 4 

+ 12 

-12 

- 4 

+ 4 

+ 

+ 


Establishing an absolute scale. To use the replaceable-atom 
method one must have the measured \F\’s on an absolute scale. Beevers 
and Cochran^^ have suggested an ingenious method of doing this: The 
measured value of F is on an arbitrary scale, and also may contain some 
factors not allowed for, such as absorption factor, temperature factor, 
etc. But these are usually functions of sin 6. Let G be the measured 
value. Then 

F = gG, (16) 

and instead of (13) one can write 

-^g^G = {^f - ^f)S. (17) 

When one of the left-hand terms accidentally equals zero, then the 
approximate value of g for that sin $ region can be determined. If the 
values of g are plotted against sin a graph like that shown in Fig, 14 
results. 

Extension to general substitution. The replacement method can 
be used with pairs of crystals having several atoms simultaneously 
replaceable. Suppose one crystal contains atoms M and P which are 
replaced in a second crystal by N and Q. Eelation (13) can be general¬ 
ized to include this double replacement as follows: 


MPR 


P _ NQR^ = M,N^ _j_ __ Qy^ P,Q^(^ 


( 18 ) 
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Preliminary Fourier synthesis p(xz) for Cl camphor, using signs predicted by (13). 
(After Wiebenga and Krom.®®) 



Fig. 14. 

Variation of and of (17) with sin (9, for sucrose sodium bromide dihydrate. 
(After Beevers and Cochran.3*) 
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This can be further generalized for any number of replacements as 

^ (19) 

Cases involving several replaceable atoms are more difficult in two 
respects than those involving one atom: It is more difficult to find the 
locations of the several atoms and it is more difficult to identify them as 
to species. 

Non-centrosymmetrical case. The replaceable-atom method can 
also be used for non-centrosymmetrical syntheses. When this is done 




thei^^s and /S’s of relations (6) through (13) become, in general, complex 
quantities. If (8) is taken as a basic relation, it can be represented as 

MRp _ NRp _ Mjj' _ Np 

= AF. (20) 

Since these F^s are complex, they can be represented by vectors in the 
complex plane, Fig. 15. In general, the magnitudes of the two vectors 
on the left of (20) are known, the magnitude and phase of AF are known, 
and it is required to find positions for each of the vectors ^^F and 
such that AF spans their ends. Figure 15 shows that there are always 
two solutions for such a relation, so that a phase ambiguity exists. 
These two solutions are always symmetrically disposed about the phase 
direction of AF. 

If there is one replaceable atom per cell, it is convenient to choose the 
origin at the location of this atom. The phase of AF is then zero, so 
that it is always a positive number. When this is done, the vector repre¬ 
senting AF in Pig. 15 is horizontal, and the two solutions for and 
represent enantiomorphic structures. For the same reason, if the 
replaceable atom occurs in a centrosymmetrical set, the origin should be 
chosen at the center of the set. 

Example: strychnine sulfate pentahydrate. Bokhoven, Schoone) and 
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sulfate pentahydrate from the sulfate and selenate. The space group of 
these crystals is C2. The S or Se atom is known to occupy the origin. 
The projection on (010) is centrosymmetrical, but the other projections 
are not. The projection along [001], for example, has only a projected 
mirror line parallel to h. The Fourier synthesis for this projection has 
the form 


Pi,xy) 


-m 


1-Pa*o1 cos 2-ir{hx->rkij—<f). 


( 21 ) 


The Fourier synthesis of the inverse projection with opposite phases in 
Fig. 15 has the form 


P(xy) 


= ~ ^ ^ \Fhko\ COS 2Tr(hx+ki/+(f)). (22) 


Since +<;> and —0 cannot be distinguished in Fig. 15, Bokhoven et al. 
synthesized (21) and (22) at the same time in the form 


P(xy) “1“ P(xy) — 4^^^ |F^fco| {cos 27r(te“hfcy 0) 

+ cos 2T(hx+ky+(t ))} 


h k 


|F/i;fco|2 cos 2T(hx+ky) cos 0. 

h k 


(23) 


This synthesis contains a false mirror plane which relates (21) and (22). 
To rid the solution of the unwanted inverse structure it was necessary to 
consider a number of possible structures suggested by the peaks of the 
synthesis and compute intensities for them. The one best fitting the 
observed data was retained. 

This example shows the nature of the ambiguity for the non-centro- 
symmetrical case, and how it is treated. The ambiguity can be elimi¬ 
nated if there are two heavy atoms. The use of two replaceable atoms, 
the difficulties attending their use, and the precautions which should be 
observed when applying the method, are discussed by Harker.^^ 
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Phase determination 
for certain special cases 

In the last chapter it was seen that the phases of the F’s required for 
Fourier synthesis can often be determined provided that the crystal is 
specialized in that it contains a heavy or replaceable atom. A large 
number of crystal structures have been solved by taking advantage of 
such specialization. There also exist other types of specializations which 
lend themselves to phase determination. The best known of these are 
noted in this chapter. 

Crystals with regions of uniform, low density 

In crystals composed of molecules, the spaces between molecules are 
often nearly empty. If the distribution of such regions can be guessed 
from the geometrical relations between the chemical molecule and the 
unit cell, the conditions of low densities of these regions can be used to 
place restrictions on the phases of the F's, as pointed out by Tesche.^*^ 
Tesche considered specifically the case of a long-chain molecule. Between 
chains, and at chain ends, the density should be low and uniform. The 
cell can usually be chosen so that these regions occur along certain cell 
borders. 

To see how this restricts the phases, consider the case of a centrosym- 
metrical projection P(xy)- The Fourier synthesis of the electron-density 
projection is given by 

h k 



Chapter 20 

According to (35) of Chapter 17, for centrosymmetry this can be recast 
into the following form: 



h k 


I (Phko'^P^hko) COS 2irhx COS 2Tky 


— i^hko—P'hko) sin 2Thx sin 2Tkij}. (2) 

It will be recalled that the primes following the summation signs call 
attention to the fact that the proper multiplicities must be observed for 
the borders of the representative field in reciprocal space. These 
multiplicities can be specifically recognized by writing the summation for 
the borders separately, as follows: 


P(^y) “ ^ 000 


H 


+ ^ cos 2Trhx 

1 

h 

K 

+ ^ -^ofco cos 2irky 

k 

H K 

+ ) ) (PhkQ+Plko) COS 2irhx COS 2Trky 

1 1 

h k 

H K 

-u {Fhko—Fijco) sin 2Trhx sin 27rfc2/|. 


(3) 


h k 


Now suppose it is known that along the cell border Oy the electron 
density is constant. In the first place the last line of (3) vanishes when 
X — 0. In the second place, to meet the conditions, everything in the 
other four lines must yield a constant value for x = 0. The first line is 
always constant, and the second line becomes constant when a; = 0. 
This furnishes the relation 

H 

000 + ^ FhQQ = const. ( 4 ) 

1 

k 


The conditions repuire the third and fourth lines to give no fluctuation as 
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y varies. This can occur if these two lines vanish, that is, for the con¬ 
dition .r = 0: 

K H K 

^ Foko cos 27rky + ^ ^ (Fhko+Fiko) cos 27rky = 0, (5) 

1 1 1 

k h k 

or 

K H 

^ o^u + ^ (Fhkii+Fhko)^ cos 2Tky = 0. (6) 

1 1 

k 

This can occur when the term in braces is zero, which provides the 
relation 

H 

^0*0 + ^ (Fkko+Fjiko) = 0, (7) 

h 

for any value of k. 

The only non-vanishing terms in (3) are those of (4). If the density 
along the line 0^ is not only uniform, but also very low, then the value of 
the constant on the right of (4) is substantially zero, giving 

B 

if'ooo + ^ -P'aoo 0. (8) 

1 

h 

Corresponding results can be found for the condition that uniform 
density occurs along :r0. It can be extended to planes of uniform 
density in the three-dimensional electron-density function. Some of the 
simple variations are shown in Table 1. 

An example of the use of these relations is provided by Tesche^: A 
set of OfcZ reflections had the following amplitudes: 

l^oosl l-Poiel l^’oisl 1^251 \Foz,\ l^’oSel 1^451 l^’oisl (9) 

7.9 2.3 2.7 0 0 0 0 0 0 

The density is presumed to be uniform and nearly zero along y = 0. 
According to Table 1, this calls for Fqqi + ^ (Foki+FoB) ^ 0, for any 

i 

value of 1. It is evident that this can occur for (9) only if Fqos is opposite 
in sign to both Fois and Fols- 

Crystals with subperiods within the cell 

The atoms of a crystal are periodic on the lattice of the crystal. The 
number of periods in this pattern is indefinitely large. Some crystals 
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Table 1 


Phase conditions resulting from certain loci of zero density 



Synthesis 

Condition 







^ (xs) 


K 


L 


IFqqq + \ Folo = 0 


iFocc + y FQoi ~ Q 


1 


1 


h 


1 

^(xOO) = 0 

K 


L 


+ y i^hko + Flko) = 0 


Fhoo + y (Fh0l~^FhQi) ~ 0 


1 


1 


k 


1 


H 

L 



a-?^000 + / = 0 

^■^000 + y Fool ~ 0 



1 

1 



h 

1 


^(Oi/O) = 0 

H 

L 



P'oko -h / (^hkO+t''hkQ) = 0 

1^0*0+ y {Fm-^FQU) = 0 



Z-/ 

1 

1 



h 





K 

H 



IFooo d” y 1^0*0 “ 0 

^i^coo + y Fkoo = 0 



1 

1 

P(OOj) « 0 


k 

h 



K 

H 



■^001+ y (Foki+Fokl) = 0 

Fotii + y {FhQl+Fm) - 0 



1 

1 



k 

h 


have, in addition, a pattern containing repetitions within each cell. 
Subperiods of this kind are found, for example, in the zigzag chains of 
long-chain carbon compounds. An example is shown in Fig lA. The 
periodicity is emphasized by dividing the cell into subcells, as in Fig. 3. 

The relation between cells, subcells, and their reciprocals is discussed 
in tensor notation by Vand.^ The geometry involved follows simple 
reciprocal-lattice theory, and has been discussed from this viewpoint by 
the author. 

That a crystal may have a substructure can be suspected from its 
reciprocal structure. The reason for this is as follows: The corresponding 
atoms in the various cells of the substructure scatter in phase in the 

M. J. Buerger. Vector space and its application in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) Chapter 14. 
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various orders of reflection of the subcells in much the same way as the 
corresponding atoms in different unit cells scatter in phase. Therefore, 
in the reciprocal structure, those points reciprocal to the subcell tend to 
be strong, and thus to mark out reciprocal supercells. The reciprocal of 
this is the subcell of the crystal. An actual example, observed in ^ 
trilaurin by Vand and Bell,^ is shown in Figs. 2 and 3. 

In instances like these, the approximate structure can be crudely 
guessed in advance, since the shape of the molecule is known from 



Fig. 1. 

Laurie acid, p^xz)- 

(After Vand, Morley, and Lomer, Acta Cryst, 4 324.) 

chemical considerations. The known molecule can be plotted along 
the cell so that with possible tilting it spans the length of the cell. 
The repetition in the zigzag of the carbon chain then comprises the 
substructure. 

More exact locations of the carbons within a subcell can be found by 
trial-and-error calculation of intensities. When the trial parameters 
duplicate the intensities of the reciprocal supercell, a fit is obtained. 
In making this computation it is assumed that the contribution to the 
F^s of atoms not in the substructure can be neglected. The resulting 
distribution found by Vand and BelF for the subcell of /3 trilaurin is 
shown in Fig. 3. 

So far the few reflections from the substructure alone have been used. 
The other reflections are, however, different samples of the same Fourier 
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transform of the molecule. Since the atoms of the molecule hav^e been 
approximately located by using the reflections from the substructure, 
the Fourier transform of the entire molecule can be computed. If this is 
now laid on the reciprocal structure, the phases of all the remaining 
reflections can be read off. 



substructure; j3 trilaurin. The grid marks out a super- density in the sub cell of 
lattice in reciprocal space. jS trilauin. 

(After Vand and Bell.-^) (After Vand and Bell.^) 

The nodal method 

In Chapter 15 it was shown that the Fourier transform of a crystal 
can be regarded as a sampling at the points of the reciprocal lattice of 
the Fourier transform of the unit cell. If the crystal is centrosym- 
metrical, and the origin taken at the center, then all these Fourier trans¬ 
forms are real, and can therefore attain only positive and negative values. 

The Fourier transform of the unit cell is a continuously variable func¬ 
tion, and consists of positive and negative topography separated by 
nodal lines having zero value. If one could examine a map of the abso¬ 
lute values of this transform, it would be an easy matter to assign signs 
to its regions simply because the sign changes on opposite sides of each 
zero contour. Since x-ray diffraction supplies merely the sampling of 
the square of the transform at reciprocal lattice points, the lines of zero 
value are not obvious, and so signs cannot, offhand, be assigned to the 
sampling regions. 

The author became interested in some possibilities suggested by this 
relation about 1943. An obvious possibility is to guide the contouring of 
the reciprocal by the contribution of a somewhat heavy atom. The 
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Fig. 4.4. 

The contributions by the metal atoms to the Fhqis of orthoclase, KAlSisOg, separated 
into negative and positive regions. 



Fig. 45. 

The Fhois of orthoclase, KAlSisOs, separated into negative and positive regions. 


relation is illustrated in Figs. 4A and 4J5. Fig. 4B shows a contouring of 
the FhQiS of orthoclase, KAlSisOs- The signs of these F’s are known 
from the structure analysis.'*' The orthoclase structure contains mod¬ 
erately heavy atoms K, as well as the lighter metals Si and Al, located in 

t S. H. Chao, A. Hargreaves, and W. H. Taylor. The structure of orthoclase. 
Mineral Mag. 26 (1940) 498-512. 



540 


Chapter 20 


general positions of the fOlO] projection. The contribution to the Fhoi^s 
of these metal atoms are shown in Fig. AA. It is seen that the phases of 
these metal-atom contributions dominate the pattern of phases of the 
entire reciprocal structure^ Fig. 4B. The situation can be used in reverse 
to determine many of the signs of the F^s on the basis of the pattern of 
distribution of signs of the contribution of a moderately heavy atom. 
This scheme is related to the heavy-atom method, but requires only a 
moderately heavy atom. The author used it to check the signs of the 
Fhko’^ of nepheline,^ KNa 3 Al 4 Si 40 i 6 j after most of the metal atoms had 
been located. 

Boyes-Watson, Perutz, and othershave applied a neat variation 
of this method to crystals of haemoglobin. The variation depends upon 
the fact that haemoglobin crystals contain not only the molecules of 
haemoglobin, but also a variable water content, depending upon prepara¬ 
tion and treatment. These crystals have enormous cells. For example, 
the cell characteristics of one kind of horse methaemoglobin^^ 


<-109 A-^ 

o 


C 53.5 A 54.6 A 

dooi = c sin /3 42.3 A 54.4 A 

,3 127.5° 84.5° 

Volume 292,000 P 375,000 P 

Space group P2 P2 


Protein, weight per cell (chemical units) 2 X 66,700 

Table 2 

Relative |Foozle’s of horse methaemoglobin at different states of swelling 


Reflection 

|Fooj|^ 

for c sin j8 = 

42.3 

46.1 

50.7 

54.4 

001 

3 

4 

10 

5 

002 

0 

6 

10 

7 

003 

17 

21 

2 

0 

004 

17 

11 

5 

20 

005 

45 

11 

21 

24 

006 

0 

32 

46 

28 

007 

4 

0 

17 

16 


t M. J. Buerger and Gilbert Klein. The crystal structure of nepheline. Am. Soc. 
for X-ray and Electron Diffraction, Lake George Meeting, June 10--14, 1946. Also, 
M. J. Buerger, Gilbert E. Klein, and Gabrielle Donnay. Determination of the 
crystal structure of nepheline. Am. Mineralogist 39 (1954) 805—818. 
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Fig. 5. 

A. Vertical lines are samples of the intensities of various orders of 001 with several 
stages of shrinkage, for horse methaemoglobin. The envelopes suggest the zero 
points. 

B. The regions of positive and negative Fmj deduced from A. 

(After Boyes-Watson, Davidson, and Perutz.^O 


It is evident that as the crystal takes on water its spacing dooi increases. 
Accordingly the translation, ^ooi*, of the reciprocal cell shrinks. As this 
occurs, the sampling locations of the Fourier transform of the cell shifts. 
This permits a study of the transform at nearby points. The values of 
|Fooz1^ for four values of the shrinkage are listed in Table 2. These 
values are plotted as vertical lines against (sin d)/\ in Fig. 5A. It can be 
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seen that the transform is now sampled at intervals sufficiently closely 
spaced so that the locations of the zeros are well indicated. There appear 
to be four such nodes in the transform. Assuming that F ooi is positive, 
signs can be assigned to all f^ooi’s for any particular state of hydration. 

Unfortunately there are few crystals for which this variety of the nodal 
method can be used. For most crystals, any change in cell geometry is 
accompanied by a corresponding change in the contents of the cell, so 
that the sampling of the Fourier transform does not change. 



Fig. 6. 


Utilization of anomalous scattering 

For centric crystals, symmetry provides that (hkl) and (hid) are indis¬ 
tinguishable. It follows that reflections from (hkl) and (hkl) are indis¬ 
tinguishable, Fig. 6A. For crystals lacking centers of symmetry, the 
sequence of atoms from the side (hkl) is the reverse of that from the side 
(hkl), Fig. 6B. As noted in Chapter 16, the consequence of this is that 
the phases of reflection from the two different sides are opposite: 

Fhkl — \BhklW*, QQN 

F-m = \Fuki\e-^t 

Since phases cannot be measured in x-ray diffraction experimentation, it 
follows that reflections from (hkl) and (hkl) have the same intensities. 
This is FriedeVs law, and for most crystal-structure work it can be 
accepted as valid. 

The situation is different if any atom in the crystal has an absorption 
edge just on the long-wavelength side of the radiation used for diffrac¬ 
tion. Under these circumstances the wave scattered by an atom has an 
anomalous phase shift. The resultant wave, /, can be expressed in terms 
of the normal wave, /o, with the aid of a real and imaginary correction 
/' and if", as follows: 


/ = /o+/' + ^r. 


(11) 
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Since i has the function of advancing the phase by tt/ 2, a positive phase 
shift occurs in the scattering of such atoms. Of course this has an 
effect on the intensity scattered by the crystal and, as will be seen, is 
generally different for hkl and hkl for non-centric crystals. 

The breakdown of FriedeFs law was tested in 1930 by Coster, Knol, 
and Prins^^ for ZnS, Fig. They used AuLa, whose wavelength is 
just shorter than the K absorption edge of zinc. If the structure factors 
of reflections from (111) and (111) of Fig. 6B are computed, taking 
account of the phase shift caused by the anomalous scattering of zinc, 
it turns out that the upper face, (111), reflects more intensely than the 
lower face (111). Thus the asymmetric sequence can be detected. 

Although this effect has been known experimentally since 1930, it 
has only recently been applied as a routine method for determining 
absolute configuration by Bijvoet^^”^®* ^7 j^jg school. The method 
gained in popularity when it became evident that the ordinary experi¬ 
mental technique of crystal-structure analysis is adequate to observe the 
inequality between \Fhki\ and {Full- 

The description of Fig. 6B can be changed a little to bring out its rela¬ 
tion to absolute configuration. In connection with Fig. 6B it proved 
possible to distinguish between an asymmetrical sequence of planes 
Zn-S~Zn S-Zn*S, and its inverse S-Zn-S-Zn-S-Zn. More generally, 
it is possible to compute a set of diffraction intensities to be expected 
from an acentric molecule and from its enantiomorph. When the 
wavelength of the radiation is not near an absorption edge, these two 
sets are the same. But if the molecule contains an atom with an absorp¬ 
tion edge just to the long-wavelength side of the radiation used, the two 
sets are different. They can be computed, compared with the observed 
intensities, and an identification of absolute configuration made. 

The principle involved is simple, and is illustrated in Fig. 7. For 
simplicity, suppose that there is one atom in the crystal which scatters 
anomalously. The crystal can be regarded as made up of this anomalous 
scatterer. A, plus a residue, R. The amplitude of the diffracted wave is 
the complex sum of these: 


Fhki ~ ^Fhki + ^Fhkh ( 12 ) 

The residue scatters with the same magnitude but opposite phases for 
hkl and hkl, since it is a normal scatterer. But the anomalous scatterer 
contains two components, a ^^normaF^ component ^F', and an “abnormaF' 
component ^F''. The phase of the latter is x/2 ahead of the ''normal” 
component. As a result, the part ^F' has equal magnitudes and opposite 
phases for hkl and hkl, but the part does not have this relation. If 
it were not for the component the resultant (12) would have the 
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same magnitude for hkl and hkl, and Friedel’s law would be obeyed. But 
the part always has a direction related to that of '^F' by d-x/2. If 
this direction is not at right angles to that of the resultant of ^F + '^F', 
then the resultants 


Fhki = ^Fhki + ^F + '^F 

and 

Fm = ^Fm + ^P'm + ^F'in 

have different magnitudes, as illustrated in Fig. 7. 

In general, every reflection of a non-centric crystal must give different 
magnitudes for [FawI and \Fya\ when the diffraction experiment is under¬ 
taken with a radiation whose wavelength is just shorter than the absorp¬ 
tion edge of an atom in the structure. The effect becomes greater with 
increasing scattering power of the anomalous scatterer A. The effect 
may be inappreciable for certain reflections which have -^F" normal to 
the resultant F. 

This inequality for a whole set of reflections was first observed by 
Peerdeman, van Bommel, and Bijvoet.^* They had determined the 
structure of NaRb tartrate, except that the molecule and its enantio- 
morph had not been distinguished. To make use of anomalous scatter¬ 
ing they used monochromated ZvKot radiation (Xa, = 0.79010 A, 
= 0.78588 A) in connection with the absorption edge of Rb (X = 
0.81549 1 ). With this radiation they took a c-axis, first-layer Weissen- 
berg photograph. They observed the inequalities in intensities noted in 
the second column of Table 3. Now the intensities to be expected for 
each of the two enantiomorphs can be determined either graphically or 
analytically along the lines indicated in Fig. 7. The results for enantio¬ 
morphs A and B are listed in the right column of Table 3. It is evident 
that the computed inequalities for enantiomorph A are the same as those 
observed. This establishes the absolute configuration of the tartrate 
molecule in this crystal. 

It was later discovered by Peterson^® that the effects of anomalous 
scattering could be observed even when the wavelengths involved were 
not very near the absorption edge of an element in the structure. Accord¬ 
ingly Dauben and Templeton*® computed tables of the effects to be 
expected using Mo, Cu, and CiKa radiations. Their results are given in 
Table 4. Peerdeman*^ determined the absolute configuration of strych¬ 
nine hydrobromide dihydrate using ordinary CuFCa radiation, Rama- 
chandran and Chandrasekaran” determined the absolute configuration of 
NaOlOs with the same radiation, while de Vries^* determined the absolute 
configuration of quartz using CtKa radiation. 

Ramachandran and Raman*® have pointed out that the phase angle of a 
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Table 3 

Results of anomalous scattering experiment for NaRb tartrate^* 


Indices 

Observed 

relation 

Computed intensities 

Enantiomorph A 

Enantiomorph B 

hJcl JiJcIi 

1 Ihkl 

Ihkl 

(=c= Ifikl) 

Ihkl 

Ihkl 

(— Ilkl) 

141 

(?) 

361 

377 

377 

361 

151 

(?) 

337 

313 

313 

337 

161 

> 

313 

241 

241 

313 

171 

< 

65 

78 

78 

65 

181 

> 

185 

148 

148 

185 

191 

> 

65 

46 

46 

65 

1*101 

> 

248 

208 

208 

248 

1*11*1 

< 

27 

41 

41 

27 

261 

> 

828 

817 

817 

828 

271 

> 

18 

8 

8 

18 

281 

> 

763 

716 

716 

763 

291 

(?) 

170 

166 

166 

170 

2*101 

< 

200 

239 

239 

200 

2*11*1 

(?) 

159 

149 

149 

159 

2*12*1 

< 

324 

353 

353 

324 


reflection can be determined by making use of the computed difference 
in anomalous scattering for Fhu and Fm- Raman^i verified that the 
method worked in the case of L-ephedrine hydrochloride using CuKa 
radiation, but the results are not as clear cut as one might wish. 
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Table 4 

Values of A/' and A/" for correcting / for effects of anomalous scattering 
according to/ =/o + A/^ -f- iA/'^ 

(After Dauben and Templeton^^’) 


Atomic 

number 

Element 

Radiation 

jMoA'q; 

Cu Ka 

Cr Aa 

-A/' 

A/" 

-A/' 

A/' 

-A/' 

A/- 

20 

Ca 

~0 2 

0 2 

-0 2 

1 4 

0 2 

2 7 

21 

Sc 

-0 2 

0 3 

-0 2 

1 6 

0 7 

3 2 

22 

Ti 

-0 3 

0 4 

-0 2 

1 9 

1 7 

3 8 

23 

V 

-0 3 

0 5 

-0 2 

2 3 

4 4t 

0 6 

24 

Cr 

-0 4 

0 6 

0 1 

2 6 

2 2 

0 7 

25 

Mn 

~0 4 

0 8 

0 5 

3 0 

1 8 

0 8 

26 


-0 4 

1 0 

1 1 

3 4 

1 6 

0 9 

27 

Co 

-0 4 

1 1 

2 2 

3 9 

1 4 

1 0 

28 

Ni 

-0 4 

1 2 

3 It 

0 6 

1 2 

1 2 

29 

Cu 

-0 4 

1 4 

2 1 

0 7 

1 1 

1 3 

30 

Zn 

-0 3 

1 6 

1 7 

0 8 

1 0 

1 5 

31 

Ga 

-0 2 

1 7 

1 5 

0 9 

0 9 

1 7 

32 

Ge 

-0 2 

1 9 

1 3 

1 1 

0 8 

1 9 

33 

As 

-0 1 

2.2 

1 2 

1 2 

0 7 

2 2 

34 

Se 

0 1 

2 4 

1 0 

1 3 

0.7 

2 4 

35 

Br 

0.3 

2 6 

0.9 

1.5 

0.6 

2 7 

36 

Kr 

0 6 

2 9 

0 9 

1.7 

0 6 

3 0 

37 

Rb 

0 9 

3 2 

0 8 

1.9 

0.6 

3 4 

38 

Sr 

1 4 

3 6 

0 7 

2 1 

0 6 

3 8 

39 

y 

2 3 

3.9 

0 7 

2 3 

0 6 

4 2 

40 

Zr 

2 8 

0 8 

0 6 

2 5 

0 7 

4 6 

41 

Nb 

2 1 

0 9 

0 6 

2 8 

0 8 

5 1 

42 

Mo 

1 7 

0 9 

0.5 

3.0 

0 9 

5.6 

43 

Tc 

1 4 

1 0 

0.5 

3,3 

1 0 

6 2 

44 

Ru 

1 2 

1 1 

0 5 

3 6 

1.2 

6 7 

45 

Rh 

1 1 

1 2 

0 5 

4 0 

1 3 

7.3 

46 

Pd 

1 0 

1 3 

0 5 

4 3 

1 6 

7 9 

47 

Ag 

0 9 

1 4 

0 5 

4 7 

1 9 

8 6 

48 

Cd 

0 8 

1 6 

0 6 

5 0 

2 2 

9 2 

49 

In 

0 7 

1.7 

0 6 

5 4 

2 7 

10 

50 

Sn 

0 6 

1 9 

0 7 

5 8 

3 2 

11 

51 

Sb 

0 6 

2 0 

0 8 

6 3 

4 0 

12 

52 

Te 

0 5 

2 2 

0 9 

6 7 

5 0 

12 

53 

I 

0 5 

2.4 

1.1 

7 2 

7 2t 

14 

54 

Xe 

0 4 

2.5 

1.4 

7.8 

§ 

11 

55 

Cs 

0 4 

2 7 

1 7 

8.3 

12t 

12 

56 

Ba 

0 4 

2.9 

2 1 

8 9 

lit 

8 

57 

La 

0 3 

3 1 

2 5 

9.6 

14t 

3 

58 

Ce 

0 3 

3 3 

3 0 

10 

10 

3 

59 

Pr 

0.3 

3 6 

3 5 

11 

9 

4 
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Table 4 f Continued) 


Atomic 

number 

Element 

Radiation 

1 

MoAa 

Cuiva 

CrKa 

-A/' 

A/" 

-A/' 

A/" 

-A/' 

A/" 

60 

Nd 

0 3 

3 8 

4 3 

12 

8 

4 

61 

Pm 

0 3 

4 0 

5 2 

12 

7 

4 

62 

Sm 

0 3 

4 2 

6 7 

13 

7 

5 

63 

Eu 

0 3 

4 5 

§ 

11 

6 

5 

64 

Gd 

0 3 

4 7 

12t 

12 

6 

5 

65 

Tb 

0 4 

5 0 

lit 

8 

6 

6 

66 

Dy 

0 4 

5 2 

10 

8 

6 

6 

67 

Ho 

0 4 

5 5 

13t 

4 

6 

7 

68 

Er 

0 5 

5.8 

9t 

4 

5 

7 

69 

Tm 

0 5 

6 2 

8 

4 

5 

8 

70 

Yb 

0 6 

6.4 

8 

4 

5 

9 

71 

Lu 

0 7 

6 8 

7 

5 

5 

8 

72 

Hf 

0 8 

7 1 

7 

5 

5 

9 

73 

Ta 

0 9 

7 4 

6 

5 

5 

10 

74 

W 

1.1 

7 8 

6 

6 

5 

11 

75 

Re 

1.3 

8 1 

6 

6 

5 

11 

76 

Os 

1.5 

8 5 

6 

6 

5 

12 

77 

Ir 

1.8 

8 9 

5 

7 

5 

13 

78 

Pt 

2.0 

9 3 

5 

7 

5 

13 

79 

Au 

2.4 

9 8 

5 

8 

6 

14 

80 

Hg 

2 8 

10 

5 

8 

1 6 

15 

81 

T1 

3 4 

11 

5 

8 

6 

16 

82 

Pb 

4 0 

11 

5 

9 

7 

16 

83 

Bi 

4.8 

12 

5 

9 

7 

17 

84 

Po 

5 6 

12 

5 

10 

8 

18 

85 

At 

s 

10 

5 

10 

9 

20 

86 

Rn 

8t 

10 

5 

11 

9 

20 

87 

Fr 

8t 

7 

5 

11 

10 

21 

88 

Ra 

7 

7 

5 

12 

11 

23 

89 

Ac 

7 

8 

5 

12 

13 

24 

90 

Th 

7 

8 

5 

13 

15 

25 

91 

Pa 

7 

8 

5 

14 

17t 

26 

92 

u 

8t 

8 

5 

15 

19t 

19 

93 

Np 

§ 

5 

5 

15 

§ 

§ 

94 

Pu 

5 

5 

5 

16 

§ 

§ 

95 

Am 

§ 

5 

6 

17 

§ 

§ 

96 

Cm 

5 

5 

6 

18 

§ 

§ 


t These values are especially uncertain because of proximity to absorption edges. 
§ Not calculated. 
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Direct determinations 


The phase problem 

In Chapter 13 it was seen that the electron density of a crystal can be 
supplied by a Fourier synthesis, and that the coefficients of the Fourier 
summations are the Fhki^s of the various diffraction spectra. In general, 
each Fhjd is a complex quantity. This can be emphasized by writing 
Fhki as \F that is, each F is characterized by both a magnitude 
and a phase. Now the magnitude of the F’s can be readily derived from 
the measured intensities, but no experimental means has been found for 
observing the phases, <l>hki^ Thus there are not sufficient data at hand 
from the diffraction experiment for performing the Fourier synthesis. 
In fact, only half the required data are provided by the experiment. 
At first sight, therefore, it appears that crystal structures are indeter¬ 
minate due to the lack of phase data. This constitutes the phase problem 
of x-ray crystallography. If there were some way of learning these 
phases, then it would be a routine matter to find the arrangement of atoms 
in any crystal whatever, no matter how complicated. 

In the absence of direct phase information, crystal structures are solved 
by finding the phases in an indirect way. In the early days of crystal- 
structure analysis the phases were found by what amounted to guessing 
the structure. This could often be done for the simpler structures, 
especially when one or more of the atoms were symmetry fixed. 

More complicated structures can also be solved without direct phase 
information, provided special conditions make the phases available. 
Some of these conditions, and how they can be used to furnish the phases 
indirectly, were discussed in Chapters 19 and 20. Most of the structures 
which have been solved, including some very complicated structures, have 
been solved with the aid of the heavy-atom method or the replaceable- 
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atom method. Indeed, the arrangements of atoms in many organic 
molecules have been revealed by deliberately preparing crystals contain¬ 
ing the molecules in question, plus heavy atoms, and then solving the 
crystal structures by the heavy-atom method. 

Of course, such methods can only be used when special conditions 
obtain, or when they can be caused to occur. But if one desires to deter¬ 
mine the structure of some arbitrarily chosen crystal he is faced with the 
phase problem. 

There now exist solutions, within limits to be noted, to the phase 
problem. These come as the culmination of a series of developments 
which started in 1934. In that year Patterson published a paper in which 
he presented what is now known as the Patterson function^^ This is a 
Fourier series whose coefficients are This development did 

not solve the phase problem, but did permit an insight into what limita¬ 
tions are imposed by the lack of phase information. Two years later 
Barker showed that certain sections (corresponding to electron-density 
sections) of the three-dimensional Patterson function have useful prop¬ 
erties in helping to locate atoms for crystals having rotational symmetry. 
These became known as Harker sections.^^ The Second World War 
intervened shortly thereafter, but immediately after the war the author 
presented implication theory,which is concerned with the systematic 
interpretation of Harker sections. One of the immediate consequences 
of this theory was that for crystals having certain symmetries, the 
Harker section could be transformed to a map of the crystal structure 
by a simple geometrical transformation. Since this was all based upon 
the Patterson function, which involves no knowledge of the phases, it 
became evident that at least some crystal structures could be determined 
without a direct knowledge of the phases, or, what amounted to the same 
thing, that phase information was contained in the set of phaseless 
amplitudes. While none of this development was concerned specifically 
with phases, it nevertheless cast new light on the phase problem, which 
then lost its hopeless aspect. 

Within a year after the presentation of implication theory, Harker 
and Kasper^^ discovered some explicit relations between amplitudes and 
phases. This began a new era in the field of the theory of crystal- 
structure analysis. Many have contributed to the problem, and the 
literature is voluminous. 

It should not be supposed that the phase problem is solved. At the 
present time a sufficient number of the phases can be found for structure 
analyses, at least in not-unfavorable cases, for crystals having between a 
half-dozen to a score of atoms per projected asymmetric unit. Crystals 
of much more complexity cannot be solved unless some favorable cir¬ 
cumstance obtains, like the presence of a set of heavy atoms. So again 
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it may be said that every crystal structure cannot be solved by methods 
currently known. 


The variety of the solutions 

As soon as it was demonstrated that there existed relations between 
the phases and the intensities of the x-ray reflections, the matter of find¬ 
ing solutions to the phase problem became a popular pursuit. Many 
have made contributions to this field, and its literature is already so 
voluminous that it occupies many times the number of pages in this book. 
In this literature a number of different kinds of solution have been pre¬ 
sented, each subject to certain limitations. To give a reasonably com¬ 
plete account of the several methods would require several books, and 
indeed one book has already been devoted to one class of solutions. 

It is plain that it is out of the question to give an adequate discussion 
of these solutions in a small compass. This chapter, therefore, deals 
only with the highlights of the various methods. The solutions of the 
phase problem which have been offered fall into several categories, as 
follows: 

Algebraic methods, 

Vector-space methods, 

Inequality methods, 

Sign relations. 

Statistical methods. 

Permutation methods. 

These are outlined in the following sections. 

Algebraic methods 

The earliest attempts at direct solutions of crystal structures were by 
algebraic methods. These methods have the following basis. Each of 
the structure factors has a similar form: 

N 

\Fku\e^’*'- = ( 1 ) 

y = i 

This equation contains as unknowns the SN values of the coordinates, 
and the phase <l>m- The magnitude \Fhki\ is known from measurement. 
Ordinarily there are many more equations available than unknowns, so 
that it should be possible by algebraic means to solve for either the 
unknown phases <^>, or the coordinates xyz. 

Many attempts have been made to solve sets of equations based upon 
(1) for either the phases or coordinates, but none of the schemes has come 
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into common use. There appear to be several reasons for this. In 
the first placcj equations (1) are not linear, so that simple elimination 
procedures cannot be used. Furthermore, whereas it would appear, 
offhand, that, for N atoms per cell, S(N—1) equations should be sufficient 
for a solution, actually several solutions are allowed by this number of 
equations. For example, for three atoms in a one-dimensional cell, 
there are four solutions. More equations must be included to make 
the solution unique. In any event, the use of a high-speed digital com¬ 
puter would probably be required if N is reasonably large. 

The method of Banerjee- appears to be most promising, and reasonably 
simple. It was revived and generalized by Hughes. 

Vector-space methods^^ 

The Patterson synthesis. The science of x-ray crystallography is 
indebted to A. L. Patterson for initiating a major branch of development 
in the study of the phase problem. The phase problem can be stated 
in two ways: (a) What are the phases of the F^s? (6) What is the maxi¬ 
mum information which can be obtained from the phaseless \f\’b or 
|f| Patterson sought to answer the second question along the follow¬ 
ing lines: If two Fourier series, each representing the electron density of a 
crystal, are multiplied together, terms like FhkiF'm occur. This is the 
product of complex conjugates, and equal to which is the desired 

phaseless intensity. On this basis, Patterson was able to show that if a 
Fourier synthesis whose coefficients are \Fhki\ ^ is prepared, this synthesis 


has a meaning in terms of the electron-density synthesis, 
if the two Fourier syntheses are compared: 

More exactly, 

h k 1 

(2) 

A _ ^ 'v 1 \2 ^i2,irihu-i-kv+lw) 

h k 1 

, (3) 

then, (2) has peaks at atom locations, while (3) has peaks at the ends of 
vectors betw’^een atom locations in (2). An equivalent statement is that 
the coordinates of the rth peak in (3) are related to the coordinates of the 

ith and yth peaks in (2), by 





Vr = Vi - Vi, 

'Wf ^ ~~ 


( 4 ) 
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Thus to every pair of peaks in (2) there is a specific peak in (3). Syn¬ 
thesis (3) is called the Patterson synthesis, or the Patterson junction. 

In crystal-structure analysis, one can always prepare a Patterson 
s^uithesis. This is a synthesis of the original data, in its least degraded 
form, obtainable from the diffraction experiment. The analyst would 
like to transform the information into the electron density of the crystal. 
To do this requires a knowledge of the relationship between vector space 
and ordinary space (or ciystal space). This background and how to make 
practical use of it in the “solution” of a Patterson synthesis cannot be 
adequately contained in a single chapter of a book. Accordingly the 
author has separated out this whole branch of direct crystal-structure 
analysis into a companion volume. 

In addition to the solution discussed in the book just mentioned, there 
are two classes of solutions for the phases of the F’s which are based 
upon relations derived from vector space. These solutions are merely 
transformations into phase information of the geometry which results 
from vector-space considerations. 

Product space. The earliest such results were presented by the 
author^^*^® to reveal the general similarity of the results obtained from 
the older implication theory^^ and the newer inequalities^^ (see next 
section). The results were obtained by mapping the geometry of Pat¬ 
terson space in product space. This space makes use of the fact that the 
phase diffracted from a point at xyz in orders hkl is 2T{hx+ky+lz), so 
that the products hx, ky, and Iz control the phase. The space whose 
coordinates are the products hx^ ky, and Iz is called product space, and a 
map of a set of atoms diffracting in orders hkl defines the phase of the 
diffracted beam. On such a map it is possible to discover relations 
between phases of various diffracted beams. In particular, if a map in 
product space is prepared for both Fhki and \Fhki\ ^ for a set of atoms which 
are symmetrical with respect to some axial symmetry element, it is 
evident that geometrical relations exist between these two figures. Thus, 
in Fig. 1, Fhki and \Fhki\^ are plotted for a set of points related by a 4i 
screw. It can be seen that the projection of the map of Fhki is a set of 
points on the vertices of a square. The section of \Fhki\^ at level ^1 is 
also a set of points on the vertices of a square having the same orientation 
but twice the scale. Therefore the section of \Fhki\ ^ at level -l-J has the 
same map as the projection of F 2 h 2 k 2 Z- The section at level is another 
square, rotated 45°, and the section at level zero is a single point. Tak¬ 
ing account of the weightings of these levels, and considering the points 
in Fhki as unit scatterers, the relation between F and 1F|^ can be written 


= Fooo + P(h-]-k)(h-\-k)Q + 2F 2 h 2 k 0 - 


(5) 
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Furthermore, if the Fourier representation of projections and sections of 
Fig. 1 are prepared, the following further results are obtained: 


Level 


^ \FmV 


COS 27r ~ = 2F24 2^• 0- 


( 6 ) 


Level i; ^ |FAi;|^cos 27r~ = (7) 

Z S= — M 

In a similar way relations can be written for the various in terms of 
the set of |F|^’s for a symmetrical set of unit scatterers for each symmetry 
element, and for each combination of symmetry elements or space group. 




Fig. 1. 

Relation between Fhu and \Fm\^ as brought out by plotting in product space. 


Results of types (6) and (7) can be written for several symmetrical sets 
(such as occur in actual crystals), and also extended to non-unit scatterers 
by adding terms to the simpler expressions^^’^®. These results have not 
been put to use in crystal-structure determination, but they do indicate 
the relations between vector space and crystal space in terms of the 
F^s involved. 

Image-seeking theory. A second class of solutions descending 
from vector-space considerations is derived from converting image-seek¬ 
ing theory,in one of its forms, into phase information. This has been 
done by McLachlan^® for the sum function, and by McLachlan and 
Barker,^® and by Vaughan^^ for the product function. 
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Harker-Kasper inequalities 

Harker and Kasper^^'^s effected a major change of direction in the 
investigation of the phase problem by showing that there exist relations 
between certain and |-F| ^'s for symmetrical crystals which could be 
expressed in the form of inequalities. To do this they made use of the 
well-known Cauchy’s inequality 

N N K 


2 ^ (2 (2 


J=l j=l 

and the related Schwartz’s inequality 

Iffgdr^ ^ (I\f\^ dT^(^j\g\^ dry 

The fundamental scattering relations can be written 

ra rh 


( 8 ) 


(9) 


Fhkl 


■y ra rh rc 

dbc Jo Jo Jo 


Pixrz) ei 2 >r(;>x/»+ir/ 6 )+Jz/c) dY dZ 


( 10 ) 


( 11 ) 


= V /y y' e^ 2 .(Ax+%+^^) ^ 3 . 

For Schwartz’s inequality, let 

/ = 

9 = (7p(^,,,))^ 
dr — dx dy dz. 

Then, substitution in (9) gives 

^ F Pixyz) dx dy ds] 

X [/o' /o' /o' 

Since \e^\ = 1 , it follows that 

\Fhici\^ ^ [/o' /o' /o' Pixyz) dx dy d^]^ 

The quantity V dx dy dz is the volume element of the coordinate system 
xyz. Thus 

V /o' /o' /o' P{xyz) dx dy dz = Z, (14) 


( 12 ) 


(13) 


SO that (13) means 




(15) 
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This initial result corresponds to the well-known fact that no scattering 
amplitude can exceed Z, 

It is convenient to utilize a scale of for a particular crystal such 
that the maximum value of is 1. This maximum occurs when all 
atoms scatter in phase. This can be done by defining a normalized F, 
to be called the unitary structure factor, and designated U, such that 


Uhkl — 


Fhkl 

Z 


(16) 


for a particular crystal. When this is done, (15) may be written as 

iM" ^ 1- (17) 

If the value of F given by (10) is substituted into (16), the general value 
of the unitary structure factor is seen to be 

Uhkl = ^ I e^2.(hx+ky+lz) 

Limitations due to symmetry. Although (15) and (17) express a 
result which is known from other considerations, the application of 


Schwartz's inequality to amplitudes arising from symmetrical sets of 
atoms provides new information. 

Inversion center. If a crystal has inversion centers, and if one of them 
is taken as an origin, then 

P(xyz) ■“ P(xyz) 

and (18) becomes 

(19) 

V 0 0 

Uhkl ~ J j J P(.xyz) COS 2ir(hx+ky+lz) dx dy dz. 

(20) 

Now, in Schwartz’s inequality (9), let 



f - c v 

J 1 ^ Pi.x:yz) j ’ 

(v V"- 

Q = P(xyz) 1 cos 2Tr(hx+ky+lz), 

(21) 


dr = dx dy dz. 


If these are inserted in Schwartz’s inequality, there results 


V/ 

'z lo L lo ^^**'*' 


X 

'V y o 0 •] 

^JjJ P(xy^) ^'^{hx+ky+lz)dx dy dz • 

(22) 
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If the relation 

cos^ a = ^(1 + cos 2a) (23) 

is used, (22) can be rewritten 

{ ^ " [ [ [ Pixyz) dx dy dz _ _ [If Pi.xyz) dx dy dz 

Jo JQ Jo J Jo Jo Jo 

+ ^ / / / P(xyz) (^os.2T{2hx+2ky+2lz) dx dy dz • (24) 

Jo Jo Jo 

Let (14) be substituted for the first two integrals in (24). The last 
integral, according to (20) is U 2 h 2 k 21 . Therefore (24) can be reduced to 

IM'< U][i + it^2A2;i2;]. (25) 

2-fold axis. If the crystal has 2-fold axes parallel to c, and if and 
origin is taken as one of them, 

P(xyz) ” P(xyz)' (26) 

Under these circumstances the unitary structure factor (18) reduces to 

V r 

Uhki = / / / Pixyz) cos 27r{hx+ky) dx dy dz. (27) 

^ Jo Jo Jo 

For substitution in Schwartz^s inequality, let 

/ “ Pixyz)^\ 

g = Pixyz)''^ COS 2ir(te+A:2/), (28) 

dr — dx dy dz. 

When inserted in Schwartz’s inequality, there results 

I Uhk'i\" ^ ~Z f f f 

^ ^ f f [ P(xyz)\e''^'’cos^ 2Tr{hz+ky) dx dy dz ■ (29) 

Jo Jo Jo 

Using (23), this can be rewritten 

^ P(xyz)dxdydz ^ dx dy dx 

V 

q- j / / p (3.2^2) COS 2x(2/ix+2fcy+202:) dx dy dz • (30) 

2 ^ Jo Jo Jo 
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With the aid of (14) and (20), it is evident that this is equivalent to 

IM' ^ UHI + W2A2ibo]. (31) 

Other symmetry elements. Proceeding in a similar way the limitations 
of the amplitude due to each of the possible symmetry elements can be 
investigated. The results are listed in Table 1. 

Table 1 

Harker-Kasper inequalities; limitations on amplitudes due to 
symmetry elements 

Symmetry 

element 1| c Limitation 


1 

1 

T 

Ukki^ + 

2 

i- + 

2i 


2 = m 

^ i + 

a 

\Ukki\^^i + 

3 

\Um\^ <i + 

3i, 32 


3 = 3 +T 

Um^ < i + 

4 

i + 

4i, 43 

i + 

42 

\Um\^ ^i + 

4 

i + 

6 

lUkkil^ ^ i + 

61, 65 


62, 64 

i + 

63 

i + 

6 — 3/m 

\Uhu\^^ i + 


2k 21 

iU2h 2k 0 

— 1 )^ U2h2k0 
i'Uo 2k 0 

^( —1)^ Uqq21 

-k){h+2k)(!i\ COS 2Tr<t>(h-k)ih+2k)0 
-||U'(/i_fc)(A4.2fc)ol COS 2Tr(<l>(h-k)(h+2k)0 + iO 
\U2h2k2l ■\-\0fhh2l (jt,-k){h+2k)(i 

2h 2k Q + (A-fc) ih-\-k) 0 

\( — iyU2h2kO +-i-(cOS 27rir)U(^h-k)ih+k)0 

^U2h2k0 U(h^k)ih+k)(i 

iU2h2kQ + i\U (h-k)(.h+k)2l\ COS 2Tr (j> (^h-~k) (h+k) 21 

^U2h2kQ + iU(h-~k)(h+2k)Q -i-itJhkO 

^i — iyU2h2kO +-g-(cOS 27r^l)U(^h~k){h+2k)0 

+ -^(cos 27 r^l)UnkQ 

^U2h2k0 +-^(COS 2Tr^l)U(h-^jc)(h-^2k)0 +-^(COS 27r^l)Uhk0 

i( —1)^ U2h2k0 + iU(^h-k)(,h+2k)0 +-^( — 1)^ UhkO 

Wo Q2l -fc) (/H-2A;) o| COS 2Tr<f>(^h--~k)(h+2k)0 

+ ^\U(ji-k)(,h-\-2k)2l\ COS 2ir(f>(h-k)(h+2k)2l 


Application to phase determination. These relations can be used 
to derive phase information. For example, in (25), suppose that a value 
for a particular reflection | Uhki\^ is measured. If | Uhki\^ turns out to be 
greater than i, then the inequality is only satisfied if U 2 h zk 21 is positive. 
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If i Uhkil^ turns out to be less than I-, then no conclusions can be drawn, 
because 

^ + k^^2h2k2l 

can be satisfied by either a positive or negative U^h 2 k 

There is an interesting physical interpretation of this. It has been 
noted that when \Uhki[^ in (25) exceeds I, U 2 h 2 k 2 i must be positive. 
Now, if 1 Uhki\ is a strong reflection, many of the atoms of the structure 
must lie near the crests of the Fourier waves of spacing dkki — d// in Fig, 2. 
When this is so, then they must also be near the crests of those Fourier 



Fig. 2 

Geometrical interpretation of a simple Harker-Kasper inequality 


waves having half the spacing, namely those having spacing Fig. 2. 
This can only occur if F 2 J 1 is +, regardless if Fjf is +, Fig. 2A, or Fig. 
2 B. There is no way in which information can be obtained about Fh 
from F 2 I{j however. 

Inequalities for specific space groups. The inequalities shown in 
Table 1 display the limitation on phase due to one symmetry element. 
In general a space group contains more than one symmetry element. By 
separating the structure factor for the space group in various ways, many 
inequalities can be found for each space group. Up to the present time 
there has been no systematic attempt to tabulate the possible inequalities 
for each space group. 

Approximate compensation for volumes of atoms. One of the 
practical difficulties in making use of the Harker-Kasper inequalities is 
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that, because of the decline of the / curves with (sin 6)/\, the amplitudes 
of the reflections also decline with (siii 6)/\. When (sin d)/\ reaches 0.6, 
even an amplitude representing all atoms scattering in phase is already 
less than The relations given in Table 1, however, are good even for 
point scatterers. Now it is possible, as pointed out in more detail else¬ 
where,to transform measured amplitudes to approximately what they 
would be if they had been scattered by point atoms. To do this, each F 



(sm 6)/X 

Fig. 3. 

The shapes of the / curves for atoms of various atomic numbers. 

(After Barker and Kasper.^s) 

is normalized to the average / of the sin-0 region at room temperature, 
instead of to Z as in (16). This is justified as an approximation because 
/ curves have approximately the same shape, as shown by Barker and 
Kasper, Fig. 3. 

Another approach to this normalizing process is to establish an average 
/ curve normalized to unity at (sin 6)/X = 0. Let the normalized / be 
designated / (“/-hat^O- using this, the / curve for any atom / is 
approximately 

/y = Zj, 


f See pages 59-64 of reference 23. 


(32) 
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If the crystal structure is assumed to be composed of spherically sym¬ 
metrical atoms, (10) can be written 




(hx-l-kw+h) 


Then, utilizing (32) this becomes 


ly 

^hkl = f^Z, e»2xCAx+A-„+/.)_ 


If the normalized unitary structure factor is now defined as 


then, using (34), 


The fraction in (36), 


^hkl 


F'hkl 

zf 


Uhki 


N 



j = l 


{hx-^ky-^-lz) 



(35) 

(36) 

(37) 


is the fraction of the electrons of the unit cell which are in the yth atom. 

When Cauchy^s inequality, (8), is applied to (36), the same inequalities 
result as when Schwartz^s inequality is applied to (10). To the degree 
that approximation (32) is valid, the inequalities of Table 1 are valid 
when applied to amplitudes normalized to an average / curve. Normaliz¬ 
ing F to the approximate/of the (sin d)/\ region strengthens the inequali¬ 
ties and permits their practical use in phase determination, provided that 
1 Uhki\^ exceeds Note, again, that in this process, the signs of certain 
U^s can be proven to be positive. None can be proven to be negative. 

Inequalities involving three reflections. Although the inequalities 
of Table 1 give information about a fraction of the reflections, other 
inequalities can be derived which give information about other reflections. 
For example, (25) only gives information about even orders. To get 
information about odd orders, Cauchy^s inequality can be applied to the 
sum of two reflections. Letting H = hklj the normalized unitary struc¬ 
ture factors for these reflections are 



(39) 
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Then, 


V^ 


Uh Uh' = y q,{cos 2 ‘kHx + cos 2TrH'x) 


i—t 

0 


V „ 2t{,H+H')x 2t{H~H')x 

= > qj2 cos-::-cos 




qj2 


2 2 

1 + cos 2'k{H+H')x'^'^ r 1 “t" 2-ir(H — H')x 


~ili r-i 


^ kj + cos 2ir(H+H')x]^ [q, + q, cos 2x(if-F0x]^. 


When Cauchy’s inequality is applied to this, there results 


(40) 


\Um+Uh\^ 

^ (2 k, + cos 2t{H+H')x]}[" 1 kj + ft cos 2r{H-H')]}. (41) 

3 3 

According to (37), S = 1. Utilizing this and also (38), (41) can be 
reduced to 

\Uh + U/f'p ^ (1 + Uh+w){^ + Uh^h')> (42) 

Some other inequalities involving three reflections are shown in Table 2. 


Table 2 

Some inequalities involving three reflections 

Centrosymmetrical structures Non-centrosymmetrical structures 

\Ub + TJb'\^ ^ + \Ub + Uh'\^ ^ 2 + 2 Re Uh^b' 

\Ub — Ub'\^ ^ {1 — Uh+h')0-‘-Uh-h') \Ub — Uh'\^ ^ 2 — 2 Re Ub~-h‘ 
\Ub+h' — Ub-h'\^ ^ (1 + 1^2h)( 1 —^2n') 

The origin may be chosen in several locations for each space group. 

If a centrosymmetrical structure factor is used as the basis of an inequal¬ 
ity relation, then the origin can be taken at 00, -10, O-g-, or -g- in projection. 
If the origin is shifted from 00 to iO, the reflections Fhka change sign for 
h odd, etc. This means that some signs (usually two for a projection, or 
three for three dimensions) can be fixed arbitrarily. The arbitrary 
choice selects a particular symmetry center in the structure as origin. 

Linear inequalities, Okaya and Nitta^® have devised some linear 
structure-factor inequalities. Some of these are shown in Table 3. 
Each bears a relation to, but is less powerful than, the corresponding 
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Table 3 

Some linear structure-factor inequalities'’*^ 

4:11 H $ 3 4 ” 2 U 2 H 

‘^\Uh + Uh'\ ^ 2 + Uh+h' + Uh~h' 

2\Uh — Uh'\ $ 2 — Uh+h' — Uh~h' 

4\Uh -h Uh'\ ^ 5 + 

4\U}i - Ujj'l $ 5 Ufi+ii' - 4Uh^u' 

4\UH + Uh\ ^ 5 + 4:11 + U 

4l?7/f + ^ 5 — 4:11 h^h' — Un~H' 

Harker-Kasper inequality.Since they are linear relations they are 
somewhat easier to apply. 

Limitations on the success of sign determination by inequalities. 

The limitations attending the use of inequalities has been discussed by 
Hughes.If all the atoms are assumed to be the same, then (36) 
becomes 

N 


=y-' 

L/N 


SO that the magnitude of Uhu is provided by 
\UhV= Un Oh 


ly wiv 

-XS: 

i=l }=1 


^i2tH (x^—Xj), 


If terms for which i = j are separated, this may be written 


JLy 


i-rBix-Xj), 


If this is averaged over all reflections, H, the double summation tends to 
zero, since positive and negative values of all magnitudes are equally 
probable, so that 

= 4- (46) 


The root-mean-square value is 
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If the symmetry requires p symmetrical companions, then N = pn, and 


‘ * N pn 


an — 


1 


{pn) 


y2 


(48) 

(49) 


For reflections on symmetrical locations of the reciprocal structure, 
may be larger by an integer corresponding to the symmetry of the 
location. 

Now if N is sufficiently large, assuming a Gaussian distribution of 
amplitudes, only about 10% of the |i7|’s may be expected to exceed 1.7(r, 
and 0.1% may be expected to exceed 3.3(r. Harker-Kasper inequalities 
have been used successfully to solve oxalic acid dihydrate, with n = 4, 
and decaborane, with = 5. Hughes solved by other methods mela¬ 
mine, n = 9, but when reinvestigated by inequalities only two signs of 
second order Ws could be fixed for some 150 Ws for hOl and Old reflections, 
and two more signs could be fixed by using inequalities involving three 
reflections. For ^ carotine, n = 20, &hki = 0.112, dhoi = 0.158. It is 
unlikely that any | Um\ will exceed 0.520. Actually none was found to 
exceed 0.24, and no signs could be determined. Thus Harker-Kasper 
inequalities have been used successfully with n = 4, n = 5, but fail with 
n = 9 and n == 20. It appears, therefore, that solution of structures 
with the aid of sign determination by inequalities is limited to crystals 
with comparatively few atoms per asymmetrical unit. 

Karle-Hauptman inequalities. Karle and Hauptman^^* investi¬ 
gated the relations between phases and magnitudes of a set of (or 
U’^) on a more general basis. They pointed out that the electron density 
is positive, and this fact places certain restrictions on a Fourier series. 
If the first n Fourier coefficients are given, then the n+l coefficient is 
restricted to narrow bounds if a positive function is to be represented. 

When Friedeks law holds, Fhu = Fhij, Therefore the F’s can be 
arranged in a Hermitian matrix 


Fo F^2 

Fhi Fq F^3 
F//2 Fhz Fq 


(50) 


Now, let the electron density be expressed by 




V 


i 


jp ^ — i2rHx 

rue 


(51) 
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The conditions on the that p(x) be positive had already been investi¬ 
gated by mathematicians, and is stated in Herglotz's theorem. This 
requires that the determinant of any matrix like (50) be greater than 
zero. For example 


Fooo 

F ouT 

Fill 1 



F 001 

F 000 

Fito 

^ 0. 

(52) 

Fill 

Fiio 

F 000 




If the determinant of (50) is manipulated it can be shown that a particular 
coefficient is restricted to lie within a certain limited region of the com¬ 
plex plane, that is, the real and imaginary parts of F are limited. This 
result can be expressed as an inequality. This is obtained without any 
resort to symmetry considerations, and is based purely on the fact that the 
electron density is positive. 

The introduction of symmetry strengthens the inequalities derived by 
means of this method. In particular, the Harker-Kasper inequalities 
can be so derived, and, in addition, infinitely more inequalities. 

Sign relations 

Sayre’s squaring method. Sayre^^ examined the relations between 
the F^s of a structure and the F’s of the same structure type in which the 
atoms were replaced by ^^squared atoms.” This led to a fruitful new 
development in the determination of phases from a set of intensities. 

The electron density at location x is given by 

P(x) = ^ ^ (53) 

Let the density at each point be squared. This squared density can also 
be represented by a Fourier series 

(54) 

H 

The new Fourier series has different F's but, provided that all atoms are 
equal and resolved, theF’s of (53) and (59) must be related by some factor 
g which takes account of the change in shape; that is 


^Fh = gupR- 


(55) 
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For centrosymmetrical crystals,'^ Fn = F-h, so the square of the electron 
density can be written 

■11.' 


PCX) = P(x)P(x) 


~i2Tr(-H)x 


-fX— 

H H 

2 X 

Hi Ha 

Hi Hi 


g ^27r(Hl H2)£^ (56) 


Now, let If 1 — if 2 = if, and let if 2 = if'. Then, since the summations 
run over all integers, (56) can be rewritten 


=? X X 

H H' 


-i2irHx 


(57) 


■*■ This follows Sayre’s original development. The relation Fh = F^n is only valid 
for centrosymmetrical crystals. But for both centrosymmetrical and non-centro- 
symmetrical crystals the square of the electron density can be written in an alternative 
form 

.11. 


P(X) = Pix)P(x) 


[fZ 


Fae' 


,—ilirHx 


H 

%2riHi+Hi)x 


(56 A) 


Now let Hi + ^2 = and let Hi = H'. Then, since the summations run over all 
integers, (56A) can be rewritten 


PixY 




H' 

Following the argument of (58), it is found that 

1 




Fh ~ 


QhV 


I 


Fh’ Fh~h’> 


(57A) 


(59 A) 


For centrosymmetrical crystals, this leads to the sign relation 
Sh = ^H’ 8h-h', 
or Sh-h' = 8h Sh’- 


(60A) 
(61A) 

For non-centrosymmetrical crystals this leads to a relation between the phases, 4>, 
of the three reflections: 

<I>H == 0//' + 4>H-H'j 


or <pH~H' = 0if — 


(GOH) 

(61H) 
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If (54), (55), and (57) are compared, it is found that 

H ~ gn Fh = ^ FH' F //+//', (58) 

H' 

so 

Fh ~ “ ^ F /// F (59) 

Qh T 

H' 

This is a general relation which must be obeyed by crystals composed of 
equal, resolved atoms. For such a crystal, the signs can only be correct 
if (59) holds. 

The right of (59) involves the sum of products like Fi Fio+i, F 2 F 104 . 2 , 
Fz Fio+ 3 , etc. Sayre set up an artificial one-dimensional structure, and 
by an arithmetic study of a matrix of such products, was able to show that 
only one set of signs of the F^s was consistent with such sums. He next 
applied the method to the projection of hydroxyproline, whose structure 
had already been worked out. This structure has symmetry P 2 i 2 i 2 i, 
and contains 4 molecules of C5H9NO3 per cell. It took about a week to 
investigate the interproducts of the 153 Signs for 19 P^s, includ¬ 

ing the 10 strongest, could be explained by eight different combinations 
of signs, and one of these combinations was selected as most likely. The 
sign determination was extended in two stages to 31 terms, and then to 
53 terms. All the signs at the 19-term stage later proved correct; 
one sign was wrong at the 31-term stage, and 9 were incorrect at the 
53-term stage. The Fourier synthesis made with the 19 correct terms was 
sufficient to reveal the general shape of the molecule. 

In using the method it became obvious that in a sum of products, such 
as occur on the right of (59), if one term is so large that it dominates the 
sum, the sign of the sum is controlled by that product. If Sh is used to 
indicate the sign of P//, then this conclusion can be expressed by 

Sh = Srr Sh-^ih, (60) 

That is, the sign of Fh tends to be the same as the product of the signs of 
two other P’s, related as in (60). This can be rewritten 

Sh+h' = (61) 

This rule certainly holds when P^, Ph', and Fn+ir are all large. But 
it appears to express a deeper principle, perhaps that, if Fh and Fh' are 
both large, they impose a characteristic pattern upon the entire array of 
signs. 

Sayre’s relation has an interesting physical interpretation which is 
illustrated in Fig. 4. In reciprocal space, the relation between points 
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H, W and H+H' is shown in Fig. 4^. In crystal space, Fig 45, the 
geometrical arrangement is similar but rotated 90° (if the arrangement is 
regarded as two-dimensional). In Fig. 45, if the wave is positive at the 
origin, the crests are shown as full lines, while if the wave is negative at 
the origin, the crests are shown as broken lines. Now if the magnitudes 
of both Fh and Fh' are large, it is because atoms are located near to the 
crests of both. For clearness, suppose this condition is represented by 
a single atom exactly on the crests of both. This can occur in only four 
ways with respect to H and //', shown in the four atom locations in Fig. 



A B 

Fig. 4. 

Geometrical interpretation, of Sayre's sign relationship 


45. But whichever way occurs, it is also on a crest of The 

signs involved (+ when the circle is on a full line, — w^hen it is on a broken 
line) are 


location 

Sh 

Sir 

Srij^ir 

1 

+ 

+ 

+ 

2 

— 

— 

+ 

3 

+ 

— 

— 

4 

— 

+ 

— 


It will be seen that, in every case, (61) is satisfied. 

Sayre^s relation holds when the C/'s involved are large. It is also 
probably valid®^ when \^3n U > Ij where n is the symmetry number 
and U is the r.m.s. value of C/^-, Uw, and UhjtII'. Cochran and Douglas®^ 
have noted that the extent to which 

H W 


X 


(62) 
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is positive may be taken as a measure of the plausibility of a particular 
set of signs. 

Cochran^® and others investigated Sayre^s squaring method^ especially 
in respect to a limited set of large F^s, and justified Sayre^s sign relation on 
more rigorous grounds. The sign relation has been used to solve several 
structures/*^' and programs adapting it to a digital computer have been 
arranged.®-’ 

Zachariasen’s method, Zachariasen started with an equation from 
which Schwartz’s inequality can be derived, and devised a new method of 
determining signs.®® The initial relation is 





( 63 ) 


From this Schwartz inequality (8) can be derived. If the additional term 
is included, a relation similar to (42) can be derived, which can be written 

(|j7hI + \u,r\r 

= 1 — Sh Sh'{Uhj^h' + Uh-^w) + UH-H Dhh'- (64) 


The final term is given by 

cos (H+HO r, cos (H+HO-r^ ^ 
cos (H - HO cos (H ~ HO ‘ 

1 1 



(65) 


If this term is omitted, the result is 

(I Uh\ + I UH\f ^1 +Sh Sh'{Uh+ii' + Uh-w) + Uh+h- Uh-h', (66) 


which is an alternative form of (42), a relation which had been derived by 
using inequality (8) rather than equality (63). 

Returning to (65), this tends approximately®® to 1 if an average is taken 
over all H and H', Applying this to (64), a good approximation under 
these circumstances is 


{\Un\ + ~ Sh Sff'iUn+H' + Uh^h') + Un^jr^ (67) 

From this it would follow that 


- Sh Sho (68) 

which is Sayre’s relation. This can be expected to hold rather well for 
sets of three strong reflections. 

Now in (64), let H' be replaced by i// and H by giving 

(|f7//+j//| + \ UB^'\)^ ^ I — Sn+Ht' + Uh) 

+ UH^2Ht' Uh - Dh, (69) 



tj k ^ 


V_-// 


J. 


Suppose that Uhi' Uh-^h^' be pairs of large v alues of and that for each 
Hj (69) is averaged over all Hi'. Then, since “ 1? (b9) becomes 

== Shx' Uh "h Shx' UH-\-2Hi' "H Uh' (70) 

The known quantities on the left are large and positive. The last two 
quantities on the right can be shown to be less than the left member down 

to (T = 0.07. Thus, _ 

Sh = (71) 

which is the statistical equivalent of (68). 

Hughes has derived Zachariasen’s general relation in a simpler fashion.®® 
For a centrosymmetrical crystal 

V/2 

Uh = ^ X (72) 

3 

N/2 N /2 

Uh Uh' = ^ X X GOs27rH‘r cos 27ri7'*r (73) 

t 3 

N/2 N/2 

= 2 y y gi 5 j[cos 2T(H-ri + H'-rj) + cos 2ir(H-ri — H'-Tj)] 

• ^ (74) 

N/2 

= 2 2 Q^^[cos 2 ^r(H+H')■r^ + cos2T{H — H')-r,] 

I 

N/2 N/2 

+ 2 y y 3 ^[cos 2ir(H-r, + H'-rj) + cos 2v{H-ri — H'-r,)]. 

» ^ ^ (75) 

If an average is taken, keeping constant, the double sum, and 

terms with H—H', average zero, as in Wilson’s method, and there results 

N/2 

Uh = 2 2 qi^ cos ‘2,r{H+H')-ri. (76) 

Z 

When all the atoms are the same, qi = l/N, and may be factored out, 
giving 

N/2 

= 2 i ^ gi cos 2^iH+H')-n. (77) 

i 

If this is compared with (72), it is seen to be 

- H+H' 1 

Uh Uir — ^ Uh+h'- (78) 

Thus the average over JT+H' of Uh Uh' has the same sign as Uh^tN' or 

- H+H' 

Sh+e' = S(ShSh') • (79) 
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To follow Zachariasen's method, inequality (6G) is first used to estab¬ 
lish as many signs as possible. Next, one expresses the signs of the larg¬ 
est structure factors in terms of symbols a, c, d • • * . Then the 
inequality relation is used to deduce signs of further structure factors in 
terms of these. This provides a list of large structure factors in terms of 
signs a, 6, c, d. Next (71) is used with this list to expand it, and to deter¬ 
mine which letters are +1 or —1. 

Zachariasen used his method to solve the structure of metaboric acid 
directly.^® Precautions to be taken in respect to the assignment of signs 
have been discussed by Lonsdale and Grenville-Wells.®® 


Statistical methods 

In a series of papers, Hauptman and Karle have devised a statistical 
approach to the phase problem. Their discussion®® of their method is 
given in mathematical form which, though not inherently difficult, is 
cumbersome and difficult to follow. Before considering the statistical 
approach itself, some remarks on relations between phases, which are 
emphasized by Hauptman and Karle®® are first given. 

Not all phases are controlled entirely by the structure. Some are 
based upon the choice of origin.®®*®® For a centrosymmetrical crystal 

N/2 

Phu = 2 ^ f, cos2Tr(hXj+kyj+lZj). (80) 

Suppose that the origin is changed to Hi. Then, in (80) xyz-^ ^ — 
y — i, 2 !—-j, and (80) becomes 

Fkh = 2 J)/, cos 2^[h(x-i) -}- k(y-i) -f l(z-i)] (81) 

= 2 cos 2Tr[hx+ky+lz — i(h+k-+l)] 

= 2 ^/y cos 27r{hx+ky+lz) cos^tt (h+k+l) 

+ sin 2Tr(hx+ky+lz) sIutt (h+k+l) 

= 2 ^/y cos 2Tr(hx+ky+lz) cos tt (h+k+l) 

= (82) 

The change of origin, therefore, does not alter the sign of Fhu if h+k+l = 
2n. The phase of this type of F is structure invariant, which means that 
the phase does not depend on the choice of origin. When h+k+l — 
2n + 1, the sign of Fhu depends on the choice of origin, and the phase is 
said to be structure semivariant. The relations between signs of some 
structure factors can be expressed very compactly as follows: 
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(1) If = h + k + l is even, H ^0 mod 2 [i.e. H is congruent to zero, 
mod 2]. 

(2) If Ha - Hi, ^ He, then Ha ^ Hi, mod 2. 

(3) liZajHj^O mod 2, the set is linearly dependent, mod 2. 

(4) If // = S aj Hj mod 2, H is linearly dependent, mod 2, on the set 
2 a^Hj. 

Any set of four i?’s in three-dimensional space is linearly dependent, mod 
2. The maximum number of linearly independent vectors in three- 
dimensional is three. Any three which are not linearly dependent 
can be given arbitrary signs. When this has been done, a particular 
origin has been chosen. 

Hauptman and Karle'^ investigated the probability that a magnitude 
of an F lies between certain limits, as a function of the whole set of mag¬ 
nitudes. This enabled them to set down relations which provide the sign 
of the F. They worked with a normalized structure factor, which is 
related to F in the following way:'*' 

^ = -iT. (83) 



^ = 1 


The factor « simply takes care of the degeneracy of an F if it lies on a 
symmetry location in the reciprocal structure. Naturally the sign of E is 
the same as that of the corresponding F. Some average values of E for 
centrosymmetrical crystals are'^^ 

(E^) = 1 , 

{\E‘^ - l|> = —1= = 0.968, (84) 

(|ii|) « -J- = 0.798. 

To use Hauptman and Karlens method the E^b are arranged in order of 
decreasing magnitude and the signs are determined in this order. The 
method cannot be discussed in detail, nor can directions for its use be 
given in this brief description. The general idea of procedure can be 
grasped for the instructions (for PI) for determining the signs of the F^b 
whose signs are linearly dependent mod 2. The sign of En, where H is 
even, is the sign of 

I = + L + Xs+24’ 

This is equivalent to 

E = 


(83A) 
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where the various are as follows:^ 


S.‘ 




H =2fr„ 




- 1 ). 


( 86 ) 


(This bears a resemblance to the Harker-Kasper inequality 
Uh^ ^ if it is rewritten U^h ^ — 1.) 

^ f jti f f jHv 

" J J 3 

(This bears a resemblance to the Sayre sign relation Shj^h = Sh Sh'-) 


(87) 


I - S 


2 


3 3 3 


Efifi {Eii„ — 1 ), 

( 88 ) 


1^2'^2Hp ^ ( X -^^^^0 

X (i// - 1)(£V' - 1). (89) 

+ Alternative forms of (86) through (89) are:'®* 

S-TT&S 


(2-0’ 

3 

2 -' 


(W- 1), 


(86 A) 


H=2Hu 


V V 

^•■*(2-0’».^ 

2 


Bhp. 


1), 


(87A) 


(88A) 






- !)(£'»." - 1). (89A) 


H = 2Hp,+2Hv 
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Initially only the magnitudes of the E’s are known, so that, at first 
only Si (which contains only one summand) and S 4 can contribute to 
S. As some signs become known, S3 and S4 play increasing roles. 
There are corresponding formulae for other categories of H’s. 

The Hauptman-Karle method of sign determination has been too little 
used to permit a valid appraisal of its power. Nevertheless a number of 
published objections to the method have appeared. A recurring objec¬ 
tion is the following.®®' 

Only Si and S 4 can be used in starting the sign determination, since 
they alone depend on E^’s. If the signs of the E’s were controlled entirely 
by Si, this would be the same as making a Fourier synthesis using 
(Eh^ - 1) as coefficients. This should give essentially a sharpened 
Patterson map with the origin removed. The solution, using this as a 
start, converges to the high peaks on the Patterson map. Similarly, for 
S4, the solution converges to the high peaks on the map of the square of 
the Patterson density. 

The Hauptman-Karle method has been used to solve the structure of 
colemanite, CaB 304 ( 0 H) 3 'H 20 , which is monoclinic, P2iJa, Z = 4. 
This was not a very severe test since the Ca acts as a heavy atom and, 
once located (for example, by Si or by Patterson maps) the domination 
of the F’s by Ca assures convergence to the correct structure. The 
method has also been used,“® however, on p,p'-dimethoxybenzophenone, 
which imposed a much more severe test. This crystal is monoclinic, 
P 2x1 a, Z = 8. The asymmetric unit is two molecules each of formula 
C 16 O 3 H 28 so that 36 distinct non-hydrogen atoms were located by the 
method. This appears to be the most complicated structure solved by 
direct methods to date. The signs of the Bhki’s were used to compute a 
three-dimensional E map from which the shape of the molecule was 
recognized. 


Permutation syntheses 

An unsophisticated, yet direct, method of solving crystal structures 
is to select a linoited number of the most intense reflections, and then using 
all permutations of their signs, make as many Fourier syntheses. If 
practical, such a method would be useful if the shape of the molecule could 
be recognized when roughly synthesized. The method might be useful if 
little effort were used in the Fourier synthesis. It is a practical procedure 
with X-RAC,''' for which a sign is changed by throwing a switch and the 
new Fourier synthesis is instantly visible. 

t Ray Pepinsky. X-BA C and S-FA C: Electric analogue computors for x-ray analysis. 
Computing methods and the phase problem in x-ray analysis. (The Pennsylvania 
State College, 1952) 167-277. 
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For a centrosymmetrical crystal, each F can be either + or —. If there 
are p measured \F\ values, the number of possible combinations is 2^. 
Of these, two can be chosen arbitrarily, for a projection, leaving 2^“^ 
possible sign combinations for the projection of the structure. If there 
were only 20 F^s, this would come to 262,144 combinations. It is mani¬ 
festly out of the question to perform all the Fourier syntheses correspond¬ 
ing to these, or to examine them for plausibility such as the revelation of 
the shape of a chemical molecule. 

Woolfson’-^® suggested a way of essentially trying many combinations 
with a minimum of effort. In his scheme, the seven greatest F^s are 
selected. This would formally call for 2*^ = 128 combinations. But if 
one wrong sign can be tolerated, these 128 can be explored using the 16 
combinations shown in Table 4. If a second group of seven F^s is treated 


Table 4 

Sign combinations 

(After Woolfson^^^) 


Term 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

1 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

— 

— 

— 

- 

- 

- 

- 

- 

2 

- 

- 

- 

- 

+ 

+ 

+ 

+ 

- 

- 

- 

- 

4- 

4- 

4 

4 

3 

+ 

+ 

— 

— 

+ 


— 

— 

+ 

+ 


— 

4- 

4- 

— 

— 

4 

- 

+ 

-• 

+ 

— 

+ 

- 

+ 

- 

+ 

_ 

4 

— 

+ 

- 

+ 

5 

+ 

- 

- 

+ 

+ 

— 

- 

+ 

- 

+ 

+ 

- 

- 

4- 

4 

- 

6 


+ 

- 

- 

— 

— 

+ 

4- 

- 

- 

+ 

4 

+ 

4- 

- 

- 

7 

— 

+ 

- 

+ 

+ 

— 

+ 

— 

+ 

- 

+ 

- 

— 

+ 

- 

4 


in the same way, combining the results is equivalent to using 14F's and 
tolerating two possibly incorrect signs. This method has been further 
developed by Good.^^^ 
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Refinement 


Once a model of a structure has been proposed, or when one has been 
found by one of the direct methods of Chapters 19, 20, or 21, it is 
necessary to improve the preliminary coordinates by some process of 
refinement. The several methods of refinement are outlined in this 
chapter. 

It is sometimes difficult to say exactly when the process of structure 
determination leaves off and the process of refinement begins. Some¬ 
times it is possible to find the approximate locations of some of the atoms, 
and yet the locations of the remaining atoms are in doubt, or are com¬ 
pletely unknown. In such cases, the locating of the remaining atoms is 
not only a part of the structure determination, but it grades into the pre¬ 
liminary stages of refinement. 


Measures of the correctness of a structure 

Two crystal structures which are in every way identical produce 
identical sets of diffraction maxima. Let one of these crystal structures 
be the actual structure being investigated, and its set of diffraction maxima 
the set actually observed; let the other crystal structure be the model 
being proposed, and its set of diffraction maxima that set which is calcu¬ 
lated for the model. Then a necessary condition for the proposed model 
to be correct is that the calculated maxima duplicate those observed (due 
account being taken in the calculation of the appropriate physical 
conditions involved, such as corrections for absorption, ^'extinction,^^ tem¬ 
perature, etc.). With due care in the experimental conditions, the 
identity of these sets of data can be rather closely approached. Dis¬ 
crepancies between the two sets of data can be ascribed to errors in meas- 
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urement of the intensities, and to failure to allow, in the calculation, for ail 
features present in the experiment. 

It is evident that the general departure of the computed from the 
observed intensities must increase with the departure of the model from 
the actual structure. In other words, a discrepancy in intensities follows 
a discrepancy in the proposed structure. In attempting to relate one 
discrepancy to the other, it is difficult to know how discrepancies in 
different Fhu^ are to be weighted, or combined. No really satisfactory 
weighting has been proposed. Nevertheless it has become common 
practice to utilize a residual of the following form for this purpose 


„ 21 - i^’ci I 

2N 


( 1 ) 


The numerator is the sum of all discrepancies in the The 

denominator is the sum of all observed |jPaa;zPs. Thus i? is a measure of 
the relative discrepancies of the If'Afczl’s for the model. The value of R 
is a comparatively small fraction when the structure is correct, and a large 
fraction when the structure is incorrect. 

Wilson^ has shown that an entirely wrong arrangement of atoms of the 
same symmetry has R == 0.828 for a centric crystal and R = 0.586 for an 
acentric crystal. Centric models for which R < 0.5 are therefore usually 
regarded as worth attempting to refine. It is common experience to 
begin with a model having R = 0.4, which later refinement shows was 
the correct model except that the coordinates required comparatively small 
corrections. Correct structures usually have R < 0.25, and very well 
refined structures may have R in the neighborhood of 0.05. 

One of the difficulties with accepting R at its face value is that it comes 
from a mixture of reflections. Those who have made structure-factor 
computations in trial-and-error structure determination realize that a 
finer adjustment is required to obtain agreement for high-order reflec¬ 
tions than for low-order reflections. Luzzati®'® has formulated this rela¬ 
tion for R. If \(Thki\ = (2 sin ^)/X is the distance of a point hkl from the 
origin of the reciprocal lattice, and if \Ar\ is the mean of the absolute 
errors in atomic position, then the values of R are related to the values of 
|Ar|*|cr;i;kz[ as shown in Table 1. If the R^b are determined for different 
(T ranges of the reciprocal lattice they can be plotted, as in Fig. 1, and 
from their alignment, the mean absolute deviation of the atoms in the 
model can be estimated. In actual practice, experimental errors increase 
the R values beyond those noted in Table 1. 

It should be pointed out that the value of R deduced for any model 
depends on how the very small values of |Fo 1 are treated. There is a lower 
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Table 1 _ 

Relation of R to mean absolute displacement |Ar|, and to ahu 
(From Luzzati®) 


R 


i 

II 

Centric 

Acentric 


2 dimensions 

3 dimensions 

2 dimensions 

3 dimensions 

0 00 
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494 

410 
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.281 
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384 

319 

.603 
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353 
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.763 
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540 

.483 

.781 

713 

.552 

.502 

.794 

735 

560 

.518 

.816 

776 

574 

.548 

.824 

.802 

.580 

.564 

— 

817 

— 

574 

— 

823 

— 

.580 

.828 

828 

.586 

.586 


limit below which \Fo\ cannot be observed, especially when diffraction is 
recorded photographically. If an unobserved reflection is recorded as 
|jFo| = 0, then | |Fo| — |Fc| | has a non-zero value, and so makes a small 
contribution to the numerator, although |Fo| makes none to the denomi¬ 
nator. The result is a fictitiously high value of R. On the other hand, if 
both I |Fo| — \Fc\ I and |Fo| are omitted in computing B in such cases, 
any error in Fc is neglected, so the value of R is too low. A third possible 
treatment is to regard |/^o| in such cases as half the least observable value. 
This is the most probable value if the unobserved \F\ of the crystal is 
centrosymmetrical. 

In comparing observed and computed \F\’s, it should be remembered 
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that ^^extinction’’ tends to severely affect \F\^b of high intensity and low 
sin B. For this reason, before computing R, it is advisable to search the 
reciprocal structure in the neighborhood of the origin to see if the \Fo\^s, 
of high value tend to be systematically smaller than the |Fcps. If so, 
it is likely that they are too low due to “extinction/’ Since these reflections 
make a high contribution to R it is advisable, when computing R, to 
omit those [Fps within a small sphere of the reciprocal structure near the 
origin within which the effect is noticeable. 



The variation of F ~ 2| \Fo—Fc\ \/\Fo\ with sin d for various mean values of the abso¬ 
lute deviation of coordinates, |Arf. The two sets of points are sets of experimental 
values obtained in the refinement of HN 03 - 2 H 20 . 

(After Luzzati.®) 

After the refinement of coordinates, by one of the methods to be 
described, the value of R normally converges to some lower limit. Assum¬ 
ing that this value of R is low enough to assure that the structure is cor¬ 
rect, then the level of the R can be taken as a rough quantitative accuracy 
of the observed |Fps. The final value of R is about 2% higher than the 
percentage inaccuracy of the data.^®^ 

Booth^ has recommended the use of a different residual factor, namely 
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This is mathematically more tractable than (1). By using various 
reasonable assumptions, Booth was able to reduce this to a function of 
the mean departure, d, of the coordinates from their true values. Some 
values of 6 for various values of R 2 are listed in Table 2. Booth’s R 2 
residual is closely related to the quantity which is minimized by least- 
squares refinement. 


Table 2 


Root-mean-square error 5 as a function of jRs 


S(|Fo| - IF.D" 
S|Fo|2 


(After Booth q 


Two dimensions 

Three dimensions 

R<2, 

h 

R 2 

5 

0.029 

o.ool 

0 05 

0.000 i 

.079 

.07 
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.129 
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.15 

.088 

.179 
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.229 

.15 

.25 

.124 

.279 

.17 

.30 

.139 


Residuals of several other related forms have been suggested. 


None of these has come into common use. 


Preliminary scale and temperature-factor adjustments 

Before the first computations of structure factors are made, the \Fo\^s 
are known on an absolute scale, but without allowance for the tem¬ 
perature motion of the atoms. A preliminary notion of both of these 
factors can be found by use of Wilson’s method, as outlined in Chapter 8. 

As refinement proceeds it becomes possible to determine the scale 
factor and temperature factor more and more closely. The Fo’s are 
actually known in their scaled form KFq. If ^Fc is the structure factor 
at absolute zero, then the value of Fc at room temperature (which is 
required) is When observed and computed structure 

factors agree, then 


so 


KFo = 0^^g-(Bsin2fl)/X2^ 


Fo 

^Fc 


(Bsm2e)/X2 


( 3 ) 


( 4 ) 
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and 


(I) (i 

sin' e. 

(5) 

This has the form 



ij = c-\- ax, 


(6) 

where y = In 



c = In (i), 


(7) 


B 


X = sin^ Q. 

Thus, if In {Fo. ^F<^ is plotted against sin^ B for the various reflections hkl^ 
the points should fall on a straight line. The intercept of the line pro¬ 
vides the value of K and the slope of the line provides B, 

After each preliminary computation of Fc, this procedure should be 
undertaken, thus providing a new scale for Fo and a new temperature 
correction for which yields the F^ necessary for the computation of R, 
It should be noted that this method of obtaining a temperature factor is 
approximate in that (a) all atoms are assumed to have the same tem¬ 
perature factor, and (6) the thermal motion is assumed to be isotropic. 
In general, neither of these assumptions is correct, and a detailed refine¬ 
ment should allow for anisotropic thermal motions which differ for each 
atom. But for preliminary work, the method noted above is useful. 
After preliminary refinement the relation Kl>Fo = 2Fc can be used to 
improve the scale factor. 

Successive Fourier syntheses 

Except for trial-and-error adjustment of coordinates, the oldest method 
of refinement of a structure is that of successive Fourier syntheses. This 
method often grades imperceptibly from structure determination into 
refinement of the structure. 

Procedure for centric syntheses. The process of refinement starts 
with some model of the crystal structure which is usually known only 
partially or imperfectly. For example, it may start with a knowledge of 
the locations of a set of heavy atoms, as discussed in Chapter 19. Alter¬ 
natively it may start with the known arrangement of atoms in a chemical 
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molecule, and a proposal as to the way the molecule fits in the cell. 
In any case, what is known about the structure can be used to com¬ 
pute the expected FcQ for the model. 

First consider the nature of the refinement when the required Fourier 
synthesis (either a projection or full three-dimensional case) is centro- 
symmetrical. Then the calculated F’s are either positive or negative. 
If the R for the model is 0.5 or less, the model may be retained as promis¬ 
ing. With this value of R, there should be a fair tendency for the |Fcps 
to follow the |Fops, that is, if \Fhki\ is observed to be large, then the same 
\Fhki\ computed for the model should be large. Presumably the model is 
similar to the actual structure except for small differences in the coordi¬ 
nates of the atoms. Therefore it can be assumed that reflections for 
which Fa and Fc are both large have the same sign. For such reflections, 
then, the actual structure provides the magnitudes of the F^s while the 
model (though it supplies but crude magnitudes) provides the unobserva¬ 
ble signs. If R is as high as 0.5, the number of reflections for which the 
sign can be reasonably inferred is only a fraction of the total, but may 
include most of the strong reflections. 

Data are at hand, then, for a Fourier synthesis in which many, if not 
most, of the largest Fourier coefficients Fhki are available, at least for 
small values of h, A, and Z. In making such a preliminary synthesis, the 
F's for weak reflections should not be included. For such reflections the 
contributions from the several atoms to the calculated are in near 
balance, and a small change in coordinates of even one atom may cause 
the Fc to change sign. Furthermore, if an F with incorrect sign is included 
in the Fourier synthesis, it gives rise to twice the electron-density error 
that would have occurred in the result had the doubtful term been 
omitted entirely. 

The resulting Fourier synthesis, though incomplete, should not only 
return the atoms of the model, but it should improve the coordinates of 
their location. The reason for this is that the coordinates of the atoms of 
the model determined the signs of certain Fhki^j but these signs would 
have remained the same within a certain range of change of the coordi¬ 
nates of the atoms (although a change in coordinates would vary the 
relative magnitudes of the Fhkis), But with the correct magnitudes 
of the FhkiS available from the experimental measurements, the Fourier 
synthesis automatically reveals the locations of the coordinates most 
consistent with the observed magnitudes and computed signs. Thus the 
Fourier synthesis leads to refined coordinates. 

Not only does the Fourier synthesis lead to refined coordinates of the 
atoms used for computing the structure factors, but it also tends to reveal 
the positions of any atoms not included in computing the structure 
factors. For example, in the heavy-atom method discussed in Chapter 
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19, only the heavy atoms are needed to determine the signs of most of the 
structure factors, yet the Fourier synthesis not only shows the heavy 
atoms used to compute the phases, but the lighter atoms as well. This 
additional information is not a part of the phases, but is contained in 
the magnitudes*^ of the \F’\s. 

The improved coordinates revealed in the preliminary Fourier syn¬ 
thesis define a somewhat refined structure. The new structure almost 
certainly has smaller discrepancies between observed and computed 
\F\^s and, if so, has a lower R value. Because of the improved coordi¬ 
nates, many of the F’s w’hose signs were doubtful in the first computation 
of FcS can now be regarded as certain; others, especially those with small 
values of |F|c, may still be uncertain. But with the availability of addi¬ 
tional signs for the F’s, a new Fourier synthesis can be computed which 
will reveal the atom positions with additional improvement. In this 
way, each structure-factor computation followed by a Fourier synthesis 
comprises a refinement cycle. Each cycle brings in new signs which can 
be regarded as reasonably certain. These cycles converge on a final set 
of atom locations which are the correct ones, except for small corrections 
noted in a subsequent section. This kind of refinement process can be 
regarded as complete when (a) all signs have been determined and 
included in the last synthesis, (6) the structure-factor computation after 
the last Fourier synthesis produces the same set of signs which were com¬ 
puted by the structure-factor computation before the last Fourier syn¬ 
thesis, and which were used in that synthesis. This implies that the R 
for the structure-factor computation before and after the last Fourier 
synthesis is essentially the same, so that R has converged to a low value. 
(Minor improvements in R can still be made, as discussed later.) 

The map of the final Fourier synthesis should show certain features 
which tend to authenticate the structure as correct. In the first place, 
the peaks should represent the expected chemistry in number of atoms, 
in the electron count of each, and in their interatomic distances. Each 
peak should be round, and without distortion. Sharp distortions usually 
imply one or more F's with incorrect phases, but may also be due to poor 
intensity data, for example because of uncorrected absorption. Further¬ 
more, the spaces between peaks should be reasonably uniform and with¬ 
out intense negative regions. 

Procedure for acentric syntheses. Refinement for acentric syn¬ 
theses is more difficult than for centric syntheses for two reasons. In 

This implies that two structures can have the same phases, but somewhat different 
intensities, for example a structure containing a set of heavy atoms alone, and this 
structure plus the residue, have the same phases for all but the weaker spectra. But 
the second structure has different intensities caused by the superposition of the 
Fourier density waves due to the residue structure. 
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the acentric case, both the structure factors and Fourier syntheses have 
real and imaginary parts and so are more tedious to compute. But, in 
addition, the refinement converges more slowly. The reason for this is 
that phases of the Fhus are not merely 0 or tt, but are continuously 
variable. Each phase does not, therefore, refine quickly to the correct 
sign, but gradually drifts toward the correct value of (j), which it 
approaches but does not actually attain. 

In studying this situation, Donohue^^ noted that, in acentric syntheses, 
peaks appeared at positions halfway between the initial structure and 
that later found to be final. In other words, the correction suggested by 
the new peak locations of a Fourier synthesis are only halfway to the 
correct location. This suggests that the coordinate corrections found 
from the Fourier synthesis should not be used for the phases of the 
F’s of the next synthesis, but that double the corrections be used instead. 
The second Fourier synthesis should then show little or no change. This 
is the double’-shift rule used for entirely acentric syntheses. 

A complication occurs in the actual application of this rule. Only for 
plane group pi and space group PI do all P’s have general phase angles. 
In other space groups, some P’s lie on symmetry elements in reciprocal 
space and consequently must have phases which can only be 0 or tt. 
For such syntheses, the double-shift rule must be replaced by an n-shift 
rule, where n lies between 1 and 2. The value of n depends on the frac¬ 
tion, p, of the P’s which are restricted to 0 or t, and the remainder which 
may have any value. The value of n is then lp+2(l—p). 

The n-shift rule can only be safely applied in cases where a particular 
atom does not dominate the phases. 

Models which cannot be refined. It is often discovered that a 
model cannot be refined to below some fairly high value of R. This is 
usually an indication that the initial model was incorrect, and cannot be 
modified by small atom shifts to fit the observed |p1’s. In such instances 
the model must be discarded and a new one tried. Two common reasons 
for incorrect models are noted below: 

(a) If the incorrect chemical model is assumed, the structure usually 
cannot be refined. An example was supplied by Furberg and HasseF^ 
in studying the structure of bi-l,3-dioxacyclopentyl (2). This is mono¬ 
clinic with 

a = 4.46 A, 

5 = 7.76 p = 121.5^ 
c = 11.64, 

Z = 2 CeHioOg per cell, 
space group: P 2i/c. 
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Since there are two molecules per cell, the molecule must occupy one of 
the special positions, all of which are symmetry centers. There are two 
chemical possibilities, represented in the upper parts of Figs. 2 A and 2B. 
Since the a axis is relatively short, the structure was studied in projection 
p(yz). A reasonable fit for the molecule was found, shown in the lower 
part of Fig. 2A, This started with R = 0.55, but could not be refined 
to less than R = 0.38, at which point no further sign changes occurred. 
The final map is shown in the lower part of Fig. 2A. The failure to 




Fig. 2. 

Incorrect model, A, and correct model, Bj of bi-1, 3-dioxacyclopentyl(2). Refinement 
of A stopped qA R = 0.38, but that of B continued to = 0.13. The initial models 
differ chiefly by the arrangement of the pair of atoms nearest the center. 

(After Furberg and Hassel.i^) 


permit further refining indicates that this is an incorrect model. Further¬ 
more the distribution of the peaks in the final Fourier synthesis makes the 
results suspect. The distance 04 ~C 5 is 1.80 A, which is chemically 
unacceptable. 

The first model was accordingly discarded and the chemical molecule in 
the upper part of Fig. 2B was tried. This model also started with R = 
0.55, but was readily refined to R = 0.13. The final electron-density 
map is shown in the lower part of Fig. 2B, It lacks the distortions of 
Fig. 2Aj has round peaks, and has acceptable interatomic distances. 
Note that the major difference in the models of Fig. 2 is the initial loca- 
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tions of one pair of carbon atoms in the neighborhood of the symmetry 
center. 

(b) In the interpretation of symmetrical Patterson projections and of 
Marker sections, an n-fold ambiguity is involved."^ If the ambiguity is 
not resolved, the model initially used may be incorrect, and not capable of 
refinement. 

Bunn’s error synthesis. When a model cannot be refined, the error 
in the proposed model can sometimes be found with the aid of Bunn^s 
error synthesis. This was first used in solving the structure of the peni¬ 
cillin, and was the forerunner of the difference synthesis, discussed later. 
To understand Bunn’s error synthesis, suppose that two Fourier syn¬ 
theses are made, one with Fo and the other with Fc. The former has 
peaks where the atoms really are; the latter has peaks where the postu¬ 
lated model has atoms. If the second is subtracted from the first, the 
composite synthesis has interesting properties. If an atom has been 
correctly placed, its peak vanishes in the difference of the two component 
syntheses, and the atom location appears on topography of low relief in 
the difference map. But if an atom has been incorrectly placed, its 
incorrect location is given by the Fc component and its correct location by 
the Fo component. On the composite Fo --Fc map the postulated location 
is in a hole, and the correct location is on a peak. In this case the 
postulated location can be corrected by shifting it from the hole to the 
peak. If the postulated location is only somewhat in error, the postu¬ 
lated location is on a steep gradient between hole and peak. In this 
event the postulated position can be improved by shifting it somewhat 
up the slope. 

Difference syntheses are commonly made for projections. They can, 
of course, be prepared by subtracting, point by point, the results of the 
syntheses using Fo and Fc for coefficients of the Fourier syntheses. But 
this is equivalent to a single synthesis using (Fo—Fc) as coefficients, 
because 


therefore 





^-'%2vihx-\-ky)^ 

h k 

(8) 

h k 

(9) 


(10) 


h k 


t M. J. Buerger. Vector space and its application in crystal-structure investigation. 
(John Wiley and Sons, New York, 1959) Chapter 7. 
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Unfortunately, in the initial stages of a structure determination, (10) 
cannot be carried out because, although the phases of the FcS are known, 
the phases of the Fo^s are not. But there are some terms {Fq—Fc) which 
can be used, namely those for which Fo is zero (or very small) while Fc 
is reasonably large. Bunn^s error synthesis consists in making up a 
Fourier synthesis of such terms only. This comprises only part of the 
full Fourier synthesis of (10) but it may be enough to give a clue to what is 
wrong with the proposed structure. An example of the original error 
synthesis used by Bunn^^ jg shown in Fig. 3U, which is an error map of 
sodium benzylpenicillin. The postulated structure is shown in Fig. 3A. 
One of the important errors of Fig. ZA revealed by the error map was that 
the position attributed to sulfur in the postulated structure was found to 
be occupied by incompletely resolved carbon atoms. The sodium atoms 
were also found on steep gradients. After these corrections were made 
the Fourier synthesis of the corrected structure was found to be shown 
in Fig ZB, 

Series-termination effects. In Chapter 13 it was seen that a 
Fourier series with an infinite number of terms can give a perfect repre¬ 
sentation of a point. On the other hand, if the same Fourier series is 
used, but the terms beyond a given number are discarded, the representa¬ 
tion of the point becomes a peak of finite width, surrounded by a diffrac¬ 
tion ripple. The radius of the peak for two-dimensional syntheses 
is r = O.Gldmin and r = O.TlSdmm for three dimensional syntheses, 
where is the wavelength of the shortest Fourier wave in the Fourier 
series. Since dmin = X/(2 sin ^laax)? the radius of the peak can also be 
expressed as r = 0.61X/(2 sin ^laax) for two-dimensional syntheses, and 
r = 0.715X/(2 sin 6^^ for three-dimensional syntheses, where is 
maximum glancing angle of the reflections used for the Fourier series. 
Points which are closer than r appear as a single peak. Accordingly 
peaks in a Fourier synthesis which are closer than r = 0.6 IX/(2 sin &) are 
unresolved in projection, and appear as a single peak. For copper 
radiation X = 1.54 A, so using all reflections within the possible range 
= 90°, r is 0.61 X 1.54/2 = 0.47 A for two dimensions,’^ and 0.55 A 
for three dimensions. Since atoms are always farther apart than this, 
there is no trouble with resolution in three dimensions. In two dimen¬ 
sions, however, atoms can be closer than 0.47 A in projection, and, in fact, 
they can overlap completely. In such instances the two (or more) 
atoms appear as a single peak, although the shape and volume of the peak 
may well suggest more than one atom. The increase in resolving power 
with the increase in the number of Fourier terms used is well illustrated 

t Practical experience sets a higher limit. With CuiTa the practical limiV*^ is 
0.90 A, and with MoKa it is about 0.65 A. 
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Fig. 3, 

Bunn’s error synthesis, as used in sodium benzylpenicillin. 

A. Postulated model. 

B. Model later found to be correct. 

C. Error synthesis. 

(After Crowfoot, Bunn, Rogers-Low, and Turner-Jones.^=*) 
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in Fig. 4. Figure 4 A was prepared with the relatively few Fourier coef¬ 
ficients available with the longer-wavelength C\xKa radiation. Fig. 45 
was prepared with the larger number of Fourier coefficients available 
with the shorter-wavelength ^ioKa radiation. 

Even when peaks do not overlap, it is sometimes difficult to judge the 
center of the peak in order to fix accurately the coordinates of the atom it 
represents. A number of authors'^’^ 2 . 23 . 26 . si have suggested methods 
for locating the centers. 

The artificial termination of the series has another effect. The dif¬ 
fraction ripple from one atom adds itself to the peaks of the other atoms, 



Fig. 4. 

Resolving power as a function of the number of terms used in the Fourier series; 
P{xz) for glycine. 

A. Fourier synthesis made using the Fhqis available with CuKa radiation. 

B. Fourier synthesis made using the larger number of Fhoi’& available with MoKa 
radiation, 

(After Marsh. 

the resultant disturbance in the peaks is particularly marked on nearest 
neighbors. As a result, the apparent coordinates of every atom are 
shifted due to the diffraction ripples of the others. The effect is not easy 
to allow for directly, but may be estimated and corrected for by a 
method due to Boothand developed by Donohue^^ aird others.^®- 
When the process of refinement is complete, the last Fourier synthesis 
(made using Fo) is known to have its peak locations displaced by unknown 
amounts due to these series-termination effects. But another Fourier 
synthesis can be made with and it will be subject to substantially the 
same series-termination errors. Specific coordinates are inserted into 
this Fc synthesis, and the same coordinates should be deduced from it. 
Due to series-termination errors, however, these two sets are found to 
differ by Ayj, Azy for atom j. This error may then be subtracted 
from the coordinates of atom j as derived from the original Fo synthesis. 








Refinement 


599 




Fig. 5. 

Series-termination effect. 

A. Fluctuations to be expected about a point represented by a terminated Fourier 
series. 

B, Fourier synthesis, p(xyh of CeOS 04 -H 20 . About each cerium atom appears a 
sequence of circular ripples, as in A, producing some false peaks within the first 
circular crest. 
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This correction is called a back-shift correction. The corrections due to 
series-termination effects are appreciable and may amount to 0.01 to 
0.04 A. 

Series-termination effects are especially noticeable about heavy atoms. 
The heavy-atom peak is surrounded by a series of circular ripples. This 
provides a rather deep negative ring around the atom peak, followed by a 
somewhat smaller positive ring, as shown in Fig. 5. 


Differential syntheses 

In refining a crystal structure by the Fourier method, many sum¬ 
mations are made for points which are not needed j all that is actually 
desired is to find the points where the maxima of the function p(xyz) occur. 
One such maximum occurs at each atom. At these points of maximum 
density the first derivative vanishes, i.e. 


^ ^ ^ ^ ^ = 0 
dx dy dz 


( 11 ) 


Booth^2-35 devised a refinement method to find the departures in coordi¬ 
nates from the final structure by the use of these derivatives. It will be 
seen that refinement by this differential method involves much less compu¬ 
tation than by the standard Fourier method, especially since the three 
coordinates xyz can be readily refined. 

The general scheme of the differential method can be understood by the 
following outline for one dimension: Let the coordinate of an atom 
before refinement be x, and let € be the error which, when added to x, 
gives the correct value Xo, i.e,, 


Xo = x + c. 


( 12 ) 


Now, the differential of P(a;+o can be found with the aid of Taylor’s 
theorem. Since the coordinates are not far from their correct values, 
€ is small, and it is a good approximation to use only the first two terms of 
Taylor’s theorem: 

f(a;+€) =/(x)+6 ^ • • • . (13) 


Here f{x+e) is the first derivative of p^x+t), which is the electron density 
at the correct location of the atom. According to (11), this vanishes 
so that 


f{x) + € 


df{x) 


= 0 . 


dx 


(14) 
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fix) = ■ 

so that (14) becomes 

dp(i) 

7 .. ' 


dpix) 
dx ' 


dx^ 


= 0 . 


(15) 


(16) 


Assuming that the first and second derivations of p(^x) can be computed, 
(16) can be solved for the error e. 

In three dimensions, partial differentials are used. The first two terms 
of Taylor^s series become 


+ ^ + € 2 ) = 


dfjxyz) 

dx 


+ ey 


dfjxyz) 

dy 


, ^Kxyz) 

+ € 2 —- 


(17) 


Here f{xyz) is the partial derivative of P{xyz) with respect to rc or z/ or z^ 
and f(x+€x y+€y z+€z) is the corresponding derivative at the peak 
location. According to (11) this must be zero. Therefore three equa¬ 
tions corresponding to (16), and of the following type, can be written: 


dx dx^ dx dy ** dx dz 


= 0 . 


(18) 


Assuming that the partial derivatives can be found, this gives three 
equations with three unknowns e^,, and These unknowns can 
accordingly be determined. 

The known parts in (18) are the derivatives of the electron density. 
For a centrosymmetrical structure the electron density is 


P(,xyz) 


£ 

V 



Fhki cos 2Tr{hx+ky+h). 


(19) 


The required types of derivatives are 


da: 

dx^ 

dx dy 


V 

4ir^ 

T 

4x2 

V 



hFhki sin 2 x(te+*y+fe), 


Fhu cos OnrQix+ky+lz), 


hkFhki cos 2Tr(hx+ky+lz). 


( 20 ) 

( 21 ) 

( 22 ) 
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As an abbreviation, let 


dx 


A 


h, 


dx dy 


Afikj otc. 


(23) 


Then the three simultaneous equations of type (18) can be written 

Ahh + Ahh + Ahi ez A- Ah = 0 , 

Ahk + Akk ^y + A.ki + A* = 0, (24) 

Ahi ex + Aki ey + All ez + Ai = 0 . 

The A’s are constants; each is a series of type (20), (21), or (22). Each 

requires a summation at one point xyz only, so the work of summation is 
limited. One set of equations like (24) is required for each atom whose 
location is to be refined. 

The procedure can be further simplified by assuming that, near the 
maxima, the density distributions in the atoms have spherical symmetry. 
In this event, the electron density is a function only of the distances from 
the center of the sphere, i.e., 

p{xyz) = /(s). (25) 


For triclinic coordinates, the distance'*' of point xyz from the center of the 
atom, located at x^y^z^, is given by 

s == {x-xq)^ + (y-yo)^ + (z-zo)^ 

+ 2(y — yo){z—zo)bc cos a 

+ 2{z—ZQ)(x—XQ)ca cos 13 

+ 2(x—XQ)(y — yo)ah cos y. (26) 

Thus near the center of the atom, xo yo zqj neglecting second-order terms, 


~ = 2a^( 

dx^ V 

,as/o’ dy^ ^ \c 

L/V 

•sA’ dz^ \6 

0.' 

5% _2A 

dx dy \di 

^) ab cos 7 , 

VO 


(28) 

3% _^(dj 
dy dz 

) be cos a, 

VO 


(29) 

dz dx \ds 

■) ca cos j5. 

VO 


(30) 


^ See Chapter 23. 
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GLh = 






' etc., 


(31) 


then, if (27) through (30) are substituted into (24), the result is 
ex + ah cos 7 + ac cos /3 = 0, 

ah cos y ex + h^ + be cos y + ajc = 0, 


(32) 


ac cos /5 €x + 6c cos a ey + 


€2 4" Uz = 0. 


This complexity is required only for triclinic axes. For orthogonal 
systems it reduces to 


X = — 


y = 


z = — 


Ofh 

ak 

b^’ 

ai 


(33) 


and even for the monoclinic system the solution of (32) reduces to 

ai a cos p — ah c 


X == 


aje 


a^ c sin^ p 


(34) 


ah c cos p — ai a 

Z n 9 _ 

c sin"* |8 

Booth’s method of differential synthesis can also be extended to non- 
centric structures, for which the correct phase-angle errors must be 
sought as well as the correct xyz’s. 

Diflference syntheses 

In a foregoing section, Bunn’s error synthesis was discussed. This is 
related to the full difference synthesis outlined in (8), (9), and (10). In 
the earlier stages of a structure analysis, the phases of the Fo’s are not 
known, so that only those terms (Fo—Fc) can be used in the error syn¬ 
thesis for which Fo is zero or very small. But in the later stages of the 
refinement of a structure the phases of most or all of the Fg’s becomes 
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known and the full synthesis can be carried out. The full difference 
synthesis, also known as the (Fo-‘Fc) synthesis or as the po'~~Pc synthesis, 
was first suggested as a device for refinement by Booth^^ and its properties 
were exploited by Cochran.^®’ 

The difference synthesis has a fundamental property which makes it 
useful in refinement: When the proposed model exactly matches the 
actual crystal structure, the difference map is characterized by a flat 
topography whose only features are minor and random undulations 
caused by errors of observation. If the proposed structure deviates in 
any way from the actual structure, the difference map reveals the nature 
of the deviation by a topography characteristic of the deviation. It 
follows that the proposed structure ought to be modified in such a way 
as to produce a nearly featureless difference map. 

In addition to this characteristic property, difference maps have two 
other advantages. When the proposed and actual structures are nearly 
the same, their series-termination errors are substantially identical. 
This error, therefore, vanishes on subtraction, so that difference syn¬ 
theses are substantially free from series-termination errors. For this 
reason, accurate values of the atomic coordinates can be derived from 
them. From a technical point of view, a difference synthesis is one of 
the easiest to compute because the Fourier coefficients are all differences, 
and therefore small numbers. The synthesis can therefore be computed 
rapidly, and simple analogue machines are sufficiently accurate for the 
small Fourier coeflSicients involved. 

Correction of errors in location. If an atom of the proposed 
structure is in almost the correct position, but its location still requires a 
small correction, e, then the map po“Pc contains a characteristic feature in 
the neighborhood of the proposed location. The nature and origin of this 
feature should be clear from Fig. 6. The point representing the proposed 
location lies on a sharp gradient of the difference map. The direction of 
€ is normal to the contours and up the gradient. 

The magnitude of e can be determined from the geometry involved. 
The simplest way to determine e is to prepare duplicate profiles of the 
atom as in Fig. &A (for example, from a map of the projected electron 
density, if available), and then displace the two until the observed 
gradient is achieved. 

The magnitude of e can also be estimated, with certain assumptions, 
by computation. Near the center of an atom the electron density at a 
distance r from the center is given very closely®® by 

PCr) = P(0) (35) 

where p( 0 ) is the maximum density. For very small values of x, e® 
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can be approximated by 1+x, so that, for small values of r, 


(36) 


A good approximation for (35), provided r is small, is therefore 

P(r) « P{0)(1 - pr^)- (37) 

Now, the gradient of Po~Pc is the gradient of po less the gradient of pc. 
At the peak of pc, its gradient is zero, so that 


Therefore 


^(,Po Pc) dpo 

dr dr 

(38) 

^^(Po(0)—Po(0) P^^) 
dr 

(39) 

= 2 po( 0 ) pr. 

(40) 

d{po pc) 

dr 

e — r — 

2po(0) p 

(41) 




Fig 6. 

The result of a small error in atom 
location. 

A. Section of po, pc and po—pc, par¬ 
allel to the direction of error. 

B. Appearance of contours on po—pc 



Fig. 7. 

The result of placing two equal atoms some¬ 
what too close together in a proposed struc¬ 
ture. 

A. Section of po, pc and Po—pct parallel to 
the direction of error. 

B, Appearance of contours on po^Pc- 
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The value of po is given approximately by 



(42) 


where p is about 5.0. It is evident from (41) that the required correction 
in coordinates is proportional to the gradient, and inversely proportional 
to the density of the atom, or, according to (42), inversely proportional to 
the atomic number of the atom. 

It should be observed that this derivation is independent of the scale 
of Po, since pc enters the derivation only in that the gradient at its peak is 



Fig. 8, Fig. 9. 

The effect on po ~ pc if the temperature correction in pc has The effect of assuming 
been underestimated. isotropic thermal vibra 

tion when it is actually 
anisotropic. 

A. The same contour on 
Pc (isotropic) and po 
(anisotropic). 

B. Contours on po — pc- 


zero. For this reason, the final location of each atom should be at or 
near zero gradient of the difference map. If this happens to occur on a 
small hill or depression, this has a further significance which will be dis¬ 
cussed in the next section. 

The difference map is especially useful in indicating errors in the pro¬ 
jected distance of unresolved atoms. Figure 7 shows that if the assumed 
distance between the atoms is too close, the pair occupies a depression. 
If the assumed distance between atoms is too large, the reverse is true, 
and the pair occupies a hill in the difference map. 

Temperature correction. Temperature motion has the effect of 
spreading the electrons of an atom over a larger volume. Accordingly it 
reduces the peak intensity and broadens the base of a peak on the elec¬ 
tron-density map. After the position of an atom has been corrected, 
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then if the temperature correction has been underestimated, po < pc at 
the peak, Fig. 8, and the atom location appears in a difference synthesis in 
a depression surrounded by a raised ring. On the other hand, if the tem¬ 
perature correction has been overestimated, then po > Pc at the peak, 
and the atom location appears on a small hill surrounded by a ring-shaped 
depression. 




Example of the use of the difference map; diglycine hydrochloride. 

A. Electron-density projection p(xy)- 

B. Corresponding difference map Po-Pc The Cl atom shows the anomaly character¬ 
istic of anisotropic thermal motion, and the anomaly at the C 4 and N 2 positions 
shows that they had been placed too close together. Some atoms are still on sharp 
gradients. 

The thermal motion has been assumed to be isotropic in the discussion 
just given. If it is anisotropic, then the observed electron distribution 
is drawn out in the direction of maximum vibration, and narrowed in a 
direction at right angles to it, as indicated in Fig. 9A. As a result, a 
characteristic pattern, shown in Fig. 9B, occurs in the difference map. 
The line drawn between the positive anomalies in the difference map 
marks out the direction of greatest thermal motion. 

Examples of some of the effects just discussed can be seen in Fig. 10. 
The Cl atom at the left border of Fig. lOA shows the anomaly character¬ 
istic of anisotropic thermal motion, with the maximum amplitude 
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directed somewhat west of north. Just to the left of the center are 
shown two atoms, C 4 and iV 2 , which, according to Fig. 7, are too close 
together in the proposed model. In several other instances atoms are on 
sharp gradients and should be moved up gradient. 

From the quantitative aspects of the temperature anomaly in the differ¬ 
ence map it is possible to compute an improved temperature correction. 



Fig. 11. 

Anomaly on difference map due to improper anisotropic absorption allowance; 
muscarine iodide. The specimen was approximately elliptical. 

(After Jellinek 

If the temperature anomaly is isotropic, as in Fig. 8 , this amounts to 
finding a better value of the temperature-corrected scattering factor 

(43) 

by adjusting B so that it will increase or reduce the Pc hill in Fig. 8 . 
If the temperature anomaly is anisotropic, as in Fig. 9, then B varies 
with the angle cf) between the direction of greatest thermal motion and the 
direction of the reciprocal-lattice point. Hughes^® suggests that, to take 
care of this angular variation, (43) be modified to 

COS2 (sm2 d) /X2^ 

The details of improving the temperature correction from difference 
maps is discussed by Cochran®®’and others.^® 

Observational errors. Jellinek^^ has called attention to the fact that 
certain observational errors have characteristic appearances on the differ- 
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ence map. Absorption correction follows a law rather close to that of 
temperature correction. If an absorption error remains uncorrected in 
the observational data, its appearance on a difference map resembles 
that of a residual temperature error. If a crystal specimen is elliptical, 
but its absorption is approximated by assuming that it is cylindrical, the 
heavy atoms show an absorption anomaly such as is illustrated in Fig. 
11. This resembles a temperature anomaly, but has a greater extension. 

“Extinction’^ has the effect of reducing the intensity of strong reflections 
of small sin 6 value. Roughly, this is what too low a temperature cor¬ 
rection does. “Extinction” therefore gives an effect crudely approximat¬ 
ing Fig. 8, that is, the atom location appears to be in a hole surrounded by 
a small positive ring. 


Least squares 

The refinement of a structure calls for making small variations in the 
parameters of the several atoms of the cell, so that the collection of com¬ 
puted F’s fit the collection of observed F’s. Unfortunately the observed 
F’s are subject to errors of observation, so that refinement consists in 
finding the most acceptable fit of the set of F^s with the set of Fo’s. 
This process thus comes into the general realm of finding the values of a 
set of variables which best satisfy a set of somewhat inconsistent observa¬ 
tions. This matter was first treated by Legendre,who proposed the 
principle that the most acceptable values of the variables were such as 
to make the sum of the squares of the errors a minimum. The principle 
was later shown to be consistent with several different sets of acceptable 
axioms.^ 

The general nature of least-squares determination of appropriate 
variables is as follows: Suppose an observable quantity, q, is a linear 
function of a set of variables x, z • • • , 

q = ax+by+cz + • • • . (45) 

Suppose, further, that other somewhat similar experiments can be per¬ 
formed in which the constants, a, 6, c • • • are different but known. If 
there were no error in observation of q, then if there are n variables Xj y, 
2 ; • • • , it would be possible to determine these from n equations like 
(45), that is, from n experiments. But because of different errors of 
observation, F, associated with each g, the situation is more complicated. 
When the number of observations, m, is greater than the number of 
variables, n, then the equations taken 71 at a time do not yield quite the 
same solution. According to Legendre’s principle, the most acceptable 

t A. M. Legendre. Nouvelles mithodes pour la ditermination des orbites des cometes. 
(Courcier, Paris, 1806), 72. 

5 E. T. Whittaker and G. Robinson. The calculus of observations. 4tli Ed. 
(Blackie and Son, London and Glasgow, 1949) Chapter 9. 
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solution is the one which makes the sum of the squares of the errors, £/, 
a minimum. This has the following consequences: 

If E is the error associated with q of (45), then 

g + = ax+hy~\-cz + • * * , 

so that the error in each observation is 

E — ax+hy+cz + • * ■ 

The set of m such equations is 

El — aix + y + Cl 2 + • • * —gi, 

E 2 = a2 X + &2 ^ 4” C2 ^ 4“ ‘ * * — q2j 

Ez = az X bz y cz z 4- * * * ~-^qz, 

Em = ^ 4" 6m 2/ 4“ Cm 2 : 4“ * ■ * 

According to Legendre^s principle 

+ ■ ■ ■ EJ = J E,'^ 

must be made a minimum. If the equations in (48) are added, this sum 
is seen to be 

^ 2 (a, x + &, 2 / + c,- 2 + • ■ • ~<hY- (50) 

0 3 

This is a minimum when its partial derivatives with respect to x, 

2 : * • * vanish, that is, when 

2 ^ (ofj a; + 2 / + Cj 3 + • ■ • -qj)aj = 0, 

3 

2 y (a^ a: + 5^ 2/ + cy 3 + • • • ~g,)bj = 0, 

T (51) 

2 y (ffl,- a; + 2 / + Cj 2 + • • • -qj)c, = 0 

3 



(46) 

(47) 

(48) 

(49) 
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The middle and right sides of (51) can be rewritten in the form (omitting 
the j under 2 ) 

(2a/ )x + (2a^ bj)y + (^a^ Cj)z + • • • = 2a^ r/, 

(25, a/x + (2 hfi )y + (26, c,)z + • • • = 26, q,, 

(2e, a, jx + (2e, 6,)// + (2r,"“ )^ + • • • = 2r, g, (52) 


These are known as the normal equations. They comprise a system of n 
equations in n unknowns, and from them the desired values of x, ?/, 
s • * • , which best satisfy Legendre^s principle, can be determined. 

It may be that in making observations like (45), some observations 
may be considered more trustworthy than others. The various observa- 
tions qj may be assigned weights which indicate relative estimates of 
their reliabilities. When this is done, both sides of (46) are multiplied 
by Wj. When followed through, this replaces each quantity in (52) by its 
product with Wy 

This scheme can be applied in the following way to finding the values of 
the coordinates of the atoms in a structure which best fit the set of 
observed i^’s: Each structure factor is computed by a relation which is, 
in general, 


Fo 





(53) 


r 


Here the variables are exponentials in x, y, and and these do not supply 
the desired linear equations similar to (48). Linear relations can, how¬ 
ever, be devised by using the first two terms in Taylor^s series, as noted in 
(17). In this application the function is treated as follows: Each 
atom in the proposed structure is in a slightly incorrect location xyz. 
The correct location can be found by adding small corrections, €, to xyz, 
giving x+€x 2+62 as the correct locations. In (17), 


/(:c+€x y+^y Fo 

while 

f(xyz) Fc, 


(54) 


Then, applying (17), one obtains 
AF Fo - Fc 



r 
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Therefore 



This sumniation is taken over the R atoms of the structure, i or each 
observed reflection there exists an observational equation like (56). 
When the observational error, E, is added to each equation like (56), the 
set of equations can be recast into the form of (48), from which the normal 
equations like (52) can be derived. 

If there are R atoms in the crystal, there are 3R unknowns. Therefore 
the normalizing of the observational equations is tedious, and the 
solution of the normal equation like (52) is a tedious and complicated 
process. It has been found^®'^* in practice, however, that if a large 
number of equations are used, the off-diagonal terms of the normal 
equations (52) are small, and, to first approximation, can be neglected. 
If so, the solutions (including a weighting factor which estimates the 
reliability of each observation) reduce to 


m 





This approximation is not valid if the atoms overlap. It is therefore 
valid for three-dimensional refinement, but not usually valid for refine¬ 
ment of projections. 

One of the most tedious parts of the least-squares procedure is the 
derivation of the exact form of the partial differentials in, for example, 
(57). These must be derived from the particular form of (53) which 
pertains to the space group of the crystal. This involves looking up the 
trigonometric form of the structure factor in suitable tables, and differ¬ 
entiating it. 

Refinement by least squares has a number of advantages. It is free 
from the series-termination errors which characterize Fourier methods. 
It is also possible to use less than all the F’s in the refining process, which 
is impossible with any Fourier method. Thus any F's of doubtful nature 
(for example, those suspected of being affected by ^^extinction'’) can 
be omitted. This also permits a modified procedure of refinement. 
McDonald and Beevers^^ used only the F's with greatest discrepancies in 
the initial stages of refinement. These were found to give corrections 
which were too large, but the refinement process converged rapidly. 
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It is also possible to include a temperature factor and scale factor in the 
least-squares refinement process. In its simplest form, each atom is 
assumed to have the same isotropic temperature correction of the form 
^-(Bsm 2 0 )/x 2 ^ A somewhat more elaborate device is to include in (56) an 
isotropic temperature factor which is different for each atom. Finally, 
the thermal motion of each atom can be assumed to be not only different 
but anisotropic. In this case a temperature correction of the form^°° 

is applied to each atom^s contribution to Fc of (56). 

When a weighting function, w, is used, the least-squares refinement 
minimizes I>w(\Fo\ — |Fc|)^. Cochran® showed that Fourier synthesis 
minimizes the same residual provided the peaks are resolved and w = 1/f, 
Cruickshank®^ investigated the relation when overlap is allowed, and 
showed that, for general weighting function the differential synthesis 
minimizes the same function and therefore gives the same results. 

Since high-speed digital computers have come into common use, the 
refinement of a structure by the method of least squares is no longer a 
formidable undertaking. A number of programs for high-speed digital 
computers have been written for the refinement of crystal structures by 
least squares,®^’and at least one is available commercially.^® In 
other words, when a structure has been determined, the tedious, time- 
consuming details of its refinement can be ignored, since the service can 
be purchased. 


Steepest descents 

Booth®^ called attention to the possibility of refining structures by the 
method of steepest descents. The theory and procedure has been devel¬ 
oped by Booth,®®’ Vand,®®’ Cochran,®® and Qurashi.^^ The method 
has been actually used for refinement by Qurashi,"^^ Lomer,"^® Steeple,"^® 
and others. 

The general idea of the method of steepest descents is as follows. In 
refinement an attempt is made to minimize a residual such as 


R =iiF,i 

R' = (F, - Fc)\ 

R" = i\Fo\ -N)^ 

R'" = (lF„l® - 


(59) 


The process of minimization can be illustrated by the simplified problem 
in which F is determined by two variables x and y. This is equivalent to 
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saying that the p(^xy) projection of the crystal structure contains only one 
atom with undetermined coordinates xy. The situation is graphically 
illustrated in Fig. 12. The variation of one of the of (59) with x and 



Fig. 12. 

The course of refinement by the method of steepest descents. In this simplified 
example, the value of a residual, R, is contoured as a function of the coordinates 
X and y of the one variable atom of the structure. 

(After Booth.^i) 

y can be represented by the contours. The details of the map are 
unknown when refinement is started. The atom is initially placed at 
Fo, and the R is observed to be high, about 0.35. The method of steepest 
descents requires that an improvement in R can be obtained by moving 
the atom normal to the contours, in a direction down gradient. The 
movement cannot be indefinite, for this is only a local gradient, and does 
not lead directly toward the lowest contour of R, A short shift of 
parameter, therefore, is made down gradient to Pi; then another shift is 
made directly down gradient at P 2 . This process is repeated until, 
eventually, the lowest level of R is attained at P4. 

This method would not appear to be practical when a large number of 
atoms,iV',and their 3iVcoordinatesvCi 2 : 1 , ‘ * * x^y^z^ 

are involved. Actually there are mathematical methods of handling 
the situation which are satisfactory. To see this, note that P is a func~ 
tion of these 3N coordinates: 

R 0 (^ 1 , 1 ^1,2 ^1,3 * * ' ^r,l ^r,2 ^r ,3 ’ " * ^*iV, 3 ) (60) 

= </>(Xr,;). (61) 

The locus of P = constant can be regarded as a surface in 3A^-dimensional 
space. The method of steepest descents requires a shift of coordinates at 
right angles to this surface. The direction cosines of the normal n. 
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dR 

COS {n,Xr,,) = —> 

dn 


/r = 1 • ■ • N\ 
\j = 1, 2, 3 J 


(62) 


where “ " Is'xi *1 » (|^)’)'■ (63) 

rj 

A desired shift 6^,^, in the x direction of the rth atom should be propor¬ 
tional to the gradient dR/dXr at the original location: 


6 


Xr 


dXrj 


(64) 


= -2X^(W-W)^- (65) 


More generally, let qR be the initial value of R for coordinate Xr/, 
let R' be the value of R for corrected coordinates Then, using 

Taylor’s expansion, 


i2' = 0'S + 


^ 4. Ji 2 ^ 

an 2! d7i^ 


( 66 ) 


If higher differentials in (66) are neglected, then to first approximation 
the value of which makes S' zero is 


oS 

d<l> 

dn 


(67) 



( 68 ) 


The use of (67) or (68) suffers from the disadvantage that the gradient 
continues at the same value as at the starting point. This point has 
been studied in detail by Qurashi/^ who recommends an improved 
correction: 



hkl 


( 69 ) 
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where ty is a weight assigned to an observation. Qurashi has pointed 
out that the solutions are equivalent to those of the least-squares method 
when the non-diagonal terms are ignored. 

Assessment of accuracy 

After the structure has been refined it is desirable to know how large 
the errors are likely to be which still remain. These errors have their 
origins in other errors, the nature of which will be considered presently. 
To define them, the usual methods of statistics are used. 

Parameters of a set of measurements. When a measurement is 
repeated a number of times, the same value is not obtained, but rather a 


I A* t 



Fi^. 13. 


set of values which diverge somewhat from one another. There are 
standard ways of deriving a ^‘best^’ value from this set, and of characteriz¬ 
ing the amount of variation or spread of the measurement from this 
“best^^ value. 

Suppose n measurements of a quantity x are made. Ordinarily certain 
measurements of x recur, as illustrated in the histogramj Fig. 13. If the 
number (or frequency) of recurrence of measurement x^ is fij then the 
mean value, x, of the measurements is defined by 

x^-VfiXi (S/, ==n). (70) 

n Zv 

An alternative form of (70) is obtained by defining the probability, 
of making a measurement a:,, as 



(Sp, = 1). (71) 
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^ = 7 Pz Xz 


The spread of the measurements from the mean value is characterized 
by the vanance, of the set of values. This is defined as 


= - y = - y /t(Aa:)^ 

n n jLi 

Z Z 


The standard deviation^ is the square root of the variance. This is a 
kind of weighted root-mean-square deviation from the mean value. 

Sources of errors. The errors which remain in the refined structure 
depend upon other errors which descend from two different sources. 
These are the errors in the original measurements and the errors in the 
theory used to interpret them. 

The errors in measurement are those inherent in measuring the original 
x-ray diffraction maxima. These include errors in measurement of the 
positions of the maxima, and errors in the measurement of the intensities. 

Errors in the measurements of the positions of the maxima lead to 
errors in the cell geometry. Cell-edge errors can be reduced to the order 
of 0.001 A, which is less than the other errors to be corrected, by using 
simple precautions."^ 

Greater errors are ordinarily made in the measurement of intensities. 
While these errors must be estimated in each instance, photographic 
intensity determination may be expected to have standard deviations 
in the neighborhood of 12% to 25%, whereas counter measurements 
tend to be much lower, 1% to 2% in favorable cases. These lead to 
standard deviations of about 4% for [Fj's obtained from photographic 
measurements, but only about 1% for \F\^b obtained from counter 
measurement. 

The estimation of errors in the \Fo\'s has been considered by Ibers.®^ 
In three-dimensional structure determinations the reflections measured 
can be classed in four categories: 


t See M. J. Buerger. X^ray crystallography. (John Whey and Sons, New York, 
1942) Chapters 20 and 21. 
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1. Reflections measured more than once,"^ say from Weissenberg 
photographs for both a-axis and 6-axis rotations, or from different 
precession photographs corresponding to two different dial settings, as 
noted in Chapter 6. 

2. Reflections measured only once. 

3. Reflections too weak to be observed. 

4. Reflections missing because of space-group extinctions. 

Even in category 1, the number of measurements is small indeed, but 
the theory of very small samples can be used. For such cases the stand¬ 
ard deviation can be estimated from the range 2/max‘“I/mm of measured 
values y: 

^{y') ~ ^I^/max (75) 

Here c is a function of the number of samples n: 

n c 

2 0 ^ 

3 0.59 

4 0.49 

Thus, for the usual two observations, 

F - (76) 

and 

<r(Fo) = 0.89|/?’i-f’2|. (77) 

This assumes that Fi and F 2 are equally reliable. If one value is regarded 
as considerably less reliable than the other, it should be discarded, thus 
placing the reflection in category 2. 

To handle category 3, a plot of (r(Fo) against \Fc\ is first made for the 
reflections of category 1. Then it is assumed that category 1 follows the 
same scheme, and (r(Fo) is estimated as a function of \Fo\ from the plot. 

In category 3, use is made of Wilson's statistical results.^ Assuming 
that the minimum observable value of |F|, called is much smaller 

than the root mean square value of the |F|'s, then 

Ibers^ remarks assume photographic methods, by which certain reflections are 
measured twice with different settings of the crystal. Using modern counter methods 
(Chapter 6), all reflections are measured with one setting. Ibers' theory can be 
applied, however, to the standard deviations of measurements of symmetrically 
equivalent reflections. 

* A. J. C. Wilson. The probability distrzbution of x-ray intensities. Acta Cryst. 
2 (1949) 318-321. 
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For centric crystals: 


■^unobs ~ 

2 ^mmy 

^(■^unobs) ~ 

- F, 

Vl2 

For acentric crystals: 


l^unobs ~ 

ininj 

^ (-^unobs) ~ 

^ F 

VTs ' 


(for the same region 
of ^ on the film) 


(78) 


In addition to these random errors of measurement, there are syste¬ 
matic errors in attempting to reduce the intensities to \F\^s. These are 
the errors in allowing for physical factors affecting intensities, especially 
absorption and ^^extinction,” discussed in Chapter 8. The allowance for 
absorption is difficult, but can often be closely approximated by the use 
of a rod-shaped specimen. There appears to be no really satisfactory 
method of allowing for ^‘extinction.” 

Estimation of errors in electron density. When the absolute 
value of the electron density is important, its standard deviation can be 
estimated with the aid of the following argument^®: The standard devia¬ 
tion of a sum y of weighted deviations is 




(79) 


Now the electron density is a sum: 


h k I 


(80) 


This can also be expressed in such a way that the phases of the F^kis are 
incorporated with the phases corresponding to the exponentials, as 
follows: 

P(xyz) — “y III \Fhki\ cos2T{hx+ky+k-(t>), (81) 

h k I 

According to (79) the standard deviation, due to deviations in the F^s, is 


f^(p(xyz)) 


^ IX X X 2Tr{hx+ky+lz-<l>) | . (82) 

h k I 


This varies with the coordinate of the location, xyz. But if the number 
of terms in the summation is large, the sum over the trigonometric terms in 
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the last part of (82) is constant. The specific value of this constant can 
be evaluated by noting that, if hkl = 000 is excluded, the average value 
of the cosine is zero. For the particular reflection 000 it is unity, which 
is the only residue. Thus, for a reasonably large set of F’s, (82) reduces 
to 

cr(p) = f ^ ^ 

h k I 

When applied to acentric structures this is too small, and the right of 
(83) should be multiplied by the n of the n shift, noted earlier in this 
chapter under Procedure for acentric crystals. 

If Ibers’ values in (78) are used in (83) for cr(Fhki)i the result may be 
somewhat low since only random errors in the measurement of F are 
included. Cruickshank®^ takes the view that the only estimate of the 
deviation of F available is 


o'iFhki) = cr(AFhki) = ^hki = Fq—Fc) (84) 

and that this estimate contains all sources of deviations in both Fo and 
Fc. If this is used, the standard deviation of the electron density can be 
derived with the aid of 


h k I 

A further alternative is offered by Lipson and Cochran,®^ who point out 
that it can be shown that 

mil = Upo-Pc?}^, ( 86 ) 

h k I 

that is, that the average value of the difference synthesis is the same as 
the standard deviation, (83). This can be taken as the average over the 
whole cell, in which case it may lead to a slight overestimate of the error. 
Alternatively, it may be taken over those points (between atoms) where 
the density is expected to be zero. In this case the error may be slightly 
underestimated. 

Estimation of errors in coordinates. The errors in coordinates 
can be estimated by making use of Boothes equation (24). Consider 
first, crystals with orthogonal axes. In these cases the cross terms like 
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Now, since (y{ex) — cr(a:), the standard deviations in (87) 


(j{x) = 






a{z) = 


The terms Ahu, etc., are second derivatives, and therefore curvatures of 
the electron-density function. Relations (88) require an evaluation of 
the deviation in first derivatives, like o-(Aa). This is the first derivative 
of the electron-density function, and its value was given in (20). If the 
phases of the are treated as in (81), then (20) can be written as 


■-mi 


sin2T(/ix+/c2/+Z3 —(^>). (89) 


h k I 


Following the reasoning between (81) and (82), 


criAf,) 


-lEXS" 


(^'^tfcz) sin^ 27r(te+%+fe~0) j (90) 


which reduces in a manner similar to (82), to 


<r(Ah) 




If (84) is utilized, this becomes 


cr(Ah) 


III 

h k I 


A' (AFkkiY 
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If the complete and more exact form of Booth’s equation (24) is 
required, then the deviations of second derivations like Ahk are needed. 
These can be derived from (22) following the arguments used above, and 
have the form 


(y{A}ik) 


47r^ 

ahV 



h k I 


(93) 


The more general forms of (88) for monoclinic crystals is^ 

\cr{Ah)^ - COS^ c{Ai)^Y''- 


c{x) = 


^ ^ a{Ak) 

<r(2/) = - 7 —' 

^hh 


Ahh sin^ /3 




Ahh sin^ 0 


(94) 


Except for very exact work, and for certain special problems, the values 
provided by (88), which holds for orthogonal axes and well-resolved peaks 
in a centrosymmetrical structure, are usually sufficiently close for all 
practical purposes. Ordinarily, also, a(x) ~cr(^) ~a( 2 :). In this case 
the root-mean-square radial error of position is 

= V3a(x). (95) 
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Calculation of 

interatomic distances and angles 


When the problem of finding the locations of the atoms in the cell has 
been solved, and when the coordinates defining these locations have been 
refined, there remains the task of interpreting the meaning of this arrange¬ 
ment of atoms. Often the general plan of the arrangement of atoms 
becomes clear as the structure study approaches completion. For exam¬ 
ple, the investigator of the structure of an organic crystal may expect to 
find it based upon the packing of molecules of a certain shape; or, in the 
case of an inorganic crystal, certain coordination numbers may be 
expected for the several atoms. But sometimes the nature of the struc¬ 
ture is not obvious and a three-dimensional model must be made in order 
that the nature of the arrangement of atoms can be interpreted. 

But even when the general plan of the structure is understood, present- 
day crystal chemistry requires that the detailed environment of each 
atom must be studied. This calls for calculation of the interatomic dis¬ 
tances, and of the angles between these distance vectors. The calcula¬ 
tion of interatomic distances should be carried out for the distances 
from each atom to all its nearest neighbors, and often it is advisable to 
include distances to neighbors of the next-nearest set. Bond angles are 
ordinarily computed only between vectors to the nearest neighbors. 

Such calculations are more complicated than ordinary calculations of 
distances and angles in engineering problems because the coordinates of 
the atoms are not, in general, the ordinary Cartesian coordinates, but 
rather are coordinates referred to the natural axes of the crystal, namely 
the edges of the unit cell, which may be unequal and oblique to one 
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another. The nature of these calculations, their precision and their 
significance, are considered in this chapter. 

Calculation of interatomic distances 

Let the coordinates of two atoms be xi yi zi and x^i ^2* Then these 
atoms are at the ends of vectors 

51 = xia + 2/1 b + c, 

52 = :r2 a + 2/2 b + ^2 c. 

The vector Si2 between these two atoms is the difference between the 
two vectors of ( 1 ), namely 

Si2 = (x2 a + 2/2 b + 252 c) — (a:i a + 2/1 b + zi c) 

= (^ 2 ~-^i)a + (y 2 - 2 /i)b + ( 2 ) 

The square of the magnitude of a vector can be found by forming the 
scalar product of the vector with itself: 


Sl 2 *Sl 2 = 

{X2-Xi)(X2-Xi)eL-3L + (X2-Xi)(y2-yi)SL'b + (X2-Xi)(Z2-Zl)eLX 
+ (2/2~-2/i)(^2-^i)b*a + (2/2-2/i)(2/2“-2/i)b-b + (2/2-2/i)(^2-^i)b*c 

+ fe-^i)fe~a:i)c-a + (z2-zi){y2-yi)c-h + {z2-zi){z2-zi)c'C. (3) 

The terms symmetrical in the main diagonal are equal. If the terms of 
the main diagonal are written first, the pairs of symmetrical terms next, 
and if the values of the scalar product are expanded, ( 3 ) can be rewritten 
in the form 


^ 12 ^ = {x2-xiYa^ + {y2-yi)^b^ + {z2-ziyc^ 

+ 2(x2-xi)(y2—yi)ab cos y 
+ 2(z2^zi)(x2'-xi) ca cos ^ 

+ 2 (y2- Vi) {Z2—zi) be cos a. ( 4 ) 

This is a general form for computing an interatomic distance in a triclinic 
crystal. Since many such computations are normally necessary for the 
same crystal structure, it should be noted that the six terms of ( 4 ) con¬ 
cerned with the cell geometry are constant for the whole set of calcula¬ 
tions. It is worthwhile computing these terms in advance: 
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Calculation of interatomic distances and angles 

ki = a^, 

k2 = 
ks = c®, 
k4 = ab cos 7, 
ks == ca cos 
A :6 == &c cos a. 

If the differences in coordinates are abbreviated, Ax, etc., then, utilizing 
( 5 ), the interatomic distance calculations can be written 

«i2 = {(Aa:)^ ki + (Ayy + (A^)^ kz 
+ 2 Ax Ay 
+ 2 Az Ax As 

+ 2 ( 6 ) 

Table 1 


Reduced forms of the interatomic-distance computations for the several 

crystal systems 


Crystal 

system 

Distance, si 2 , from atom 1 to atom 2 

Triclinic 

{ (Ax) ^ + (Ay) ^ 6^ + (Az) ^ 

+ 2Ax Ay ab cos y 
+ 2Az Ax ac cos /3 
+ 2Ay Az be cos a } ^ 

Monoclinic 

{ (Ax) ^ + (Ay) ^ b^ -^Az) ^ 

+ 2Ax Ay ab cos y } (first setting) 

or 

{ (Ax)^ a^-\-(Ay)^ b^-h(Az)^ 

+ 2Ax Az ac cos (second setting) 

Hexagonal 

{ [(Ax) ^ + (Ay) ^—Ax Ay]a^ -j- (Az) ^ H (hexagonal axes) 

{ [(Ax) ^ + (Ay) ^ + (Az) ^ + (Ax Ay -{-Ax Az + Ay Az) 2 cos a]a‘^ } 

(rhombohedral axes) 

Orthorhombic 

{(Ax)^ a^ + iAyy 

Tetragonal 

j [(Arr) 2 + (Ay) + (As:) 2 j 

Isometric 

{[(ax)H(aj/)H(az)V1^^ 



632 


Chapter 23 


Again it should be noted that this form is for the most general casC; 
triclinic crystals. For monoclinic and hexagonal crystals, two of the 
last three lines of (5) vanish, and for the three orthogonal systems, all 
three of the last lines vanish, A reduced form of (6) for each of the 
several crystal systems is given in detail in Table 1 . The reduced forms 
are suited to hand computation. For computation by digital computer 
it is, perhaps, more convenient to have a single program using the general 
form in (6). 


Calculation of interatomic angles 


Suppose an atom, 1, has two neighbors, 2 and 3 . The lengths of the 
vectors S12 and S13 can be computed with the aid of (6). The angle 
between these vectors may also be required. 

The angle between two vectors can be determined by using the expan¬ 
sion of the scalar product of the two vectors. In this case, the two vec¬ 
tors are S12 and S13. Let yp be the angle between these. Then 


so that 


Si2'Si3 = 512 5 i 3 cos 


cos \p = 


Sl 2 *Si 3 
512 5i3 


( 7 ) 

( 8 ) 


The denominator of (8) is the arithmetic product of the lengths of the 
two vectors, both of which are available from computation like (6). 
The numerator can be formed by writing the scalar product of two vectors 
like (2). This is as follows: 

512 = {x2-Xi)sL + (2/2--^i)b + (Z2-Zl)C, 

513 = (xz-xi)sL + (2/3-2/i)b + (zz-zi)c; ( 9 ) 


Si2*Si3 = 

(x 2 —xi){x 3 —xi)a.-a. + (z 2 — 3 :i)(y 3 —yi)a.-h+(x 2 —xi){z 3 —zi)a.-c, 

(z/2 - 2/1) (a ;3 - a;i)b-a+(2/2 - 2/1) (3/3 - 2/1) t>-b+(2/2 - 2/1) (23 - 2 i)^'Cj 

(z 2 —zd ( 0 : 3 —a;i)c-a + (22 —^!i)( 2/3 — 2 /i)c-b 4 -(z 2 — 2 i)( 23 —Zi)c‘C- ( 10 ) 

If this is expanded in the same way ( 4 ) was derived from ( 3 ), it can be 
rewritten 

Sl 2 -Sl 3 = (X 2 ~Xi)(X 3 -Xi)a^ + (2/2-2/l) (2/3 - 2/l)^'^ + (Z 2 -Zi){z 3 —Zi)c^ 
+ { (■t2-xi){y3-yi) + iy2-yi)(x3-x{)}ab cos 7 
+ + (X2-Xi)(z-i-z{)}ca cos ^ 

+ { ( 2 / 2 - 2 /l)(23-21) +(22 — 2 i)( 2 / 3 - 2 /i) }i)CCOSQ;. 


( 11 ) 
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Calculation of interatomic distances and angles 

As in ( 4 ), the terms a, b, c, a, and y are constant for a particular crystal 
structure. Thus the quantities in (5) need be computed only once for 
each structure. If A2a; is used to replace {x^ — xi), etc., and if substitu¬ 
tions ( 5 ) are made, then (11) can be rewritten 

Si 2 ‘Si 3 = A2X Kzx ki + A22/ Asy ^2 + A2-S A30 kz 
+ {A 2 a; Aay + A22/ Azx]k 4 , 

+ Lzx + A^x Azz]kz 

+ {A22/A32J + A22: AsZ/lfce. (12) 

Again it should be pointed out that this full form is required for triclinic 
crystals only. For monoclinic and hexagonal crystals, two of the last 
three lines vanish, and for the three orthogonal crystal systems, all lines 
but the first vanish- A reduced form of (12) for each of the several 
crystal systems is given in Table 2. As in the case of (6), the reduced 
forms of (12) are suited to hand computation. For computation by 
digital computer it is, perhaps, more convenient to have a single program 
using the general form in (12). 

Table 2 


Reduced forms of the scalar product of two vectors for the several 

crystal systems 


Crystal 

system 

Scalar product Si 2 *si 3 

Triclinic 

Asa; &^ 4 -A 2 S A 30 

+ (A 2 X A 32 / + A 22 / Azx)ab cos y 
+ (A 20 AzX + A 2 X A 32 )ac cos j8 
+ (A 22 / A 30 -h A 20 Azy)bc cos a 

Monoclinic 

A 2 X Azx a^+A2y Azy 5^-|-A20 A 30 

+ (A 2 a; Azy 4- A 22 / Azx)ab cos y (first setting) 

A 2 a; A 3 a; a^+A2y Azy 6 ^+A 20 A 30 

+ (A 2 a; A 30 +A 20 A 3 a;)ac cos jS (second setting) 

Hexagonal 

(A 2 X Azx+A2y Azy—^A2X Azy—iA2y Azx)a^+A2Z Azz 

(hexagonal axes) 

[(A 2 a; Azx-\-A 2 y A 32 /+A 2 Z A 32 ) 

+ (A2a; Azy + A2y Azx 

4 - A 20 Asa; 4 - A 2 a; A 32 : 

4 - A 22 / A 30 4” A 2 Z Azy) cos oL]a^ (rhombohedral axes) 

Orthorhombic 

A2a; AzX a^4-A2t/ Azy b^+A2Z Azz 

Tetragonal 

(A 2 X Azx 4 -A 22 / Azy)a^+A2Z AzZ 

Isometric 

(A 2 X AzX’i-A2y Azy-\-A2Z Azz)a^ 
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Relations (12) and ( 6 ), or their reduced forms from Tables 2 and 1 , 
provide appropriate numerical values for the numerator and denominator 
of ( 8 ). Data are therefore available for the computation of the angle 
f between the desired vectors. 


The accuracy of interatomic distances and angles 


In the latter part of Chapter 22 some elementary considerations were 
given to the accuracy of the determinations of the coordinates of the 
atoms of a structure. The accuracy of the interatomic distances and the 
angles, calculated as outlined in the foregoing sections of this chapter, 
are dependent upon the accuracy of the original coordinates, in the follow¬ 
ing manner.^ 

The bond length is computed from the coordinates of two atoms, 1 
and 2. If the atoms are not related by symmetry, and if the variances 
of their positions are cri^ and a 2 ^ in the direction of the vector s joining 
them, then the variance in the length of this vector is 

(t/ = + cr 2 ^ (13) 

On the other hand, if the atoms 1 and 2 are equivalent by an inversion, 
a 2 -fold rotation axis, or reflection, then their variances are dependent, 
and 

- 4cra^ (14) 

The variance of an angle between vectors S 12 and S 13 is given by^ 


Here 


(Ti 


0-3 


2 2 

cr = - - - - 4 - fji 

Su S13 


V 12 


_ +J- 

'§ 12 ^ ^ 13 ^ 


^12 ei3 


cos (3 


)■ 


= the variance of atom 1 in the direction of the center of 
the circle containing the three atoms, 

= the variance ± 512 of atom 2 , 

= the variance ± S 13 of atom 3. 


(15) 


The accuracy of interatomic distances and angles has been discussed in 
considerable detail by Cruickshank and Robertson,^ and the reader 
especially interested in this subject is advised to consult their paper on 
the subject. 
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equipoint, 339 
sign, 577 
of waves, 7 

Combinatorial properties 
of Fourier transforms, 448 
of reciprocals, 424 

Commission on Crystallographic Appara¬ 
tus, 146 

Common symmetry, 59 
Common symmetry element, 61 
Comparison with standard reflection, 

108 

Complex plane, 11, 12 
algebra of, 9 
notation of, 8, 12 
Complex reciprocals, 420 
Component, 395 
imaginary, 263 
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cylindrical, 174 



640 


Index 


Coordinates 

estimation of errors in, 620 
fractional, 18, 21, 261, 354-356, 374 
instrumental, polarization factor as a 
function of, 175 
linear, 356 
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Diffraction 
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by a row of translation-equivalent 
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by three-dimensional patterns, 20 
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Diffraction ripple, 598 
Diffraction spectra, 4 
Diffraction symbol, 67, 307-308 
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Evans, R C., 151, 281 
Ewald, F P., 2, 48, 416, 429-430 
Example 

of computation of Fourier synthesis by 
Beevers-Lipson method, 484 
of computation of one-dimensional 
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apparent, from a twin of arsenopyritc, 
65 

characteristic, 63 

primary, 77, 109, 195-200, 202-203 
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secondary, 195, 202-204 
space-group, 197 
strange, 58 

F, normalized, 558 
F and E, relation between, 46 
Face-centered lattice, isometric space 
groups based on, 306 
Factor 

absorption, 526 
atomic scattering, 259, 279 
correction, 180-185 
discrepancy, 586, 592 
form, 128, 260 

Lorentz, 46, 152, 154, 177, 183 
for methods employing a rotating 
crystal, 158 

for motion of pure precession, 169 
for powder method, 171, 174 
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Factor 

Lorentz 

for precession motion with universal- 
joint suspension, 169 
for pine precession motion, 163 
in teims of the recipiocal lattice, 156 
theory of, 156 

Lorentz-polanzation, 314, 321 
correction for, by computing, 185 
modulating, 394-395 
multiplicity, 152, 174, 186, 314 
polarization, 27, 29, 137, 152, 174, 176, 
183 

as a function of instrumental coordi¬ 
nates, 175 
residual, 216 
rotation, 152, 154, 158 
for eqm-inclination technique, 155 
for normal-beam technique, 153 
scale, 234, 589, 613 
for the Lorentz factor, 162 
scattering, 231 
structure, 259 

computation of, 272 
graphical computation of, 300 
hand computation of, 274 
imaginary component of, 262 
normalized, 574 
phase of, 271 

programs for computing, 273 
real components of, 262 
sign of, 272 
unitary, 558 
normalized, 563 

for valentinite, computation of, 278 
symmetry, 264, 280, 317, 329-330, 510, 
516, 522 

general forms of, 270 
temperature, 231, 237, 239, 526, 589- 
590, 613 
anisotropic, 627 
determination of, 233 
transmission, 206-207, 213, 216, 225, 
237 

for cylindrical specimen, 207 
for prismatic specimens, 216 
for rod-mounted powder specimens, 
216 

for spherical specimens, 216 
Factors 

geometrical, affecting intensities, 152 


Factors 

multiplicity, for the powder method, 188 
physical, affecting intensities, 195 
symmetry 

of the plane groups, 285 
lor the plane projections, 290-291 
zonal, 288 
transmission 

for cylindrical samples, 210 
high-speed digital computing of, 217 
for spherical samples, 214 
Fankuchen, L, 78, 135, 137,151, 193, 406 
Fantl, L., 508 
Fedorov, E. S., 1, 5, 6 
FeUgett, P., 506 
Field 

electric, 26 

electromagnetic, 25-26 
magnetic, 26 
Filler, Aaron, 118, 149 
Film 

Dawton, positive, transmission of, 101 
development of, 88 
photographic, 77 
speed of, 83, 88 
transmission of, 79 
x-ray, transmissions of, 87 
Filter, 132 

balanced, 129-133, 151 
Filtered radiation, 130 
Filtering, 130 
Finch, G. I., 430 
Firth, Elsie M., 239 
Flat cone, 162, 175, 178 
Flat-cone technique, 118 
Flip-flop circuit, 116 
Fluorescent background, 117 
Focusing of reflection, 84, 118 
Fog density, 83 
Form 

of Fourier syntheses useful in crystal- 
structure analysis, 370 
of Lorentz-factor correction, 178 
obverse, 68 
reverse, 68 

Form factor, 128, 260 
Formation of a two-dimensional plateau, 
106 

Formula, non-Daltonian, 245 
Formula units, number per cell, 243 
Formula weights per unit cell, 303 
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Forsyth, J. B., 280 
Fourier coefficient, 352, 356, 371, 378, 
384, 483, 490 
evaluation of, 355, 373 
Fourier mates, 415 
Fourier senes, 352, 358, 363 
general form of, 352 
one-dimensional, 370 
summation of, 482 
practical methods of summing, 478 
resolving power as a function of num¬ 
ber of terms in, 598 
three-dimensional, summation of, 494 
t wo-dim ensional 

direct summation of, 494 
scheme of the Grenville-Wells 
method of summing, 497 
Fourier summation, 376, 425, 454 
application of symmetry of, 448 
double, 377-378 

one-dimensional, of realgar, 485 
phase-table method of, 500 
three-dimensional, 377 
triple, 377 

Fourier synthesis, 5, 366, 376, 407 
another view of, 358 
some characteristics of, 365 
circle theory of, 504 
example of computation of, by Beevers- 
Lipson method, 484 
forms of, useful in crystal-structure 
analysis, 370 
general theory of, 352 
high-speed digital computation of, 

508 

mechanical methods of, 505 
one-dimensional, 354, 483 
partial, 403-404 
of pectolite, 403 
of pectolite, 403 

of potassium dihydrogen phosphate, 
515 

preliminary, 510 

of projected slabs, coefficients for, 390 
strip methods of, 505 
successive, 590, 623 
convergence of, 367 
for symmetry pi, sequence of opera¬ 
tions in, 498-499 

for symmetry p2, sequence of opera¬ 
tions in, 496 


Fourier synthesis 

for symmetry p2(/^, scciuence of oper¬ 
ations in, 495 

for symmetry p2mm, sequence of op¬ 
erations in, 494 

two-dimensional, computation of, 488 
Fourier transform, 402, 417, 501, 537- 
538, 541-542 
of an atom, 395 

combinatorial properties of, 448 
molecular, 428 
of naphthalene, 429 
for the plane groups, 454 
sampling, 479 

Fourier transformation, 413, 419 
repeated, 416 

Fourier wave, 365, 371, 384, 561 
fundamental, 370-371 
phase of, 366, 372 
Fowweather, F., 281 
Fractional coordinates, 18, 21, 261, 354- 
356, 374 

Fraenkel, B. S., 148 
Frank, V., 508 

Franklin Furnace, New Jersey, 245 
Franklin, Bosalind E., 532 
Freeman, H. C., 280-281 
Fresnel, A., 48 
Fresnel, Leonor, 48 
Fresnel diffraction theory, 30 
Fresnel zone, 32-35 
area of, 33 

Fresnel-zone theory, 29-30, 35 
Fridrichsons, J., 397-398, 406, 530 
Friedel, Georges, 76, 446 
FriedeFs law, 354, 433, 435, 542, 566 
breakdown of, 543 
Friedlander, P. H., 625 
Friedman, H., 114, 149 
Friedrich, W., 2, 6 
Frondel, Clifford, 50 
Froula, H., 103, 147 
Function 
Patterson, 555 
peak, 419 
periodic, 352, 358 
product, 556 
sum, 556 

trigonometric, 480 
weighting, 392, 613 
Zachariasen’s, 400 
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Fundamentals of the photographic proc¬ 
ess, 78 

Fundamental diffraction relations, 7 
Fundamental Fourier wave, 370-371 
Fundamental properties of reciprocals, 
413 

Furberg, S , 593-594, 623 
Furnas, Thomas C., 125, 150 

Galena, 71 

cleavage surface of, 72 
Gamertsfelder, Carl., 83-84, 146 
Garaycochea, I., 238-239 
Garrido, Julio, 421, 424, 430 
Gatineau, L., 204, 238 
Geiger counter, 116, 127 
linearity limit of, 128 
setting angle for, 123 
Geiger-Muller counter, 112-113 
Geiger-Muller tube, 115 
General Electric Co., 126 
General features of electron-density pro¬ 
jections, 380 

General form of Fourier series, 352 
General forms of symmetry factors, 270 
General inclination, 178 
General one-dimensional patterns, 17 
General radiation, 134 
General sections of electron density, 378 
General substitution, 526 
General theory of Fourier synthesis, 352 
General three-dimensional pattern, 21 
Generalization of reciprocal lattice, 407 
Generalized projection, 392-393, 395, 
398, 400 

of isocrystopleurine methiodide, 398 
Generation of pure precession motion, 163 
Geometrical factors affecting intensities, 
152 

Geometrical interpretation 

of Harker-Kasper inequality, 561 
of Sayre’s relation, 570 
Geometry of single-crystal diffractometer 
settings, 122-123 
Gilbert, R E., 240 
Gillis, J., 280, 578-579, 581 
Gingrich, Newell S., 83-84, 146 
Gliding, translation, 73 
Glocker, 0. R., 2 
(roedkoop, J. A., 580, 584 
Goldschmidt, G. H., 193 


Good, I. J., 577, 584 
Goodwin, T. H., 430, 494, 505 
Gordon, William L , 151 
Graded exposure series, 86 
Grant, D. F., 581 

Graph, symmetry-factor, use of, 296 
Graphical computation of structure fac¬ 
tor, 300 

Graphical recorder, 115 
Graphical recording, 127 
Graphite, 74 
Grating, 17 
defective, 53 
perfect, 53 
Grdenic, D., 238 
Green, D. W., 549 
Greenhalgh, D. M. S., 508 
Grems, M. D., 281 

Grenville-Wells, H. Judith, 148-149, 179, 
185,194, 240, 301, 494, 504, 506, 581, 
627-628 

Grenville-Wells method, 499 
of summing two-dimensional Fourier 
series, scheme of, 497 
Grinding and polishing surfaces on cry¬ 
stals, apparatus for, 67-68 
Grinding spherical surfaces, device for, 75 
Grison, Emmanuel, 579 
Gross, L., 508 
Groth (von), Paul, 1 
Group 

diffraction, 328 
plane, 283 
space, 2, 283 
theory, 3 

Growth, imperfection resulting from, 69 
Guide mechanism for single-crystal dif¬ 
fractometer, 120 

Haanappel, IJbertha M., 280 
Habit 
acicular, 74 
platy, 74 

Haemoglobin, 540 
horse, 541 
Hagg, G., 282, 507 
Hahn, Theo, 281, 530, 624 
Halite structure, 307-308, 311 
Hendricks, Sterling B., 333-336, 340-342, 
344, 346, 348, 351 
Huerta, Fernando, 506 
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Iball, J., 148 

Ibers, James A , 279-280, 617-618, 620, 
625, 627 

Ideally imperfect crystal, 198 
Ideally perfect crystal, 197 
Identical planes, diffraction by sequence 
of, 38 

Identical reciprocal net distance, coinci¬ 
dence due to, 191 
Ihde, Aaron J , 391, 405 
litaka, Yoichi, 150 

Illustrations of derivation of symmetry 
factors 265 

Image-seeking theory, 556 
Imaginary component, 263 
of the structure factor, 262 
Imperfection 

angular, of the crystal, 41 
crystal, 41, 69, 76 
due to plasticity, 72 
resulting from growth, 69 
Implication theory, 552, 555 
Inclination, general, 178 
Inclined-beam technique, 119 
Incoherently scattered radiation, 225 
Incorrect equipoint combinations, elimi¬ 
nation of, 318 
Inequality 

Cauchy’s, 557, 563-564 
Harker-Kasper, 565, 575 
geometrical interpretation of, 561 
Schwartz’s, 558-559, 563, 571 
Inequalities, 555, 578 
Harker-Kasper, 557, 560, 566, 567 
involving three reflections, 563-564 
Karle-Hauptman, 566, 580 
limitations on the success of sign deter¬ 
mination by, 565 
linear, 564 

for specific space groups, 561 
Inequality methods, 

Inertia region, 84 

Information, diffraction-symmetry, 308 
Ingram, V. M,, 549 
Ingri. Nils, 405 

Integrated intensity, 25, 71-72, 77, 84- 
85 

photometer for determining, 100, 102- 
103 

Integrated-intensity method, 71, 89 
Integrated power of reflection, 46 


Integrated reflection, 40 
for a perfect crystal, 197 
for a small volume element, 197 
Integrating device 

Azaroff, scheme of, 108 
Nordman, scanning pattern for spot 
using, 107 

Integrating mechanism, Wiebenga’s, 106 
Integrating Weissenberg, Wiebenga, 105 
Intense high-mdex reflections, method of, 
366 

Intensifying screen, 83-84 
Intensity 
of a beam, 27 

integrated, 25, 71-72, 77, 84-85 
Intensities 

computed for possible marcasite struc¬ 
tures, 319 

geometrical factors affecting, 152 
integrated, photometer for determin¬ 
ing, 100, 102-103 
measurement of, 77 
of reflections for marcasite, computa¬ 
tion of, 325 
peak, 84 

Intensity computation for sodium chlo¬ 
ride structure, 311, 314 
Intensity measurement, 72-73, 77 
counter methods, 127, 617 
photographic, 617 

Intensity record, collecting the, 138 
Interatomic angles, calculation of, 629, 
632 

Interatomic distances, calculation of, 
629-630 

Interatomic distances and bond angles, 
accuracy of, 634 

Interatomic-distance computations for 
the several crystal systems, 631 
Intercepts, law of rationality of, 1 
Interfacial angles, law of constancy of, 1 
Interference 
constructive, 16 
destructive, 16 
Intergrowth 
subparallel, 70 
trilled, 62 
twinned, 56 

International Union of Crystallography, 
4, 146 

Interpretation of scattering expression, 19 
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Interval, sampling, 376, 503 
Inverse and direct transformations, 413 
Inverse reciprocal structure, 416 
Inverse structure, 416 
unwanted, 529 
Inverse transformation, 415 
Inversion, 56 
high-low, 56 
Ions, isoelectronic, 260 
Ionization spectrometer, 112 
Isocryptopleurme methiodide, 397 
generalized projections of, 398 
Isoelectronic ions, 260 
Isometric space groups based on a face- 
centered lattice, 306 
Isomorphous crystals, 509 
Isomorphous series, 522 
Isomorphous substitution, 249 
Isotropic temperature correction, 613 
Isotropic thermal motion, 590, 607 
Isotropic thermal vibration, 606 
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Joint, universal, 163, 169 
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Karle, J., 566, 574, 578, 580, 582-583 
Karle-Hauptman inequalities, 566, 580 
Karle and Hauptman’s method, 574 
Kartha, Gopinath, 179, 184, 194, 214 
Kasper, J. S., 281, 552, 557, 562, 578-579 
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Krogh-Moe, Jan, 241, 580 
Krom, C. J., 147, 523, 526, 531 
Kruse, F. H., 281 
Kullerud, G, 58 
Kuroyo, Hisao, 549 

Labeling of equipoints, 251 
Lack of resolving power, 78 
disadvantages of, 77 
Ladell, Joshua, 623 

Lang, A. R., 118, 126, 149-150, 204, 238 
Lange, W., 76 
Latent-image nucleus, 78 
Lattice 

composite, 57 

dimensional specialization of, 54 
one-dimensional, 17 
plane, 420 
reciprocal of, 418 

reciprocal, 53-55, 58-59, 63, 65-66 
composite, 66 
generalization of, 407 
twinned, 63 
reciprocal of, 427 
twinned, 57 

Lattices, unresolved, 55 
Lattice array, 17, 20, 35, 313 
of lines, 420 
one-dimensional, 19 
of points, diffraction by, 20 
Lattice planes, stack of, 39 
Lattice row, 420 
reciprocal of, 417 

Lattice symmetry, superior, coinciden(*n 
due to, 190 
Lattice type, 58, 446 
Laue, Max, 2, 6 
Laue classes, 435 
Laue cone, 118 
Laue method, 156 
Laue symmetry, 435 
Laurent, T., 507 



650 


Index 


Laurie acid, 537 

Lavine, Louis R , 579"580, 625 

Law 

Bragg’s, 410 
Bravais’s, 1 

of constancy of mterfacial angles, 1 
Fnedel’s, 354, 433, 435, 542, 566 
breakdown of, 543 
of rationality of intercepts, 1 
reciprocity, 79 
twin, 59-61 
Laws, Mallard’s, 1 
Layer structure, 73 
Layer-structure crystal, 74 
Least squares, 625 
Least-squares method, 616 
Least-squares refinement, 609 
Legendre, A. M., 609 
Legendre’s principle, 609, 611 
Leonhardt, J, 73 
Leung, Yuen C., 624 
Level symmetry, 63 
Levy, Henri A., 239-240, 627 
Lifschutz, Harold, 149 
Light, polarized, reflected, 68-69 
Limit, linearity, 127 
Limitations on the success of sign deter¬ 
mination by inequalities, 565 
Lindemann, R., 149 
Line, powder, profile of, 103 
Lines, lattice array of, 420 
Line segment, reciprocal of, 421 
Lineage, 69, 71 

Lineage structure, 69-71, 73, 198 
Linear absorption coefficient, 79, 204 
calculation of, 205 
Linear coordinates, 365 
Linear structure-factor inequalities, 564- 
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Linearity limit of Geiger counter, 127-128 
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Lomer, T. R., 537, 613, 626 
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crystals containing, 548 
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for the powder method, 171, 174 
for precession motion with universal- 
joint suspension, 169 
for pure precession motion, 163, 169 
scale factor for, 162 
m terms of the reciprocal lattice, 156 
theory of, 156 

Lorentz-factor correction, 123 
form of, 178 

Lorentz-polarization correction, 119 
Lorentz-polarization factor, 314, 321 
correction for, by computing, 185 
practical methods of correcting for, 177 
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Mallard theory, 55 

Mallard’s laws, 1 

Mallard’s rule, 66 

Mallard’s theory of twinning, 54 

Mani, N. V., 550 

Many, A , 148 

Map 

difference, 595, 604 
example of the use of, 607 
error, 596 
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space, 218 

Marcasite, 65, 252--253, 302, 315 
computation of intensities of reflec¬ 
tions for, 325 

observed relative intensities for, 324 
possible distributions of atoms in, 316 
structure of, 326 

sulfur parameters of, determination of, 
319 

variation of intensities with sulfur 
parameter for, 322-323 
Marcasite structures, possible, intensities 
computed for, 319 
Marchington, B., 508 
Mark, H., 193 
Marsh, Richard E., 598, 624 
Martin, A. J. P., Ill, 147, 149 
Masks, Patterson-Tunell, set of, 488 
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twinned, 63 
Mates, Fourier, 415 

Mathieson, A. McL., 125, 150, 397-398, 
406, 530, 549 
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diffraction, 4 
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McLachlan, D., 118, 149, 507, 556, 578 
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Measure of the correctness of a structure, 
585 
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counters to, 118 
random errors of, 619 
systematic errors of, 619 
Mechanical methods of Fourier synthesis, 
505 

Mees, C. E. Kenneth, 146 
Megaw, Helen D., 281, 623 
Melamine, 566 
Mellor, D. P., 530 
Mering, J., 204, 238 
Merohedral crystal class, 57 
Merohedral twin, 68, 192 
Metal atom, 511 

Metallographic microscope, polarizing, 67 

Methaemoglobin, horse, 540 

Method 

algebraic, 553, 577 
Astbury a-ray, 93 
Beevers-Lipson, 482, 485, 487, 494 
counter, in intensity measurement, 127 
Dawton positive-print, 98 
de Jong-Bouman, 88, 138, 186-187 
density, 85 

density-transforming, 93 
density-wedge, 91 
differential, 600 

employing a rotating crystal, Lorentz 
factor for, 158 

equi-inclination Weissenberg, range of, 
144 

Grenville-Wells, H. J., 499, 504, 506 
Hauptman-Karle, 574, 576 
heavy-atom, 369, 551-552 
remarks on, 520 
inequality, 553 
integrated-intensity, 71, 89 
of intense high-index reflections, 366 
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Method 
Laue, 156 
least-squares, 616 
for locating atom centers, 598 
of location of oxygen atoms m valenti- 
nite, 338 
Liikesh’s 
intensity, 88 
semipolar, 500 

machine, for Fourier synthesis, 506 
mechanical, of Fourier synthesis, 505 
mixed-powder, 109 
moving-film, 63, 191, 308 
nodal, 538, 542, 548 
oscillating-crystal, 63, 187 
Patterson-Tunnell, 482, 485 
peak-intensity, 72, 84 
permutation, 553 

phase-table, of Fourier summations, 500 
photographic, 46, 78 
advantages of, 112 
photometer-trace, 89 
plateau, 103, 126, 129 
powder, 77, 190, 202, 308 
coincidences for, 188 
Lorentz factor for, 171, 174 
multiplicity factors for, 188 ' 
practical 

for correcting for Lorentz and polari¬ 
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range of, 144 

replaceable-atom, 526, 528, 551 
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rotating-crystal, 63, 187, 303, 308 
Sauter, 186 

Sayre’s squaring, 567, 571 
Schiebold, 186 
Schiebold-Sauter, 186 
single-crystal, 77 
single-crystal comparison. 111 
spectrometer, 112, 149 
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statistical, 553, 582 
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strip, 482 

of Fourier synthesis, 505 
substitution, 109, 111 
vector-space, 553-554, 578 
Weissenberg, 63, 186 
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Zachariasen’s, 571, 573 
Methylene bromide, 114 
Meyer, Charles F., 48 
Micaceous mineral, 74 
Microphotometer, Brentano’s, 94 
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polarizing metallographic, 67 
polarizing petrographic, 67, 75 
Mineral, micaceous, 74 
Missing reciprocal-lattice points, 63 
Mixed-powder method, 109 
Models which cannot be refined, 593 
Modulated projection, 392 
of orthoboric acid, 401 
Modulating factor, 394-395 
Modulation, sinusoidal, 398 
Modulus projection, 397 
Moffett, R. H., 217, 239, 532 
Molecular crystal, 428 
Molecular Fourier transforms, 428 
Molecules, long-chain, 533 
crystals containing, 548 
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Molybdenite, 74 
Moneypenny, H. K., 148 
Monochromatcd radiation, 134 
Monochromatic x-radiation, 130, 134, 
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Monochromation, 117 
Monochromators, 151 
condensing, 135, 137 
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Mosaic, 111, 202 

Mosaic block, 199 

Mosaic crystal, 198 
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thermal 
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isotropic, 590, 607 
wave, 7 

Moving-film method, 63, 191, 303, 308 
Mrose, Mary E., 627 
Multiple-film technique, 86-88 
Multiplicity factor, 152, 174, 186, 314 
for the powder method, 188 
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crystal structure of, 428 
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Nodal method, 538, 542, 548 
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jections in, 384 
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Nordman, Christer E., 107-108, 148 
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pattern for spot using this, 107 
Normal beam, 162, 175, 178-180 
Normal-beam technique, 118, 154-155, 
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rotation factor for, 153 
Normal equations, 611-612 
Normal scatterer, 543 
Normalized F, 558 
Normalized structure factor, 574 
Normalized unitary structure factor, 563 
Norman, N., 241 

Notation of the complex plane, 8, 12 
Nowacki, Werner, 50,87,405,447,508,581 
n shift, 620 
n-shift rule, 593 
Nucleus, latent-image, 78 
Number 
atomic, 260 

of atoms in the unit cell, 242 
of formula units per cell, 243 
of sample points per cell, 376, 386 
of symmetry operations per cell, 376 


Number 

of terms m Fourier series, resolving 
power as a function of, 598 
Nyburg, S* C., 76 

Observation 

error of, 609, 612 
reliability of, 612 
Observational equation, 612 
Observed relative intensities for marca- 
site, 324 

Obverse form, 68 
Occurrence of plateau, 104 
Octahedral coordination, 250 
Ogrim, 0,279 

Okay a, Yoshikaru, 405-406, 549, 564, 

579, 584 

Omission solid solution, 244 
One-dimensional Fourier series, 370 
summation of, 482 

One-dimensional Fourier summation for 
realgar, 485 

One-dimensional Fourier synthesis, 354, 
483 

One-dimensional lattice, 17 
One-dimensional lattice array, 19 
One-dimensional patterns, 19 
diffraction by, 10 
general, 17 
scattering by, 17 
Opacity, 79-80 
Operation 
symmetry, 55 
twin, 63 

Operator, phase, 415, 417, 420 
Orcel, J., 67 
Orientation 
preferred, 74, 109 
subparallel, 69 
Origin 

change of, 270 
displacement of, 438 

Origin distance, accidentally equal, coin¬ 
cidence due to, 191 
Orthoboric acid 

electron-density projection of, 400-401 
Orthoclase, 539 
Orthogonal supercell, 65 
Osaki, Kenji, 430 

Oscillating-crystal method, 63, 187 
Ott, Heinrich, 154, 193, 577 
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Outline of crystal-structure analysis, 41) 
Overestimated temperature correction, 
606 

Owen, E. A., 240 
Oxalic acid dihydrate, 566 
Oxygen parameter of valentinite, deter¬ 
mination of, 343 

Pairs of projections, stereoscopic, 385 
Palache, Charles, 50 
Parameters 
adjustment of, 277 
reflection, 120 
physically likely, 347 
separable, 315 

determination of structures with, 315 
Parameter determination, analytical, 327 
Parrish, R* G., 532 
Parrish, William, 87, 148-150, 405 
Parry, G. S., 623 

Partial Fourier synthesis, 403-404 
of pectolite, 403 
Paskin, Arthur, 241 
Passband, 132-133 
Pasternak, R. A., 406 
Patterns 
amplitude, 332 
background, 225 
one-dimensional, 19 
diffraction by, 10 
general, 17 
scattering by, 17 

phase of a wavelet scattered by a point 
in, 21 

three-dimensional 
diffraction by, 20 
general, 21 
scattering by, 22 

Patterson, A. L., 107, 148, 429, 485, 487- 
488, 506, 554 
Patterson density, 576 
Patterson function, 555 
Patterson map, 576 
Patterson projection, 595 
Patterson synthesis, 490, 510, 522, 525, 
554-555 

Patterson-Tunell masks, set of, 488 
Patterson-Tunell method, 482, 485 
Patterson-Tunell strips, 494 
board for arranging, 487 
box for storing, 486 


Patterson-Tunell-type strip, 497 
Pauling, Linus, 279-280, 508 
Peak 

heavy-atom, 600 
unresolved, 520 
Peak function, 419 
Peak height, 72, 85 
Peak intensities, 84 
Peak-intensity method, 72, 84 
Pectolite, Fourier synthesis of, 403 
Peerdeman, A F , 544, 549-550 
Peiser, H. S., 281 
Penfold, Bruce R , 580 
Penicillin, 595 
Pentaerythritol, 138 
Pepinsky, Ray, 76, 280, 387, 405-406, 
430, 507, 549, 576, 579-582, 584, 623, 
625 

Perfect crystal, 199 
Perfect grating, 53 
Perfect prints, 96 
Period, submultiple, 284 
Periodic function, 352, 358 
Periodic objects 
reciprocals of some, 417 
simple, reciprocals of, 420 
Permutation methods, 553 
Permutation syntheses, 576, 583 
Perutz, M. F., 530-532, 540-541, 548- 
549, 581 

Peterson, S. W., 544, 549 
Petrographic microscope, polarizing, 67, 
75 

Phase, 4, 8, 18 
of a Fourier wave, 366, 372 
of structure factor, 271 
of a wavelet scattered by a point in a 
pattern, 21 
Phase angle, 261 
Phase-angle error, 603 
Phase determination 
application of Harker-Kasper inequali¬ 
ties to, 560 

for certain special cases, 533 
for crystals having a set of heavy at¬ 
oms, 509, 529 

for crystals with regions of uniform, 
low density, 533 

for crystals having a set of replaceable 
atoms, 521, 530 
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Phase operator, 415, 417, 420 
Phase problem, 4, 20, 551-552 
solutions to, 553 

Phase relations for crystals in which some 
atom locations are known, 584 
Phase shift, 542-543 
Phase-table method of Fourier summa¬ 
tions, 500 

Philips Electronics, 117, 133 
Phillips, D. C., 126, 148, 150, 282, 406 
Photocell, 92 
Photoelectric effect, 114 
Photographs 
powder, 74, 303 
precession, 185, 283, 315 
made with converging radiation, 

110 

surface-reflection fields for, 226 
rotating-crystal, 191 
Weissenberg, 70, 74, 283 
surface reflections for, 218 
Photographic density, 80 
Photographic emulsion, 78 
Photographic film, 77 
Photographic intensity determination, 
617 

Photographic methods, 78, 146 
advantages of, 112 

Photographic process, fundamentals of, 
78 

Photographic spectrometer, 111 
Photographic theory, basic, 146 
Photometer, 90 

for determining integrated intensities, 
100, 102-103 
exposure, electronic, 102 
recording, 89 
Robinson’s, 92-93 
scan, Dawton, 88, 93 
Photometer trace, 89 
Photometer-trace method, 89 
Photometry 

based on scattering, 94 
positive-film, 95 
Phthalo cyanine, 523 
Physical factors affecting intensities, 

195 

Physically likely parameters, 347 
Pike, E. R., 150 

Pinacoidal electron-density section, 377 
Pinnock, P. R., 281 


Pitt, G J., 193, 405, 623, 626 
Plane 

of atoms, diffraction by, 35 
complex, 11-12 
algebra of the, 9 
notation of the, 8, 12 
twin, 67 
Planes 

identical, diffraction by sequence of, 

38 

reciprocal of a stack of, 419 
resolution of a crystal into, 29 
stack of, 407-408, 420 
Plane groups, 283 
relation to space-group projections, 

283 

symmetries of, 439 
symmetry factors of, 285 
Plane lattice, 420 
reciprocal of, 418 
Plane-polarized beam, 27 
Plane projections 

in structure-factor calculations, 283 
symmetry factors for, 290-291 
Plastic crystal, 72 
Plastic deformation, 72-74 
Plasticity, imperfection due to, 72 
Plateau, 103-104 
in the counting rate, 113-114 
occurrence of, 104 
two-dimensional, formation of, 106 
Plateau method, 103, 126, 129 
Platinum phthalocyanine, 511 
electron-density projection of, 513 
Platy habit, 74 
Platy shape, 74 
Pohl, R., 2 
Point 

amplitude scattered by, 23 
Fourier transformation of a, 414 
in a pattern, phase of a wavelet scat¬ 
tered by, 21 

reciprocal-lattice, volume of, 158 
Points 

diffraction by lattice array of, 20 
reciprocal-lattice, missing, 63 
translation-equivalent, diffraction by a 
row of, 10 
Point atom, 260 
Point-group symmetry, 434 
Point of view. Mallard, 65 
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Polamation 
efEciency of, 29 

and Lorentz factors, practical methods 
for correcting for, 177 
Polarization factor, 27, 29, 137, 152, 174, 
176, 183 

as a function of instrumental coordi¬ 
nates, 175 
Lorentz, 321 

Polarization-factor correction, 125 
Polarized beam, 29 
Polarized light, reflected, 68-69 
Polarized x-radiation, 137 
Polarizing metallographic microscope, 67 
Polarizing petrographic microscope, 67, 
75 

Polished surface 
of arsenopyrite, 68 
of danaite, 69 
Polonium, 94 

Polychromatic radiation, 204 
Pope, William H., 3 
Positive Dawton film, transmission of, 
101 

Positive-film photometry, 95 
Positive print, preparation of, 99 
Positive-print method, Dawton, 98 
Positive-print technique, Dawton, 138 
Posnjak, E., 307 

Possibilities of locating a heavy atom, 509 
Possible distributions of atoms in marca- 
site, 316 
Post, B., 406 

Potassium dichromate, 94 
Potassium dihydrogen phosphate, 512, 
514 

Fourier synthesis of, 515 
Potters, M., 280 
Powder, 178 
Powders 

counter apparatus for, 117 
diffractometer for, 117 
Powder line, profile of, 103-104 
Powder method, 77, 190, 202, 308 
coincidences for, 188 
Lorentz factor for, 171, 174 
multiplicity factors for, 188 
Powder photograph, 74, 303 
Powder-photograph data, correction for 
absorption, 207 

Powder reflection, unresolved, 78 


Powder specimens, rod-mounted, trans¬ 
mission factor for, 216 
Powell, H. U , 530 
Power of reflection, integrated, 46 
Practical methods 

for correcting for Lorentz and polariza¬ 
tion factors, 177 
of summing Fouriei series, 478 
Precession apparatus, 75 
strategy with, 144 

Precession method, 03, 88, 138, 144, 186- 
187 

range of, 144 
Precession motion 
pure, 163, 169, 178 
generation of, 163 
Lorentz factor for, 163, 169 
rolling component of, 165, 168 
with universal-jomt suspension, 178- 
179 

Lorentz factor for, 169 
Precession photograph, 185, 283, 315 
made with converging radiation, 110 
surface-reflection fields for, 226 
Precession surface-reflection fields, 227- 
231 

Preferred orientation, 74, 109 
Preliminary Fourier synthesis, 510 
Preliminary scale, 589 
Preparation 
of positive print, 99 
of x-ray negative, 99 
Prewitt, Charles T., 150 
Primary attenuation, 197 
Primary “extinction,” 77, 109, 195-200, 
202-203 

correction for, in diamond, 201 
correction for, in sodmm chloride, 200 
Primitive cell, symmetry operations in, 
386 

Principle, Legendre’s, 609, 611 
Prins, J. A., 543, 549 
Printing box, 100 
Prints 
perfect, 96 

positive, preparation of, 99 
Problem, phase, 4, 20, 651-552 
solutions to, 553 
Process 

bichromated-gelatm, 94 
photographic, fundamentals of, 78 
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Products, reciprocals of, 425 
Product function, 556 
Product space, 555 
Profile of a powder line, 103-104 
Program, computer, for computing struc¬ 
ture factors, 272-273 
Projected sections, 391 
Projected slabs, 387 

coefficients for Fourier synthesis of, 390 
Projected symmetry, 385 
Projection, 395 
bounded, 391 
component, 397 
composite, 401 
direction of, 383 

of electron density, 370, 380, 382, 387 
of diglycine hydrobromide, 518-519 
in non-axial direction, 384 
of orthoboric acid, 400 
of platinum phthalocyanine, 513 
in various directions, 383 
generalized, 392-393, 395, 398, 400 
properties of, 396 
modulated, 392 
modulus, 397 

of orthoboric acid, modulated electron- 
density, 401 
Patterson, 595 

sinusoidally modulated, 399, 401 
of space group, 386, 516 
of structure, 283 
of tetramethylpyrazine, 391 
of the valentmite structure, 347 
Projections 

of several sections, 391 
of space groups, 286 
of space groups and plane groups, rela¬ 
tions between, 283 
stereoscopic pairs of, 385 
of symmetry elements, 284 
Proper subgroup, 57 
Properties, combinatorial 
of Fourier transforms, 448 
fundamental, of reciprocals, 413 
of generalized projection, 396 
of reciprocals, 424 
Proportional counter, 116—117 
Prosen, R. J., 281 
Pseudohexagonal cell, 62 
Pthalocyanines, 111 
Pulse-height discrimination, 116 


Pure precession motion, 163, 169, 178 
Pyrite crystal, 70 

Quantitative aspects of diffraction of 
x-rays by crystals, 25 
Quantum counter, 47, 73, 77, 112, 116 
Quarashi, M. M., 148, 279, 579, 613, 615, 
616, 623, 625-626 
Quartz, 199, 544 
Quenching agent, 114 

Radiation 

characteristic, 130-131 
converging, precession photograph 
made with, 110 
electromagnetic, 26 
filtered, 130 
general, 134 

incoherently scattered, 225 
monochromated, 134 
monochromatic, 204 
polychromatic, 204 
Radoslovich, E. W., 281 
Raeuchle, R. F., 405 
Ramachandran, G. N , 118, 149, 544, 549 
Raman, S., 544-545, 549, 550 
Ramaseshan, S., 281, 550 
Ramsay, I. W., 507 
Random errors of measurement, 619 
Range 

of equi-inclination Weissenberg 
method, 144 

of precession method, 144 
recording, 151 
Rank of equipoint, 250, 306 
Rao, R. V. G. Sundara, 281 
Rate, counting, 115 
Rationality of intercepts, law of, 1 
Real component of structure factor, 262 
Real reciprocals, 420 
Realgar, 385, 490 
Barker line for, 483 
one-dimensional Fourier summation of, 
485 

Reciprocal 

of an atom, 423 
complex, 420 
of a crystal, 434 
of a crystal structure, 427 
of a lattice row, 417 
of a line segment, 421 
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Reciprocal 

of some periodic objects, 417 
of a plane lattice, 418 
of a product, 425 
real, 420 

of a rectangle, 422, 424 
of a space lattice, 418, 427 
of a stack of planes, 419 
of a structure, 423 
of a sum, 425 
Reciprocals 

combinatorial properties of, 424 
fundamental properties of, 413 
of lattice types, 446 
of simple periodic objects, 420 
of space-lattice types, 438 
Reciprocal cell, 58 

Reciprocal lattice, 53-55,58-59,63,65-66 
composite, 66 
generalization of, 407 
Lorentz factor in terms of, 156 
twinned, 63 

Reciprocal-lattice point 
missing, 63 
volume of, 158 

Reciprocal-net distance, identical, coinci¬ 
dence due to, 191 
Reciprocal space, 5, 51, 55, 407 
mapping transmission in, 218 
motif sector of, 449 
symmetry in, 431, 439 
transformation from, to direct space, 
414 

transformation to, from direct space, 
413, 415 

Reciprocal structure, 416-417, 423, 536- 
538, 540, 566, 588 
inverse, 416 
Reciprocity, 417, 419 
Reciprocity law, 79 
Record 

intensity, collecting the, 138 
Weissenberg, 142 
Recorder 
chart, 115 
graphical, 115 
Recording, graphical, 127 
Recording photometer, 89 
Recording range, 151 
for various symmetries, 140 
Rectangle, reciprocal of, 422, 424 


Reduced cell, 377 
Refinement, 202, 585 
for acentric syntheses, 592 
least-squares, 609 
Refinement cycle, 592 
Reflected polarized light, 68-69 
Reflecting efficiency, 199 
Reflection 
absent, 63, 65 
defocused, 73 
focused, 84 
focusing of, 118 
integrated, 40 
for a perfect crystal, 197 
for a small volume element, 197 
integrated power of, 46 
powder, unresolved, 78 
satellitic, 71 
spread of, 85 

standard, comparison with, 108 
surface, 219, 221 
transmitted, 219 
x-ray, split, 73 

Reflections, three, inequalities involving, 
563-564 

Reflection coincidences, 174, 190 
Reflection efficiency, 40-41 
Reflection parameter, 120 
Region 

blind, 139, 145 
inertia, 84 

Regions of low uniform density, crystals 
with, 548 

Register, count, 116 
Relation 

between E and F, 46 
between plane groups and projections 
of space groups, 283 
Euler's, 9 

fundamental diffraction, 7 
Sayre’s, 569-571 
sign, 553, 567, 571, 580 
Zachariasen’s, 572 
Reliability of observation, 612 
Remarks on the heavy-atom method, 

520 

Remounting the crystal, 141 
Reorientation, 74 

Repeated transformations, 415-416 
Repeated twins, 61 

Replaceable atom, 509, 522, 525, 629, 533 
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Replaceable atoms 

phase determination for crystals having 
a set of, 521 

phase determination using, 530 
several, 528 

Replaceable-atom method, 526, 528, 551 
ambiguity in, 529 
Residual, 586, 613-614 
Residual factor R, 202, 216, 586-589 
Residual temperature error, 609 
Residue, 511, 514, 521-522, 543 
Residue atom, 520 
Residue structure, 592 
Resolution of a crystal into planes, 29 
Resolving power 

disadvantages of lack of, 77 
as a function of number of terms in 
Fourier series, 598 
lack of, 78 

Resolving time, 115-116 
Responses of Geiger counter, 114 
Results, statistical, Wilson’s, 618 
Revell, K. S., 76 
Reversal of sign, 397 
Reversal symmetry, 397 
Reverse form, 68 
Rieck, G. D., 317 
Riley, D. P., 135-136, 151 
Rimsky, A., 504, 506, 628 
Ring, Debye, 173-174, 190-191 
Ripple, diffraction, 598 
Ritter, H. L , 391, 405 
Robertson, A. P., 626, 634 
Robertson, J. H., 530 
Robertson, J. Monteath, 87-89, 93, 111, 
146-147, 367, 369, 404, 430, 478, 494, 
505-507, 508, 511, 513, 522-524, 530- 
532, 624, 634 
Robinson, B. W., 92, 146 
Robinson, G., 609 
Robinson’s photometer, 92-93 
Rock salt, 111 

Rogers, D., 217, 239, 241, 507, 532, 581 
Rogers-Low, B. W., 597, 623 
Rollett, J. S., 240, 625-627 
Rolling component of precession motion, 
165, 168 

Romgens, Marlene J. H., 280 
Rontgen (von), Wilhelm Conrad, 1 
Roof, Raymond B., Jr., 627 
Rose, A. J., 504, 506-507 


Ross, P. A., 130, 151 
Rossmann, Michael G, 148, 406 
Rotating crystal, 178-179 
Lorentz factor for methods employing, 
158 

Rotatmg-crystal method, 63,187,303,308 
Rotatmg-crystal photograph, 191 
Rotating sector, 183 
Rotation factor, 152, 154, 158 
for equi-inclination technique, 155 
for normal-beam technique, 153 
Roth, Walter, L., 405 
Rotor, 289 

Roundmg-off errors, 494 
Row 

lattice, 420 

of translation-equivalent points, dif¬ 
fraction by, 10 

Rule 

double-shift, 593 
extinction, 63, 65 
Mallard’s, 66 
w-shift, 593 

Rundle, R. E., 240, 405 
Ruston, W. R., 147 

Sagnieres, A., 583 
Saito, Yoshihiko, 549 
Sakurai, Kiichi, 579 
Salt, double, 56, 65 
Samples 

cylindrical, transmission factors for, 210 
spherical, transmission factors for, 214 
very small, theory of, 618 
Sample points per cell, number of, 376, 
386 

Sampling the Fourier transform, 479 
Sampling interval, 376, 503 
Sasada, Yoshio, 241 
Sass, Ronald L., 406 
Satellite, 71 
dispersion of, 70, 72 
Satellitic reflection, 71 
Sauter method, 186 
Sayre, D., 282, 568-569, 580, 625 
Sayre’s relation, 569-571 

geometrical interpretation of, 570 
Sayre’s sign relation, 571, 575 
Sayre’s squaring method, 567, 571 
Scalar product of two vectors for the sev¬ 
eral crystal systems, 633 
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Scale 

absolute, establishing, 526 
blackening, 87 
exposure, 86 
preliminary, 589 
standard, 86 

Scale factor, 234, 589, 613 
for the Lorentz factor, 162 
Scale-of-sixty-four, 116 
Scale-of-two circuit, 116 
Scaler, 116 

Scan photometer, Dawton, 88, 93 
Scanning pattern for spot using the Nord- 
man integrating device, 107 
Scanning speed of recorder, 115 
Scatterer 
anomalous, 543 
normal, 543 
Scattering 
anomalous, 543--546 
in sodium rubidium tartrate, 545 
utilization of, 542, 549 
by a crystal, 29 
by an electron, 25 
by one-dimensional patterns, 17 
photometry based on, 94 
by three-dimensional patterns, 22 
Scattering curves, shapes of, 562 
Scattering expression, interpretation of, 
19 

Scattering factor, 231 
atomic, 279 
Scattering power, 356 
of an atom, 260 
Scatturin, V., 581 
Schaffer, W., 282 
Scheme 

of the Azaroff integrating device, 108 
of the Grenville-Wells method of sum¬ 
ming two-dimensional Fourier sc¬ 
ries, 497 

Schiebold method, 186 
Schiebold-Sauter method, 186 
Schlecht, William G, 258 
Schmidt, G. M. J, 282 
Schoenflies, Arthur, 1, 5 
Schomakcr, Verner, 280-281, 387, 430, 
508, 623-625 
Schoonc, J. C., 528, 531 
Schwartz’s inequality, 557-559, 563, 571 
Scintillation counter, 116-117 


Screen, intensifying, 83-84 
Second World War, 3, 51, 552 
Secondary '‘extinction,” 195, 202-204 
Section 

electron-density, 377 
Harker, 483, 552, 595 
pinacoidal electron-density, 377 
projected, 391 
projections of several, 391 
through the electron density, 370 
Sector 

rotating, 183 
transform of, 450 
Segerman, Ephraim, 622 
Selection of materials suitable for crystal- 
structure analysis, 53 
Semipolar method, Lukesh, 500 
Senarmont, Henri de, 48 
Senarmontite, 327 
Separable parameter, 315 

determination of structures with, 315 
Sequence 

of identical planes, diffraction by, 38 
of operations in Fourier synthesis for 
symmetry 
pi, 498-499 
p2, 496 
p2gg, 495 
p2mm, 495 
Series 

Fourier, 352, 358, 363 
general form of, 352 
one-dimensional, 370 
isomorphous, 522 

Series-termination effect, 362, 596, 599- 
600 

Series-termination error, 368, 598, 004, 
612 

Sets 

of Patterson-Tunell masks, 488 
of similar equipoints, 250 
Setting, counter, 120 
Setting angle for Geiger counter, 123 
Several replaceable atoms, 528 
Shaded arcs, 74 
Shaffer, P. A., Jr, 280, 508 
Shape 
acicular, 74 
of crystal, 74 
platy, 74 

of scattering curves, 502 
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Shaw, C. H , 151 
Shaw, W. F B , 153-154, 193 
Shearer, H. M. M., 406 
Sherman, J., 24, 279 
Sherrer, P., 193 
Shift 
n, 620 

phase, 542-543 
Shimizu, H, 507 
Shiro, Motoo, 549 
Shoemaker, David P., 623, 625 
Sign 

reversal of, 397 
of structure factor, 272 
Sign combinations, 577 
Sign determination by inequalities, limi¬ 
tations on the success of, 565 
Sign relation, 553, 567, 580 
Sayre’s, 571, 575 
Silver bromide, 78 
Silver iodide, 78 
Sim, G A , 430, 584 

Simple crystal structures, examples of de¬ 
termination of, 302 
Single crystals 

application of counters to measurement 
of intensities from, 118 
device for grinding and polishing sur¬ 
faces on, 67 

Single-crystal comparison method, 111 
Single-crystal diffractometer, 118-122, 
125-126, 162 

guide mechanism for, 120 
Single-crystal diffractometer settings 
geometry of, 122-123 
for various crystal systems, 124 
Smgle-crystal method, 77 
Smogowitz, U., 506 
Sinusoidal modulation, 398 
Sinusoidally modulated projection, 399, 
401 

Size of crystal, 74, 76 
Skcrtchly, A. R. B., 239 
Slabs, projected, 387 
coefficients for Fourier synthesis of, 390 
Slit system. Seller, 118 
Small, R W. H., 76 
Smallman, R. E , 204, 238 
Smith, J. E. W. L, 280 
Smits, D W., 147-148 
Snow, A. L, 240 


Soap, 74 

Society, American, for X-Ray and Elec¬ 
tron Diffraction, 4 
Sodium benzylpenicillin, 596-597 
Sodium chloride, 199, 302, 542, 544 
distribution of atoms among the equi- 
points for, 305 

equipoint combinations for, 308 
equipoints available for, 307 
primary extinction” correction for, 
200 

Sodium chloride structure, 302 

intensity computations for, 311, 314 
Sodium rubidium tartrate, 544 
anomalous scattering in, 545 
Sodium stearate: stearic acid, 74 
Solid solution, 244-245 
addition, 244 
omission, 244 
substitution, 244 
Seller slit system, 118 
Solution 
direct, 4 

of crystal structures, 51, 551 
solid, 244-245 
addition, 244 
omission, 244 
substitution, 244 

Solutions to the phase problem, 553 
Some characteristics of Fourier syntheses, 
365 

Sommerfeid, A., 1-2 
Soules, Jack A., 151 
Sources of error, 617 
Space 

crystal, 555-556 
product, 555 
reciprocal, 5, 51, 55, 407 
motif sector of, 449 
symmetry in, 431 
vector, 555-556 
Space groups, 2, 283 
isometric, based on face-centered lat¬ 
tice, 306 

projections of, 286, 386, 516 
special positions of, 249 
specific, inequalities for, 561 
Space-group determination, 303 
Space-group extinction, 197 
Space-group symmetry, 435 
Space-group theory, 3 
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Space lattice, reciprocal of, 418 
Space-lattice types, reciprocals of, 438 
Sparks, R. A., 281 
Speakman, J. C., 406 
Special position, 250 
of space group, 249 

Specialization, dimensional, of a lattice, 
54 

Specific absorption, 204 
Specimens 

cylindrical, transmission factor for, 207 
spherical, transmission factor for, 216 
Spectrometer 

automatic, control of, 112 
counter, 112 
ionization, 112 
photographic. 111 
Spectrometer methods, 112, 149 
Speed 
of films, 83 

scanning, of recorder, 115 
Sphalerite, 542 

Sphalerite structure, 307-309, 311 
Spherical crystal, 75 

Spherical surfaces, device for grinding, 75 
Split x-ray reflections, 73 
Spots on upper levels 
contraction of, 85 
extension of, 85 
Spread of reflection, 85 
Squared atoms, 567 
Squares, least, 625 
Squaring method, Sayre’s, 567, 571 
Stack of planes, 39, 407-408, 420 
reciprocal of, 419 
Stadler, H. P*, 111, 147, 430 
Stam, B., 280 
Stam, C. H , 280 
Standard deviation, 617 
Standard reflection, comparison with, 108 
Standard scale, 86 
Standley, K. J., 148 
Stanley, E., 108, 148, 281-282 
Stationary-counter method, 126 
Statistical methods, 553, 582 
Statistical results, Wilson’s, 618 
Stearic acid:sodium stearate, 74 
Steepest descents, 613, 614, 625 
Steeple, H., 613, 626 
Steinberger, L T., 148 
Steinfink, H., 406 


Stephen, R. A., 135, 151 

Stephenson, N. C., 530 

Steroscopic pairs of projections, 385 

Strange extinctions, 58 

Strategy with precession apparatus, 144 

Strips, 504 
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